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Introduction

It is hard to imagine a technological advance that has impacted our daily lives in the

last twenty years more than computer communications. It has been a very short period

in which we have gone from letters on paper and expensive long-distance phone calls

to communicate instantly by email or video-conference at almost no cost. Now we can

instantly share information with friends living on the most distant places, or buy the latest

hit from our favorite musician while sitting on our couch, or even check the last updates

on an event happening in another country, receiving feeds not only from newspapers or

magazines, but also from the attendees. Moreover, computer communication has enabled

many research efforts to use remote computing resources that make possible the analysis of

huge amounts of data. And the revolution is still going on, with new applications popping

up every week, and new devices being developed to take you closer to the information

network.

A central role in this revolution has been played by the networks and computing

resources deployed around the world. A computer network is typically made of many

components, the deployment of which is very expensive. Therefore, the design of these

components, and of the network as a whole, is a process on which much attention must be

paid. During this process many non-trivial questions arise, such as how much transmission

capacity to install between a pair of nodes in the network, or how many servers must be

allocated in each computing site in order to provide a certain quality of service. Moreover,

these questions must be considered in light of the significant fluctuations in the traffic

that these networks must face. As a result, modeling tools that consider the probabilistic

nature of the traffic, such as queueing theory, are of special relevance in the design and

analysis of computer networks. This is exactly the subject of this thesis, where we consider

various systems arising in computer communication for which we propose models to assess

their performance. In addition, we pay special attention to the generality of the models,

so that general traffic conditions can be analyzed. Also, we are particularly concerned

with the efficiency with which these models are able to compute the performance measures

for a specific system. This is of particular relevance since, in many cases, it is necessary

to evaluate a system under very different conditions, which means that a large number of

scenarios must be considered.

As can be deduced from the title, out of the immensely large field of computer com-

munications, in this thesis we focus on three topics: structured Markov chains, optical

grids and switches. Structured Markov chains are a powerful modeling tool that allows

the analysis of very general systems subject to a stochastic environment. This type of

1



2 Introduction

Markov chains is characterized by a block transition matrix with a repeating structure

that can be exploited to efficiently compute its stationary probability vector. In particu-

lar, we have considered the case where the transition matrix’s blocks possess some inner

structure that allows an even faster computation of the stationary vector. This structure

arises, or can be induced, in the analysis of various queueing models of communication

systems. The second main topic in this work is the analysis of optical grids, which are

networks connecting users to computing sites that are themselves interconnected. The

distinctive feature of a grid is that the users do not care about which site ends up pro-

cessing its request. Therefore, a site that does not have available capacity to process

an incoming request, can rely on other sites in the network to process the request and

send the results back to the user. This type of network originally arose in research ef-

forts in fields such as astrophysics, particle physics, chemistry or biomedicine, where huge

amounts of information must be analyzed. The last topic of this work is the modeling and

analysis of optical switching technologies. An optical switch allows an incoming signal

to be processed mostly in the optical domain, avoiding the opto-electronic conversions

required when an optical signal enters an electronic switch. Therefore, optical switching

offers a solution for the backbone network, where the switches must keep up with the

ever-increasing capacity of optical fibers. Our main interest lies on the analysis of the

contention resolution strategies in an optical switch. In this type of switch, contention

arises when two or more packets attempt transmission through the same output port

using the same wavelength. There are two main alternatives for contention resolution

in the optical domain: optical buffering and wavelength conversion. We consider three

different switch architectures that implement some form of these contention resolution

alternatives, and analyze the effect of the design parameters and the traffic conditions on

the switch performance.

In agreement with the three main topics mentioned, this thesis is divided in three

parts. Each of these parts comprises two or three chapters, a brief description of which is

given in the next section. In addition, the appendices give a brief account of some topics

that are relevant in some or all of the chapters in the thesis. The chapters, as well as

the appendices, are mostly self-contained and can therefore be approached in any order.

A small introduction has been included at the beginning of each part, which provides

more details on each of the topics and highlights related works in the area as well as our

contributions.

Summary and Overview

The first part of this thesis deals with structured Markov chains. As already mentioned,

these Markov chains are characterized by a transition matrix with a block structure

that can be exploited to speed up the computation of the stationary probability vector.

However, these chains may suffer from the curse of dimensionality, which in this case

is reflected in an exponential increase of the block size. Therefore, there is an interest

in exploiting the inner structure of the transition matrix’s blocks. A particular class of

structured Markov chains is known as Quasi-Birth-and-Death (QBD) Markov chains, the

transition matrix of which has a block structure that allows the stationary probability



Introduction 3

vector to be compactly expressed in terms of a boundary vector and a rate matrix. For

this class, a specific structure of the blocks has been recently pointed out in the literature,

which we refer to as restricted-downward/upward transitions. In Chapter 1, we analyze

this structure by applying a censoring argument on the transitions of the chain, and

splitting the computation of the rate matrix in two steps. As a result, the total time to

compute the rate matrix is significantly reduced, in many cases by an order of magnitude,

compared to the general approaches. We extend this approach in Chapter 2 to analyze

M/G/1-type Markov chains, which is a more general class of structured Markov chains.

In this case, one must also determine a matrix, called G, but the computation of the

stationary probability vector from this matrix is more involved than for QBD chains.

Therefore, we not only exploit the restricted-transition structure to obtain the G matrix,

but also to compute the stationary vector once G is found. Furthermore, additional gains

can be made by considering an even more specific structure of the blocks, which arises

in the analysis of batch queues. In fact, the restricted-transitions structure is not only

computationally appealing, but it arises, or can be induced, in modeling various queueing

systems such as priority queues, overflow queues or general BMAP/PH/1 queues, among

others.

The second part of this thesis concerns the analysis of optical grids, which we already

described as networks where the computing sites can rely on each other to carry out the

requests submitted by the users. Therefore, optical grids differ from more traditional

networks as a request does not have a predefined path to follow along the network. To

analyze this type of network, we have considered two cases: the first contemplates a grid

arranged in a ring topology, while the second focuses on a network with a large number

of stations. The case of the ring topology is treated in Chapter 3, where we develop

two different methods to approximate the complex arrival process at each station in the

network. Using these methods, each site can be analyzed separately to evaluate the

network performance. Both methods provide very good approximations for the fraction

of jobs processed locally and the inter-node traffic, when the total load of the network is

at most 90%. On the other hand, Chapter 4 considers a grid made of a very large number

of sites, for which we propose a mean field model that is exact when the number of sites

tends to infinity. In this case the job routing does not depend on the topology, but on

the state of the different stations. This allows a request that cannot be processed locally

to be sent, for instance, to the station with the largest number of idle servers. The model

has shown to be very accurate to approximate the fraction of traffic processed locally and

the traffic among the stations. In designing an optical grid, the traffic among the sites is

considered the main performance measure.

The last part focuses on the modeling and analysis of contention resolution strategies

in optical switches. As stated above, we consider two technologies for contention reso-

lution: optical buffering and wavelength conversion. Given the lack of optical random

access memory, optical buffering is implemented by means of Fiber Delay Lines (FDLs),

which only provide a small discrete set of delay values. On the other hand, and thanks

to wavelength division multiplexing (WDM), optical fibers carry many signals simultane-

ously using different wavelengths. Therefore, if a packet requires transmission through a

busy wavelength, it can be translated to an idle wavelength using a wavelength converter
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(WC). These converters may provide either full- or limited-range conversion capabilities,

depending on whether they are able to translate a signal to any or to a specific set of

wavelengths, respectively. As can be seen, the alternatives for contention resolution in op-

tical switches differ significantly from those available in traditional switches. To analyze

the effect of these contention resolution alternatives on the performance of the switch, we

have considered three different switch architectures. In Chapter 5, we analyze a bufferless

switch endowed with a centralized pool of WCs, i.e., the WCs are shared among all the

ports. This architecture has the potential of reducing the total number of WCs to achieve

a certain performance, but requires a more complex switching matrix. Here we look at the

case where the number of wavelengths is very large, which is relevant given the advances

in WDM. Therefore, we propose a mean field model that is exact when the number of

wavelengths tends to infinity, and can be used to approximate the performance of a switch

with a large number of these. Chapter 6 considers a second architecture, where the switch

has a pool of FDLs and full-range WCs per port. Here we also consider the case where the

number of wavelengths per port is large, and therefore a mean field model is proposed to

analyze the effect of various traffic parameters on the switch performance. In the models

in these two chapters, we pay special attention to the minimum number of WCs required

to attain zero losses in the infinite-wavelength case. The relevance of this measure arises

from the need to economically dimension the switch’s conversion capabilities. Chapter

7 ends this part by studying a switch with a pool of FDLs and limited-range WCs per

output port. The limited-range case imposes great modeling difficulties due to the com-

plex interaction among adjacent wavelengths. For this switch architecture we propose an

approximation based on a Markovian model, which performs well when the conversion

range is small. The model also highlights the important performance gains that can be

obtained by combining FDLs and WCs, even when the conversion range of the latter is

very limited.
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Structured Markov Chains

with Restricted Transitions
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Structured Markov Chains

with Restricted Transitions

Structured Markov chains (SMCs) have been central to the development of computa-

tional probability during the last forty years. The distinctive characteristic of a Markov

chain (MC) within this class is that its transition matrix possess a structure that can

be exploited to efficiently compute its stationary probability vector. The complete body

of SMCs can be classified in subclasses, each one defining a particular structure for the

transition matrix. Among the first structures to be identified is the one that character-

izes the set of Quasi-Birth-and-Death (QBD) MCs, introduced by Wallace [119]. These

chains are a generalization of simple birth-and-death processes where the addition of a

second dimension, called the phase, allows the representation of more general systems.

The first dimension, referred to as the level, takes values on the non-negative integers and

is allowed to increase or decrease its value at most by one in a single transition epoch,

as in the well-known birth-and-death process. The second dimension typically (phase)

describes a random environment or the state of the arrival and service processes in the

case of queueing systems. The main feature of a QBD process is that its stationary prob-

ability vector, if it exists, has a matrix-geometric form, such that it can be expressed as

a function of a boundary probability vector and a rate matrix R. A thorough analysis of

these chains was carried out by Neuts in [91], where the MCs of the GI/M/1 type were

also introduced. A GI/M/1-type MC can be seen as a QBD where the level is allowed

to decrease its value without restriction in a single transition, as long as it remains in

the non-negative integers. The stationary probability vector of this class of MCs also

has the matrix-geometric property. A similar generalization of QBDs can be obtained by

relaxing the restriction on the upward transitions, allowing the level to increase its value

by more than one at each transition epoch. This relaxation results in the class known as

M/G/1-type MCs, which were introduced and studied in detail by Neuts in [92]. This

class however lacks the matrix-geometric property, but the computation of its stationary

probability vector can be achieved by means of Ramaswami’s formula [97]. There are

many other classes of SMCs, such as tree-structured MCs or non-skip-free MCs, but our

focus will be on QBD, GI/M/1- and M/G/1-type MCs. For more on these and other

structures the reader is referred to [18, 76, 91, 92].

Due to the matrix-geometric property, a crucial step in finding the stationary prob-

ability vector of a QBD or GI/M/1-type MC is the computation of the rate matrix R.

7
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This is done by solving a nonlinear (quadratic in the case of QBD MCs) matrix equa-

tion. In the case of M/G/1-type MCs, the so-called matrix G underlies the computation

of the stationary probability vector, and it is also found as the solution of a nonlinear

matrix equation. Many iterative algorithms have been proposed to solve these nonlinear

equations, including functional iterations [91,92], logarithmic reduction [75], cyclic reduc-

tion [19], the invariant subspace method [5], and others. The ability of these algorithms

to solve the matrix equations depends on many aspects, one of the most relevant being

the size m of the phase space (the set of values that the phase variable may take). The R

and G matrices are of size m, as are the sub-matrices of the transition matrix involved in

their calculation (also called blocks). As any MC, SMCs suffer from the curse of dimen-

sionality, which implies that m may easily become very large. In this case even the most

efficient algorithms, such as Cyclic Reduction [19] or Logarithmic Reduction [75], require

long computation times to solve the matrix equations.

One way to deal with the dimensionality problem is to consider the specific structure

of the blocks of the SMC, and exploit it to reduce the computation times. For instance,

when these blocks are triangular it is possible to solve the matrix equations significantly

faster than in the general case, as has been shown in [117, 118]. Also, if the blocks are

themselves block-circulant, the solution of the matrix equation can also be accelerated [37].

In this thesis we will consider the structure that arises if an increase (resp. decrease) in

the value of the level, i.e., an upward (resp. downward) transition, is restricted to occur

in (resp. lead to) a specific subset of the phase space. In a QBD MC, if this subset is of

size one, then either the matrix G or R can be explicitly expressed without resorting to

the iterative algorithms mentioned before [76]. For an M/G/1-type (resp. GI/M/1-type)

MC, the G (resp. R) matrix can also be found explicitly if the downward (resp. upward)

transitions can only lead to (resp. occur in) an unitary subset of the phase space. In this

thesis we consider the more general case where this subset is small compared to the block

size m, but not unitary. This structure will be referred to as restricted (downward or

upward) transitions.

In the next two chapters we will show how the restricted-transitions structure can

be exploited to reduce the time required to compute the stationary probability vector of

an SMC. We start in Chapter 1 with the case of QBD MCs, and we illustrate how to

speed up the computation of the matrix R (resp. G) when the chain has restricted upward

(resp. downward) transitions. Once either R or G has been found, it is straightforward

to compute the stationary vector of this MC thanks to the matrix geometric property.

To briefly describe the methodology, consider the case of restricted downward transitions

and let S+ be the subset of the phase space toward which these transitions lead. To

determine G we start by defining a new process by observing the QBD process when the

phase variable is in S+. The new process is of the M/G/1 type, but the size of its blocks

is equal to the cardinality of S+. Therefore, we can use Cyclic Reduction [19] to find

its associated matrix G+, which will be shown to be a sub-matrix of the matrix G of

the QBD. After finding G+ we obtain the remaining entries of G by solving a Sylvester

matrix equation. If the QBD has restricted upward transitions, the steps to find R are

similar, but in this case the censored process is of the GI/M/1 type.

Our methodology can be extended to the cases of GI/M/1- and M/G/1-type MCs.
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In Chapter 2 we consider the extension to M/G/1-type MCs with restricted downward

transitions, which can be easily translated to GI/M/1-type MCs with restricted upward

transitions. For this latter case it is enough to compute R efficiently as this MC also

possess the matrix-geometric property. However, in Chapter 2 we not only extend the

methodology to compute the matrix G, but we also make use of the restricted-transitions

structure to expedite the computation of the stationary probability vector of an M/G/1-

type MC, for which the matrix-geometric property does not hold.

Recently, some attention has been given to the structure that we have referred to

as restricted transitions. For the case of QBD MCs, Grassmann and Tavakoli [50] have

exploited this structure to accelerate the time per iteration of the linearly-convergent U-

based method [74] by means of an UL decomposition. Also, in [25] the authors introduce

a model to analyze a wireless relay node, which turns out to be a QBD MC with restricted

downward transitions. In both cases, the method of solution relies on a specific functional

iteration algorithm, which has the drawback of being linearly convergent [18]. As men-

tioned before, our approach does not rely on a particular algorithm for the solution of

the nonlinear matrix equation, but it defines a new process of smaller size that can be

solved using any algorithm, including the quadratically-convergent Cyclic Reduction [19].

On the other hand, and to the best of our knowledge, M/G/1-type MCs with restricted

transitions have only been treated in [30]. There the authors exploit the referred structure

to speed up the computation of G by using two specific iterative algorithms: a functional

iteration and a sub-Newton method. In contrast, our approach is able to make use of the

most efficient algorithms as the definition of the censored process is independent of the

solution method. Moreover, in [30] an additional restriction is imposed on the chain (see

Remark 2.2 on page 34), which reduces the applicability of their method. For instance,

the MC to model the BMAP[2]/PH[2]/1 preemptive priority queue is of the M/G/1-type

and has the restricted-downward-transitions property. However, this queue cannot be

analyzed with the methods introduced in [30] because of these additional restrictions.

An SMC with restricted transitions is not only computationally appealing, but there

are many applications where this property arises naturally or can be induced by adequate

modeling. In fact, in the next chapters we will examine various examples where this

structure arises, such as the priority queue with two customer classes, with and without

batch arrivals, or an overflow queueing system [83] consisting of two queues, where the

second queue receives arrivals only when the buffer of the first queue is full. Also, we will

show that by adequately modeling the service time distribution, it is possible to induce

the restricted-downward-transitions structure in the MCs that model the MAP/PH/1

and BMAP/PH/1 queues (for details on MAPs and PH distributions see Appendix A.1).

These examples are used to illustrate the relevance of our methodology, as well as the

computational gains obtained by exploiting the referred structure, compared with solving

the original system. As stated before, this structure has also been considered in [50]

and [25], where the authors propose algorithms to speed up the solution of the matrix

equation. We compare these methods with our approach and show that ours outperforms

the others in many cases. We will also show that, for the priority queue with batch

arrivals, our approach is not only faster than solving the original M/G/1-type MC, but it

is also faster than other methods previously proposed to find the queue-length distribution
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of this particular queue [129]. In conclusion, the methods to be introduced in the next

chapters are able to significantly reduce the computation times required to determine the

stationary probability vector of QBD, GI/M/1- and M/G/1-type MCs, when the blocks

of these SMCs possess the restricted-transitions structure. These methods have been

implemented as part of a software tool that will be made available online.



Chapter 1

Quasi-Birth-and-Death

processes with restricted

transitions

A discrete-time QBD MC is a two-dimensional process {(Nn, Xn), n ≥ 0}, where Nn is

called the level variable and takes values on N. The phase variable Xn takes values on the

set {1, 2, . . . , m0} or {1, 2, . . . , m} depending on whether the level is equal to or greater

than 0. The level variable can only increase or decrease its value by one at each time

epoch and the transition probabilities are level-independent. Therefore the QBD MC has

a transition matrix P of the form

P =











B1 B2 0 0 . . .

B0 A1 A2 0 . . .

0 A0 A1 A2 . . .
...

. . .
. . .

. . .
. . .











, (1.1)

where B1 and A1 are square matrices of size m0 and m, respectively. The matrices B1

and B2 hold the transition probabilities from level 0 to levels 0 and 1, respectively, while

the matrix B0 contains the transition probabilities from level 1 to level 0. Similarly, the

matrices A0, A1 and A2 carry the transition probabilities from level i to levels i−1, i and

i + 1, respectively, for i > 0. The key when computing the stationary probability vector

π = [π0, π1, π2, . . . ] of P , if it exists, is to find the minimal nonnegative solution R of the

matrix equation

R = A2 + RA1 + R2A0. (1.2)

The vectors πi can then be computed as πi = π1R
i, for i > 1, where [π0, π1] is the solution

of the boundary equation

[π0, π1]

[

B1 B2

B0 A1 + RA0

]

= [π0, π1].

11
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Another way to find the matrix R is from R = A1(I − A0 − A1G)−1, where G is the

minimal nonnegative solution of the matrix equation

G = A0 + A1G + A0G
2. (1.3)

Many iterative algorithms have been developed to solve equations (1.2) and (1.3), includ-

ing quadratically-convergent algorithms such as Cyclic Reduction (CR) [19] and Logarith-

mic Reduction [75]. The method introduced in this chapter aims at computing either the

matrix R or G, from which the stationary probability vector can be obtained. Moreover,

our approach is actually independent of the behavior of the QBD near the boundary at

level 0. Therefore a more general boundary behavior can be assumed as long as the QBD

shows a repeating structure (matrices A0, A1 and A2) from a given level onward.

As discussed in the introduction to this Part, we will show how to speed up the

computation of the matrix R or G, when the QBD MC has restricted upward or downward

transitions, respectively. These types of transitions cause the blocks of the QBD to

have a special structure, which will be illustrated in Section 1.1. We next provide a

detailed explanation of how this structure can be exploited to reduce the times required

to compute R or G. The case of restricted downward transitions is treated in Section

1.2, while restricted upward transitions are the topic of Section 1.3. Section 1.2 also

includes some special cases where additional structure can be exploited to further reduce

the computation times.

To illustrate our approach, we consider four different examples in Section 1.4, including

a priority queue with two customer classes and an overflow queueing system. In addition,

we show how the restricted-downward-transitions structure can be induced in the QBD

MC that describes a general MAP/PH/1 queue. This is achieved by defining a (slightly

larger) representation of the service-time distribution, forcing the state of its underlying

process to re-start in a specific phase, which occurs whenever there is a service completion

(downward transition). Our last example is based on the model introduced in [25] to

evaluate the packet delay in a wireless relay node, which falls within the set of QBD

MCs with restricted downward transitions. These examples are also used to illustrate the

computational gains obtained by using the approach introduced here, compared to the

traditional methods and to the methods proposed in [50] and [25].

1.1 QBDs with restricted transitions

In this chapter we consider two special cases where the structure of the matrices A0 and

A2 can be exploited to speed up the computation of the matrix G or R. We consider

a partition of the set {1, . . . , m} into two sets: S+ containing the first r phases, and

S− containing the remaining m − r phases. Using this partition the matrices Ai, for

i = {0, 1, 2}, can be written as

Ai =

[

A++
i A+−

i

A−+
i A−−

i

]

, (1.4)

where A++
i and A−−

i are square matrices of size r and m − r, respectively. We assume

that the MC is irreducible, and therefore the matrices A++
i and A−−

i are sub-stochastic
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and the inverses (I −A++
i )−1 and (I −A−−

i )−1 exist. In Section 1.2 we consider the case

where downward transitions can only lead to a state with phase in S+, hence the matrix

A0 has only r ≪ m nonzero columns such that it can be written as

A0 =

[

A++
0 0

A−+
0 0

]

. (1.5)

When the set S+ contains only one phase the matrix G can be computed explicitly without

the need of resorting to iterative algorithms [76]. This particular case has also been

exploited to compute performance measures in an efficient manner without computing all

the terms of the vector π [32]. In this chapter we consider the more general case where the

cardinality of S+ is greater than one, meaning that the matrix G is not known explicitly

from the parameters of the QBD.

The analogous case where upward transitions only occur in a state with phase in S+

is treated in Section 1.3. In this case the matrix A2 has only r≪ m nonzero rows, i.e.,

A2 =

[

A++
2 A+−

2

0 0

]

. (1.6)

This structure was analyzed by Grassmann and Tavakoli in [50], where it was exploited to

reduce the time per iteration in the so-called U-algorithm [74], which computes a matrix

U such that R = A2(I − U)−1. The algorithm starts with U0 = A1 and iteratively

computes Uk+1 = A1 + A2(I − Uk)−1A0, such that the iterates converge to the actual

value of the matrix U . Even though the approach proposed in [50] provides an important

computational gain per iteration, the number of iterations required may be large since

this is a linearly-convergent algorithm [18]. In Section 1.4 we consider an example with

the structure described by (1.6) and compare the performance of our approach with the

one proposed in [50]. This method can also be adapted to the case where the matrix A0

has the form in (1.5). In the next section we briefly review the definition of M/G/1- and

GI/M/1-type MCs, as these are central for the methodology to be introduced in sections

1.2 and 1.3.

1.1.1 Markov chains of the M/G/1 and GI/M/1 type

An M/G/1-type MC [92] can be seen as a generalization of a QBD MC, where the level

is allowed to increase its value by more than one in a single transition. Therefore, the

transition matrix P̄ of an M/G/1-type MC is of the form

P̄ =

















B̄0 B̄1 B̄2 B̄3 · · ·

Ā0 Ā1 Ā2 Ā3 · · ·

Ā0 Ā1 Ā2 · · ·

Ā0 Ā1 · · ·

0
. . .

. . .

















,

where (Āi)i≥0 and (B̄i)i≥0 are nonnegative matrices in R
b×b such that

∑+∞
i=0 Āi and

∑+∞
i=0 B̄i are stochastic. A numerically stable method to find the stationary probability
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vector of this MC is Ramaswami’s formula [97], which depends on the matrix Ḡ, that is

the minimal non-negative solution of

Ḡ =
∞
∑

i=0

ĀiḠ
i. (1.7)

The quadratically-convergent CR algorithm can also be applied to solve this equation.

On the other hand, a GI/M/1-type MC [91] can be seen as a QBD where the chain is

allowed to decrease several levels in a single transition. The transition matrix of this MC

is thus given by

P̂ =

















B̂0 Â0 0

B̂1 Â1 Â0

B̂2 Â2 Â1 Â0

B̂3 Â3 Â2 Â1 . . .
...

...
. . .

. . .
. . .

















,

where (Âi)i≥0 and (B̂i)i≥0 are nonnegative matrices in R
b×b such that

∑n
i=0 Âi + B̂n is

stochastic for all n ≥ 0. In this case the stationary probability vector can be computed

as πi = π0R̂
i, where R̂ is the minimal non-negative solution to

R̂ =

∞
∑

i=0

R̂iÂi. (1.8)

To solve this equation we first compute the blocks of the dual process, which is of the

M/G/1 type, as this allows us to use the quadratically-convergent CR algorithm. There

are two different duals that can be used for this purpose. A brief description of both is

included in Appendix A.5. Here we have assumed that the boundary level has the same

size as all the other levels in both the M/G/1- and GI/M/1-type MCs. A more general

boundary can be assumed since our results are related to the behavior of the MCs away

from the boundary, which is described by the (Āi)i≥0 or the (Âi)i≥0 matrices.

1.2 QBDs with restricted downward transitions

In this section we describe how the special structure of the matrix A0 can be exploited

to compute the matrix G. Consider the case where the matrix A0 has only r ≪ m

nonzero columns as shown in Equation (1.5). The (i, j)-th entry of the matrix G holds

the probability that the first visit to level k−1 occurs by visiting state (k−1, j), starting

from state (k, i), for k > 1 [76]. In a QBD MC a path that takes the chain from level k

to level k − 1 must end with a downward transition from level k to level k − 1. Since the

downward transitions can only trigger the phase to one of the first r states of any level,

the G matrix has the structure

G =

[

G+ 0

G0 0

]

,

where G+ (resp. G0) is an r × r (resp. (m − r) × r) matrix. The computation of G+

and G0 will be split in two steps such that for r ≪ m the total computation time can be

significantly reduced.
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1.2.1 Computing G+

To compute G+ we define a new process by observing the QBD MC only when the phase

variable is in the set S+. In the original process any transition to a lower level triggers

the phase to a state in S+, therefore the new process can only move one level down at

each transition. On the other hand, the original process can move several levels upward

while the phase is in S−, i.e., between two visits to S+. Therefore the new process can

move several levels up in one transition, but only one level down. Hence, the new process

is of the M/G/1 type and its behavior away from the boundary is characterized by the

set of r × r matrices (Āi)i≥0. The minimal nonnegative solution Ḡ of Equation (1.7) is

actually equal to the matrix G+. This follows from the definition of the (i, j)-th entry of

Ḡ as the first passage probability to the state (k − 1, j) starting from state (k, i) in the

new process, and the fact that in the original process the downward transitions can only

lead to S+. Hence, to compute the matrix G+ we first need to determine the r× r blocks

(Āi)i≥0 and then solve Equation (1.7).

To specify the blocks (Āi)i≥0 let the (i, j)-th entry of the (m− r)× r matrix Kl hold

the probability that, given that the original process starts in state (k, i), with i ∈ S−, its

first transition to a state with phase in S+ occurs to the state (k + l, j), for j ∈ S+, k > 1

and l ∈ {−1, 0, 1, ...}. Hence, the matrices (Ki)i≥−1 are given by

K−1 = (I −A−−
1 )−1A−+

0 ,

K0 = (I −A−−
1 )−1(A−+

1 + A−−
2 K−1),

K1 = (I −A−−
1 )−1(A−+

2 + A−−
2 K0),

Ki = (I −A−−
1 )−1A−−

2 Ki−1, i ≥ 2.

(1.9)

To define K−1 we observe that the chain starts in level k and spends some time in the

states of this level with phase in S−. Afterward the chain has to move to a state (k−1, j),

with j ∈ S+. The only other possible state that the chain could visit after its sojourn in

level k, avoiding states with phase in S+, is to move to a state in level k + 1 and phase

in S−. However, for the chain to visit level k − 1 it first has to go back from level k + 1

to level k, and this can only be done through a state with phase in S+. Therefore, this

path is not possible if the first state with phase in S+ to be visited must be part of level

k − 1. The definition of the other matrices can be understood in a similar manner. Now

we can define the blocks (Āi)i≥0 in terms of the matrices (Ki)i≥−1 as

Ā0 = A++
0 + A+−

1 K−1,

Ā1 = A++
1 + A+−

1 K0 + A+−
2 K−1,

Ā2 = A++
2 + A+−

1 K1 + A+−
2 K0,

Āi = A+−
1 Ki−1 + A+−

2 Ki−2, i ≥ 3.

(1.10)

To define Ā0 we see that the transition from a state (k, i) to a state (k − 1, j), with

i, j ∈ S+, can only occur in two ways: either the chain goes directly to (k − 1, j) with

transition matrix A++
0 ; or it moves first to a state in level k with phase in S− and, after

a sojourn in these states, it moves downward avoiding other states in S+ (with transition

matrix A+−
1 K−1). A transition to level k +1 is not allowed since the chain cannot return

to k− 1 without passing through a state in level k with phase in S+. The other matrices
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can be defined similarly. Notice, to compute the matrices Āi it suffices to store two Ki

matrices at a time. The r × r matrices Āi are sequentially computed from i = 0 to c,

where c is the smallest positive integer such that
∑c

i=0 Āie > (1 − ǫ)e, with e a column

vector of ones and ǫ = 10−14. These blocks can then be used to compute the matrix G+

using the CR algorithm [19].

1.2.2 Computing G0

Given the structure of the matrices A0 and G we can rewrite Equation (1.3) as

[

G+ 0

G0 0

]

=

[

A++
0 0

A−+
0 0

]

+

[

A++
1 A+−

1

A−+
1 A−−

1

] [

G+ 0

G0 0

]

+

[

A++
2 A+−

2

A−+
2 A−−

2

] [

G2
+ 0

G0G+ 0

]

. (1.11)

Extracting the lower-left block we find

G0 − (I −A−−
1 )−1A−−

2 G0G+ = (I −A−−
1 )−1(A−+

0 + A−+
1 G+ + A−+

2 G2
+), (1.12)

which is a Sylvester matrix equation [44, 47] of the type AXB + X = E, that can be

solved in O((m − r)3) time with the Hessenberg-Schur method proposed in [47]. A brief

description of this method is included in Appendix A.4 together with a discussion on some

additional considerations that influence the computation time of G0. Next, we consider

two special cases where additional restrictions on the transition probabilities allow us to

limit the number of blocks of the reduced process, which result in further reductions in

the computation times.

1.2.3 Restricted downward transitions and A−−
2 = 0

Let the matrix A0 have the structure shown in Equation (1.5). Additionally, assume that

upward transitions from states with phase in S− take the process to a state with phase

in S+, i.e., the matrix A2 has the form

A2 =

[

A++
2 A+−

2

A−+
2 0

]

.

With this additional structure, the maximum number of upward transitions between two

visits to S+ is two, since an upward transition from S− must end in S+. Therefore the

reduced process of the M/G/1 type, constructed by observing the original process when

the phase is in S+, has only four nonzero blocks defined as

Ā0 = A++
0 + A+−

1 (I −A−−
1 )−1A−+

0 ,

Ā1 = A++
1 + A+−

1 (I −A−−
1 )−1A−+

1 + A+−
2 (I −A−−

1 )−1A−+
0 ,

Ā2 = A++
2 + A+−

1 (I −A−−
1 )−1A−+

2 + A+−
2 (I −A−−

1 )−1A−+
1 ,

Ā3 = A+−
2 (I −A−−

1 )−1A−+
2 .

The definition of these blocks can be obtained directly from the equations (1.9) and (1.10)

as follows: A−−
2 = 0 implies that Ki = 0 for i ≥ 2, which therefore means that Āi = 0

for i > 3. Additionally, the fact that A−−
2 = 0 also simplifies the expressions for K0
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and K1, which are used in the definition of the matrices Ā1, Ā2 and Ā3. This additional

structure reduces both the time to compute the blocks and the time to find G+ using CR.

Additionally, to find G0 we consider again Equation (1.11) and by extracting its lower-left

block we find

G0 = (I −A−−
1 )−1

(

A−+
0 + A−+

1 G+ + A−+
2 G2

+

)

.

Therefore, there is no need to solve a Sylvester matrix equation, since G0 can be de-

termined directly from G+ and other already computed matrices. With this additional

constraint the problem of finding the m×m matrix G is replaced by the determination of

just four r × r matrices and the solution of Equation (1.7) using these smaller matrices.

1.2.4 Restricted downward and upward transitions

Now we assume that the matrices A0 and A2 of the QBD have the structure described

in equations (1.5) and (1.6), respectively. In this case the process obtained by observing

the QBD when the phase is in the set S+, is again a QBD with parameters

Ā0 = A++
0 + A+−

1 (I −A−−
1 )−1A−+

0 ,

Ā1 = A++
1 + A+−

1 (I −A−−
1 )−1A−+

1 + A+−
2 (I −A−−

1 )−1A−+
0 ,

Ā2 = A++
2 + A+−

2 (I −A−−
1 )−1A−+

1 .

To obtain these expressions, in addition to the simplifications due to A−−
2 = 0 explained

above, we notice that K1 becomes zero since both A−+
2 and A−−

2 are equal to zero. Hence

Ā3 also becomes zero and the resulting process is again a QBD (but of a smaller block

size). Moreover, the matrix G0 is given by

G0 = (I −A−−
1 )−1

(

A−+
0 + A−+

1 G+

)

.

The reduction in computation time is evident since now it is enough to find the solution

to Equation (1.3) with matrices of size r instead of m. Additionally, the number of matrix

multiplications required to compute the blocks of the new QBD process and the matrix

G0 is fixed and small compared to the solution of Equation (1.3).

1.3 QBDs with restricted upward transitions

We now turn to the case where the matrix A2 has only r ≪ m nonzero rows as in Equation

(1.6), restricting the upward transitions to occur only when the phase variable is in S+,

while A0 is no longer in the form (1.5). In a QBD the (i, j)-th entry of the rate matrix R

can be interpreted as the expected number of visits to the state (k + 1, j) starting from

state (k, i) before visiting any other state at level k [91]. To visit a state in level k + 1

starting from level k, while avoiding level k, the first transition must take the chain from

level k to level k + 1. However, due to the structure of A2, no upward transition can be

made if the phase variable is in S−. Hence the last m− r rows of the matrix R are equal

to zero, and R can be written as

R =

[

R+ R0

0 0

]

,
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where R+ and R0 are matrices of size r × r and r × (m − r), respectively. In a similar

way as in the previous case, we define a new process by observing the original QBD MC

when the phase variable is in S+. In this case the level cannot increase in the phases

outside S+, but it can decrease several levels between two visits to S+. Therefore, the

new process is a Markov chain of the GI/M/1 type. Using this process we can find the

matrices R+ and R0 separately, as shown next.

1.3.1 Computing R+

The behavior of the censored process, obtained by observing the original QBD MC when

the phase is in S+, is characterized away from the boundary by the set of r × r matrices

(Âi)i≥0. Let R̂ be the minimal nonnegative solution of the Equation (1.8). Then the

(i, j)-th entry of the matrix R̂ can be interpreted as the expected number of visits to state

(k+1, j), starting from state (k, i), before the first return to level k [91], for (i, j) ∈ S+ and

k > 1. This is the same interpretation as the (i, j)-th entry of R+; therefore R+ = R̂. To

find R̂ we first need to specify the blocks (Âi)i≥0, which is done in terms of the matrices

(W−i)i≥0.

Let the entry (i, j) of the (m− r)× r matrix W−l be the probability that, given that

the original process starts in state (k, i) with i ∈ S−, its first transition to a state with

phase in the set S+ occurs in the state (k − l, j), for j ∈ S+, k > l ≥ 0. Hence, the

matrices (W−i)i≥0 are given by

W0 = (I −A−−
1 )−1A−+

1 ,

W−1 = (I −A−−
1 )−1(A−+

0 + A−−
0 W0),

W−i = (I −A−−
1 )−1A−−

0 W−(i−1), i ≥ 2.

The blocks (Âi)i≥0 can be defined in terms of the matrices (W−i)i≥0 as

Â0 = A++
2 + A+−

2 W0,

Â1 = A++
1 + A+−

1 W0 + A+−
2 W−1,

Â2 = A++
0 + A+−

0 W0 + A+−
1 W−1 + A+−

2 W−2,

Âi = A+−
0 W−i+2 + A+−

1 W−i+1 + A+−
2 W−i, i ≥ 3.

The blocks Âi are computed from i = 0 to c, where c is the smallest positive integer

such that
∑c

i=0 Âie > (1− ǫ)e. In this case it suffices to keep track of the three matrices

{W−i+2, W−i+1, W−i} when computing the matrix Ai. As stated before, we need to

compute the dual process of the GI/M/1 type MC characterized by (Âi)i≥0 in order to

apply the CR algorithm. We use the dual relationship to compute the M/G/1-type blocks

and, after solving a matrix equation of the type (1.7), retrieve R+ from the G matrix of

the dual. Since there are two different duals that can be used (see Appendix A.5), we

consider both options and compare their performance in Section 1.4.
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1.3.2 Computing R0

By writing Equation (1.2) in block form and extracting the upper-right corner, we find

R0 −R+R0A
−−
0 (I −A−−

1 )−1 = (A+−
2 + R+A+−

1 + R2
+A+−

0 )(I −A−−
1 )−1. (1.13)

This is also a Sylvester matrix equation of the type AXB + X = E, which can be solved

in O((m − r)3) time using the Hessenberg-Schur method proposed in [47] (see Appendix

A.4).

1.3.3 Restricted upward transitions and A−−
0 = 0

When the matrix A2 of the QBD MC has only r nonzero rows as in Equation (1.6) and

additionally the block A−−
0 is equal to zero, we can further improve the new algorithm

in a manner similar to Section 1.2.3. We omit the details as both cases are analogous.

1.4 Examples and Numerical Experiments

In this section we consider four different queueing systems in which the structures analyzed

in the previous sections arise (and a standard uniformization argument is applied to

transform a continuous-time problem to discrete time when necessary). We start by

considering a priority queue with two customer classes that can be modeled as a QBD

process with restricted downward transitions. Next we present a general MAP/PH/1

queue (see Appendix A.1), which can be modeled as a QBD process that can be induced

to have restricted downward transitions. Then we illustrate the case of a QBD process

with restricted upward transitions through an overflow queue. Finally, we consider the

model of a relay node in a wireless network introduced in [25], where the QBD process

used to evaluate the node’s performance also falls within our framework. In all these

cases cases we compare the times required to compute the R or G matrix using the full-

size QBD and the approach proposed in this chapter. For the overflow queue we also

compare with the approach introduced in [50], while for the relay node model we include

a comparison with the method proposed in [25]. For further reference recall that the

Kronecker product of the matrices A and B, denoted A ⊗ B, is the block matrix with

block (i, j) equal to AijB [48]. The Kronecker sum A ⊕ B is defined as A ⊗ I + I ⊗ B,

where I is an identity matrix of appropriate size.

1.4.1 A Priority Queue

Our first example is a continuous-time priority queue with two classes of customers. Class-

1 customers have preemptive priority over class-2 customers. Therefore, customers of class

2 can only be served if there are no class-1 customers in the queue and the service of a

class-2 customer is interrupted if a customer of class 1 arrives. The high-priority arrivals

are described by a MAP characterized by (m1
a, C1

0 , C1
1 ) while the MAP of the low-priority

arrivals has parameters (m2
a, C2

0 , C2
1 ). These two processes can be combined in a single

marked MAP with parameters D0 = C1
0⊕C2

0 , D1 = C1
1⊗I and D2 = I⊗C2

1 , where D0, D1
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and D2 are square matrices of size ma = m1
am2

a. The service times of class-1 (resp. class-

2) customers follow a PH distribution with parameters (m1
s, α, T ) (resp. (m2

s, β, S)). To

model this queue as a QBD with restricted downward transitions we take the level as

the number of low-priority customers in the queue, and assume a finite buffer of size

C for the class-1 customers. This assumption places no restriction in the analysis since

this buffer can be dimensioned such that the blocking probability of the high-priority

customers is below a certain threshold, allowing us to truncate its infinite size. Given the

preemptive nature of the priority queue, this can be done using a QBD MC that ignores

the low-priority customers. The second dimension of the QBD therefore holds the number

of class-1 customers, the phase of the arrival process and the phase of the customer in

service. In addition, if there is a class-1 customer in service, the service phase includes

both the current phase of the customer in service and the phase in which the next class-

2 customer will (re-)start its (possibly preempted) service. This is not necessary if the

customer in service is of class 2, since in that case there are zero class-1 customers in the

system. Therefore the blocks have size m = mam2
s(1 + Cm1

s) and are given by

A0 =











I ⊗ sβ 0 . . . 0

0 0 . . . 0
...

...
. . .

...

0 0 . . . 0











, A2 =











D2 ⊗ Im2
s

0 . . . 0

0 D2 ⊗ Ims
. . . 0

...
. . .

. . .
...

0 0 . . . D2 ⊗ Ims











,

A1 =

















D0 ⊕ S D1 ⊗ I ⊗ α 0 . . . 0

I ⊗ t (D0 ⊗ I)⊕ T D1 ⊗ I . . . 0
...

. . .
. . .

. . .
...

0 0 . . . (D0 ⊗ I)⊕ T D1 ⊗ I

0 0 . . . I ⊗ tα (D̄ ⊗ I)⊕ T

















,

where D̄ = D0+D1, t = −Te, s = −Se, ms = m1
s +m2

s and the size of the identity matrix

has been made explicit in those places where it might be unclear from the context. Since

low-priority service completions can only occur when there are no high-priority customers

in the queue, downward transitions are limited to occur when the process is in one of the

first r = m̄ phases and such transitions trigger the process to the same set of phases.

Therefore the structure of A0 can be exploited as shown in Section 1.2.

For the numerical results shown next we consider a high-priority buffer of size C = 120

and, for both customer classes, hyper-exponential service times with mean one and

squared coefficient of variation (SCV) equal to two. The parameters of the service dis-

tribution are computed using the moment-matching method in [120], that results in a

PH representation of order 2. The arrival processes are built using the method in [40,56]

that allows the matching of the first two moments of the inter-arrival distribution and

the decay rate of the autocorrelation function γ with a MAP of size 2. In this case both

MAPs have the same mean, fixed by the load ρ, and SCV equal to five. For this queue

the load is given by ρ = λ1/µ1 + λ2/µ2, where λi and µi are the arrival and service rates

of type-i customers, respectively, for i = 1, 2. Since the service rates are equal to one and
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the arrival rates are equal, then λ1 = λ2 = ρ/2. We consider two scenarios, in the first

the inter-arrival times are independent (γ = 0), while in the second γ is equal to 0.9. The

selection of C = 120 guarantees the high-priority customers’ loss rate to be below 10−15

(resp. 10−9) for the case with γ = 0 (resp. γ = 0.9). With this set of parameters the block

size is 1928 and the number of nonzero columns in A0 is 8.

ρ QBD-CR Bl # Bl MG1-CR Sylv MG1 Ratio

0.1 476.9 16.4 18 0.09 47.5 64.0 7.5

0.2 545.0 16.9 31 0.11 25.8 42.8 12.7

0.3 544.9 17.5 48 0.11 47.5 65.1 8.4

0.4 613.0 18.4 70 0.16 25.8 44.4 13.8

0.5 613.0 19.5 98 0.17 25.8 45.5 13.5

0.6 680.9 20.9 135 0.27 47.5 68.6 9.9

0.7 680.9 22.9 185 0.27 47.5 70.6 9.6

0.8 749.1 25.4 250 0.28 25.9 51.5 14.5

0.9 817.1 28.9 338 1.09 25.5 55.4 14.7

Table 1.1: Computation times (sec) for the priority queue with γ = 0

In Table 1.4.1 we show the time required to compute the matrix G using the full-size

QBD with the CR algorithm (QBD-CR), the time to compute the M/G/1-type blocks

(Bl), the number of those blocks (# Bl), the time to compute the matrix G+ with CR

(MG1-CR) and the time to solve the Sylvester matrix equation to get G0 (Sylv). The

total computation time using the reduced process is shown in column MG1, and the last

column has the ratio between the columns QBD and MG1. Clearly, the M/G/1-type

based method outperforms the full-size approach, which can take 7 to 15 times longer

to compute G. Also, when the load ρ increases both methods require more computation

time, particularly the CR algorithm and the computation of the M/G/1-type blocks. A

large load has two major effects: first, it increases the rate of upward transitions per time

unit; second, since the set S+ includes only the phases in which there are no high-priority

customers in the queue, a larger load increases the likelihood of having long sojourn

times in S−. These two effects together imply that the number of blocks to compute

increases and the CR algorithm to solve Equation (1.7) requires more time. In contrast,

the Hessenberg-Schur method to solve Equation (1.12) seems to be less sensitive to the

load of the queue.

Table 1.4.1 contains the same information as the previous one, but in this scenario

the arrival processes are highly autocorrelated, with decay rate of the autocorrelation

function γ = 0.9. As can be observed, the correlation, together with the load, has a

large effect on the number of M/G/1-type blocks that describe the reduced process and

therefore on the time required to compute those blocks and to find G+. On the other

hand, the correlation has little effect on the time to find G0 with the Hessenberg-Schur

method. We see that the reduced process still offers a reduction in computation times,

but this gain is affected by the system parameters. A similar behavior will be observed

in the subsequent examples.

In addition to the computation times, it is relevant to consider the behavior of the
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ρ QBD-CR Bl # Bl MG1-CR Sylv MG1 Ratio

0.1 477.6 16.4 19 0.11 25.8 42.4 11.3

0.3 613.7 18.1 61 0.14 25.8 44.0 13.9

0.5 681.8 22.0 161 0.25 25.6 47.8 14.3

0.7 818.0 32.0 419 0.52 69.2 101.7 8.0

0.9 954.3 59.3 1117 1.73 25.7 86.8 11.0

Table 1.2: Computation times (sec) for the priority queue with γ = 0.9

approach introduced in this chapter in terms of the residual error. Let the infinity norm

of an n×m matrix K be given by ||K||∞ = maxn
i=1

∑m
j=1 Kij . Let G̃ be the matrix that

solves Equation (1.3) obtained with the approach of Section 1.2. Then the residual error

is defined as

||G̃−A0 + A1G̃ + A2G̃
2||∞,

which gives a measure of the goodness of G̃ as a solution for Equation (1.3). In all the

instances considered here the residual error was always below 10−14, revealing the good

behavior of the approach proposed. This behavior is to be expected since the algorithms

on which our method relies (Cyclic Reduction and the Hessenberg-Schur method for the

Sylvester equation) are numerically stable. A similar result in terms of the residual error

holds for the other examples.

1.4.2 The MAP/PH/1 queue

The MAP/PH/1 queue receives customers according to a MAP characterized by the

parameters (ma, D0, D1), which are processed by a single server, and the service time is

described by a PH distribution characterized by (ms, α, T ). This queue can be modeled

as a QBD MC by choosing the number of customers in the queue to be the level. This

selection assures that the level increases and decreases by at most one in a single transition

since only one service completion or a single arrival can occur at a time. The blocks of

this QBD MC are given by

A0 = tα⊗ Ima
, A1 = T ⊕D0, A2 = Ims

⊗D1, (1.14)

where t = −Te and In is the identity matrix of size n. From this definition it is clear that

the block size is m = msma and that the number of nonzero columns in A0 depends on the

number of nonzero elements in the vector α. In fact, if α has only one nonzero element,

then A0 has only r = ma nonzero columns, i.e., the block size is ms times larger than

the number of nonzero columns in A0. This is the case if the service times are described

by an Acyclic PH distribution (APH) [33]. This class of distributions (which includes

the Erlang and the hyper-exponential distributions as special cases) has a canonical form

introduced in [33] where all the mass of the initial probability vector is concentrated in

the first phase. Therefore, in this case the vector α has only one nonzero entry and the

matrix A0 has ma nonzero columns. In general, the vector α may have any number of
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nonzero entries, but we can always find a representation of size ms + 1 such that the

initial probability vector has only one nonzero entry, as shown in the next theorem.

Theorem 1.1. Any continuous PH distribution with representation (ms, α, T ) also has

a representation (ms + 1, e1, T̄ ), where e1 and T̄ are given by

e1 = [1 0ms
] and T̄ =

[

−c cαP

0 T

]

,

where 0n is the 1 × n zero vector, c is the diagonal entry of T of largest absolute value,

i.e., c = max{|Tii|, 1 ≤ i ≤ ms}, and P is the uniformized version of the subgenerator

matrix T , i.e., P = 1
c
T + Ims

.

Proof. We start by uniformizing the absorbing MC that underlies the PH distribution

characterized by (ms, α, T ). Since the rate corresponding to the absorbing state is zero,

we can use c to uniformize the chain and therefore P holds the transition probabilities

among the transient states in the uniformized chain. Also, let P̄ be the uniformized

version of the subgenerator T̄ , which is equal to

P̄ =
1

c
T̄ + Ims+1 =

[

0 αP

0 P

]

.

Now we can write the CDF of the new representation G(·) as

G(x) = 1− e1 exp(T̄ x)e = 1− e1

∑

n≥0

xn

n!
T̄ ne = 1− e1

∑

n≥0

(cx)n

n!
(P̄ − Ims+1)

ne,

= 1− e1

∑

n≥0

(cx)n

n!

n
∑

k=0

(

n

k

)

P̄ k(−Ims+1)
n−ke,

= 1−
∑

n≥0

(cx)n

n!

n
∑

k=0

(

n

k

)

e1

[

0 αP k

0 P k

]

(−Ims+1)
n−ke,

= 1−
∑

n≥0

(cx)n

n!

n
∑

k=0

(

n

k

)

αP k(−Ims
)n−ke,

= 1− α
∑

n≥0

(cx)n

n!
(P − Ims

)ne,

= 1− α exp(Tx)e, x ≥ 0,

which is equal to the CDF of the original representation. Therefore (ms, α, T ) and (ms +

1, e1, T̄ ) are two different PH representations of the same distribution. A similar result

holds for discrete PH distributions.

Using this result we can replace α and T by e1 and T̄ , respectively, in Equation (1.14).

As a consequence the block A0 has only r = ma nonzero columns, and the new block

size is (ms + 1)ma, which is exactly the structure we have referred to as restricted down-

ward transitions. To illustrate the applicability of this result we consider a specific case

of a MAP/PH/1 queue, namely a system that provides reliable messaging services. In
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particular, we consider the Web Services Reliable Messaging (WSRM) protocol, which

is used to ensure message transmission in web-based service oriented architectures [14].

This protocol has been analyzed in [100], and there the authors have used PH distribu-

tions to approximate the effective transmission time in a WSRM implementation. They

consider different methods to obtain the PH representation, which is then used as input

in an M/PH/1 queue that models the arrival and transmission of messages over WSRM.

Here we consider the more general case where the arrivals are modeled as the combi-

nation of one, two or three streams, each one represented by a MAP. The transmission

times are represented by a hyper-Erlang distribution with ms = 153 phases, which cor-

responds to the case S2JK considered in [100]. The parameters of this distribution were

downloaded from [99]. Although this distribution is acyclic, its initial probability vector

has many nonzero entries. As stated before, it is possible to use the results in [33] to

obtain a canonical representation where the initial probability vector has a single nonzero

entry. However, we have opted for using Theorem 1.1 to illustrate the computational

gains obtained by exploiting the restricted-transitions structure, even if a slightly larger

representation of the service process is needed to induce that structure.

QBD-CR MG1 Ratio
H

H
H

H
H

ρ

r
2 4 8 2 4 8 2 4 8

0.1 2.3 17.8 140.2 0.3 1.5 11.9 8.8 12.0 11.8

0.3 2.6 20.2 157.9 0.3 2.0 15.5 7.7 10.2 10.2

0.5 3.0 22.5 175.5 0.4 2.4 18.1 7.1 9.5 9.7

0.7 3.3 24.8 193.2 0.5 2.7 20.1 6.6 9.3 9.6

0.9 3.9 29.4 228.5 0.6 3.2 24.2 6.8 9.1 9.4

Table 1.3: Computation times (sec) for the MAP/PH/1 queue

As stated above, the arrivals come from the superposition of one, two or three sources,

each one represented by a MAP of size two. This implies that the size ma of the arrival

process representation, and the number of nonzero columns r, is equal to two, four and

eight, respectively. The total arrival rate λ is set to match a given load ρ = λ/µ, where

µ is the mean transmission rate. The total arrival rate is equally divided among all the

sources, while each of them has SCV equal to five and the decay of their autocorrelation

function is set at 0.5. These characteristics are matched by using the method introduced

in [40, 56]. Table 1.4.2 shows the times required to compute the matrix G using CR

directly on the blocks of size m = msma (QBD-CR), and using the approach introduced

in this chapter to exploit the (induced) restricted-transitions structure (MG1). It also

shows the ratio between these two times (Ratio), which tells us how many times slower

the general approach is compared to our specific method. We observe how in both cases

the computation times are affected by the increase in the size of the arrival process

representation, as is to be expected since this size affects both the original block size

m and the number of nonzero columns. When there is a single source (r = ma = 2),

the QBD-CR method is between 6 and 9 times slower than MG1. When the number of

sources increases to 2 and 3, this figure increases to between 9 and 12. We also notice that
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the difference is larger for small loads and, although both methods are negatively affected

by the increase of the load, this parameter has a larger effect on the MG1 method. In this

case, a larger load implies the computation of a larger number of blocks in the censored

process, which also means that it is necessary to solve Equation (1.7) with a larger number

of nonzero coefficients. These procedures are therefore affected by the load, while finding

G0 by solving Equation (1.12) is almost insensitive to this parameter.

1.4.3 An Overflow Queue

We now consider an overflow queueing system consisting of two queues. The arrival

process to the first queue is a MAP characterized by (ma, D0, D1). Customers arriving at

the first queue are attended in FCFS order by a single server with service times following a

PH distribution characterized by the parameters (m1
s, α, T ). This queue has a finite buffer

of size C and a customer that finds the buffer full is sent to the second queue. The second

queue receives only overflow arrivals from the first queue and attends them in FCFS

order with a single server. The service times in this queue follow a PH distribution with

parameters (m2
s, β, S). Hence, the arrival process at the second queue can be described

by a MAP with parameters (mo, C0, C1) given by mo = (C + 1)mam1
s,

C0 =





















D0 ⊗ I D1 ⊗ I 0 · · · 0 0

I ⊗ tα D0 ⊕ T D1 ⊗ I · · · 0 0

0 I ⊗ tα D0 ⊕ T · · · 0 0
...

. . .
. . .

. . .
...

...

0 0 0 · · · D0 ⊕ T D1 ⊗ I

0 0 0 · · · I ⊗ tα D0 ⊕ T





















, C1 =







0 · · · 0 0
...

. . .
...

...

0 · · · 0 D1 ⊗ I






,

where t = −Te. Assuming an infinite buffer at the second queue, we can model the

queueing system as a QBD where the level describes the number of customers in the

second queue. The second dimension holds the phase of the current customer in service

and the phase of the arrival process at the second queue. The parameters of the QBD

are A0 = I ⊗ sβ, A1 = C0 ⊕ S, A2 = C1 ⊗ I, with s = −Se. In this case, the restricted

upward transitions are a result of the overflow process, as can be seen in the structure of

C1, where the arrivals to the second queue can only occur in the last mam1
s phases. The

inclusion of a separate arrival stream directed to the second queue would suppress this

structure. The block size in this case is m = mom
2
s and the number of nonzero rows in

A2 is r = mam1
sm

2
s.

As with the previous examples, we make use of the moment-matching methods in

[40, 56, 120] to obtain PH and MAP representations of the service and arrival processes,

respectively. The arrival process at the first queue has arrival rate and SCV equal to five

while the service time has mean one and SCV equal to two. Therefore the first queue

is heavily loaded and many customers are overflowed to the second queue. The arrival

rate at the second queue (λ2) is the arrival rate of the MAP with parameters (C0, C1).

Therefore for a given load at the second queue (ρ2) the service rate at this queue is fixed

by the relation ρ2 = λ2/µ2. In this queue the service times have SCV equal to two, as

in the first queue. The results are presented for different values of ρ2 and a buffer size of
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C = 100 in the first queue. With these parameters the block size is m = 808 while the

number of nonzero rows in A2 is r = 8.

ρ2 Q-CR Bl # Bl G-CR-R G-CR-B Sylv GM1-R GM1-B Rat-R Rat-B

0.1 31.91 24.92 2791 17.11 8.14 2.25 44.28 35.31 0.72 0.90

0.3 42.3 8.63 980 2.33 0.53 2.25 13.20 11.41 3.20 3.71

0.5 47.38 5.63 601 1.17 0.64 3.94 10.73 10.2 4.41 4.64

0.7 52.47 4.41 442 0.81 0.58 2.24 7.45 7.22 7.04 7.27

0.9 62.67 3.70 350 0.66 0.45 2.23 6.59 6.39 9.51 9.81

Table 1.4: Computation times (sec) for the overflow queue with C = 100

Table 1.4.3 shows the computation times in a similar fashion as in Section 1.4.1. Here

the column Q-CR holds the times to solve the original QBD MC using the CR algorithm.

Also, the columns G-CR-R (resp. G-CR-B) includes the time to compute the blocks of

the Ramaswami (resp. Bright) dual process and the time to solve the dual with the

CR algorithm. The columns GM1-R and GM1-B show the total computation times to

find R using the two different duals, while the columns Rat-R and Rat-B hold the ratio

between the Q-CR and the GM1-R and GM1-B columns, respectively. Again, the load

has an important effect on the computation times, but in this case the consequences are

reversed. When the load is low the original process can make many downward transitions

between two visits to the set S+, increasing the number of GI/M/1-type blocks. As

before, a large number of blocks increases the computation time of the CR algorithm

for the M/G/1-type MC (the dual process), but it has little effect on the solution of the

Sylvester equation and the full-size QBD. For loads between 0.2 and 0.9 in this scenario,

the solution of the full-size QBD may take between 2 and 10 times as long as the solution

of the reduced process. When the load is equal to one the process is null recurrent and Q-

CR requires much longer times than for lower loads. This effect can be reduced by using

the shift technique [18], resulting in times similar to those shown for loads up to 0.9.

When comparing the two alternative duals, it is clear how the Bright dual outperforms

the Ramaswami dual, being specially effective when the load is low, i.e., when the number

of GI/M/1-type blocks is large. This effect is to be expected since for ρ2 < 1 the GI/M/1-

type MC is positive recurrent, and therefore the Ramaswami dual is transient, while the

Bright dual is positive recurrent (see [109]).

In Figure 1.1 we include, for the full-size QBD, the computation times of CR (QBD-

CR), the original U-based algorithm (QBD-U) and the modified version of the U-based

algorithm (QBD-GT) proposed by Grassman and Tavakoli [50] to exploit the special

structure of A2. We also include the total time required to solve the reduced process

using the Ramaswami dual (GM1-R) and the Bright dual (GM1-B). The scenario is the

same as in the previous case with the only exception that the buffer size in the first queue

is C = 50. This means that the block size is m = 408 while the number of nonzero

rows in A2 does not change. This reduction is done because of the long computation

times experienced with the U-based method, as can be observed in the figure. From these

results the substantial gain obtained by the QBD-GT method compared to the original

QBD-U is evident, as the latter requires about 5 times as much computation time. In



1.4 Examples and Numerical Experiments 27

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

10

20

30

40

50

60

70

80

90

100

ρ
2

C
o
m

p
u
ta

ti
o
n
 T

im
e
 (

s
e
c
)

QBD−CR
QBD−U
QBD−GT
GM1−R
GM1−B

Figure 1.1: Computation times (sec) for the overflow queue with C = 50

spite of this gain, the QBD-GT method performs better than the QBD-CR only for small

values of ρ2. In contrast, the GI/M/1-type based approach performs better than CR on

the full-size QBD, except for low values of ρ2. For the remaining part of the load range

(except ρ2 = 1) the QBD-CR takes up to 6 times as much time as the GI/M/1-type based

approach. In this case the time to compute R is smaller using the Bright dual than the

Ramaswami dual. The difference is significant for low loads, when the number of blocks

is large (2800 for ρ2 = 0.1), and it vanishes as the load increases. Therefore, the use of

the Bright dual implies an important reduction in computation times in the range of the

load that is more critical for the reduced process.

1.4.4 Wireless Relay node

Our last example is a model introduced in [25] to evaluate the packet-level performance

in a wireless node implementing user relaying. In a wireless network a source node

can hear what another source node is sending to the destination node, and it could

therefore retransmit the information to the destination node. The node that retransmits

the packets sent by another source node is called the relay node. The main purpose

of enabling the source nodes to act as relay nodes is to provide multiple channels to

transmit the same information, helping to alleviate the network’s capacity loss caused by,

for instance, channel fading [25]. To model a single relay node, the authors in [25] start

by setting up an M/G/1-type MC where the level is the number of packets waiting for

transmission in this node. The model is in discrete time and in a single slot only one

packet can be transmitted while the number of packets that arrives at the relay node

can be between zero and K < ∞. However, taking advantage of the finite nature of K

the authors propose a re-blocking of the MC’s transition matrix to transform it into a

QBD with block size Km, where m is the block size of the original M/G/1-type MC. The

re-blocking operation has two main advantages: first, it is computationally less expensive

to determine the stationary probability vector of a QBD MC than that of an M/G/1-type

MC, once the matrix G of each of them has been computed, due to the matrix-geometric
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property; and second, in this particular case the matrix A0 of the QBD MC has a few

nonzero columns, a structure that can be exploited with the methods introduced in this

chapter. More specifically, the model in [25] considers three possible cases for the behavior

of the relay node: in the first case the matrix A0 has only one nonzero column, allowing

the matrix G to be expressed directly in terms of the system parameters; in the other

two cases the matrix A0 has two nonzero columns, which prevents expressing G in closed

form. Regarding the operation of the relay node, the three cases differ on how the node

is allowed to participate in relaying the transmission of another source, and when it can

transmit its own packets.

K 100 200

ρ FI QBD-CR MG1 Ratio-F Ratio-C FI QBD-CR MG1 Ratio-F Ratio-C

0.1 2.4 0.3 0.1 17.2 2.4 13.5 2.5 0.6 23.3 4.4

0.3 4.1 0.4 0.1 33.0 3.4 22.8 3.2 0.6 40.5 5.7

0.5 6.6 0.5 0.1 52.6 4.0 36.3 3.2 0.6 62.7 5.5

0.7 11.8 0.5 0.1 83.3 3.5 64.8 3.8 0.6 112.2 6.7

0.9 34.5 0.7 0.2 219.7 4.2 189.7 5.2 0.6 337.0 9.2

Table 1.5: Computation times (sec) for the wireless relay node - Case 2

K 100 200

ρ FI QBD-CR MG1 Ratio-F Ratio-C FI QBD-CR MG1 Ratio-F Ratio-C

0.1 5.2 2.5 0.4 12.3 6.0 32.8 19.3 2.7 12.1 7.1

0.3 8.9 3.2 0.4 21.2 7.6 55.4 24.3 2.8 20.0 8.8

0.5 14.0 3.8 0.4 33.1 9.1 88.4 24.3 2.8 32.2 8.8

0.7 24.8 3.8 0.4 58.9 9.1 158.2 29.3 2.8 57.5 10.6

0.9 72.4 5.2 0.4 171.1 12.2 460.1 39.2 2.8 163.6 13.9

Table 1.6: Computation times (sec) for the wireless relay node - Case 3

We consider the two cases where G cannot be found explicitly, to compare the per-

formance of our method (MG1) not only with the CR algorithm on the full-size QBD

(QBD-CR), but also with the approach proposed in [25], which also exploits the struc-

ture of A0. This latter approach relies on a functional iteration to find the components

of the G matrix, and therefore it has been labeled FI. We assume uncorrelated arrivals,

as in [25], although the model can be easily generalized to allow for MAP arrivals while

preserving the restricted-downward-transitions structure. The distribution of the number

of packets arriving in a single slot is assumed to be uniformly distributed between one

and K, and the probability of having zero arrivals is set according to the load ρ of the

node. The results for the two cases are shown in Tables 1.4.4 and 1.4.4, which are labeled

Case 2 and Case 3, respectively, as in [25]. The block-size m of the original M/G/1-type

MC for cases 2 and 3 is equal to 2 and 4, respectively, and recall that the size of the QBD

blocks is Km. From these results we observe that in both cases there is a significant gain

that can be obtained by exploiting the restricted-transitions structure with the methods
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introduced here. Moreover, the FI method is dramatically slower than both QBD-CR and

MG1, even though this method takes advantage of the special structure of the block A0.

The main reason for this behavior, as with the QBD-GT method in the previous example,

is that the gain obtained at each iteration of the algorithm is not enough to compensate

for the large number of iterations required to find G. Additionally, the number of itera-

tions, and therefore the computation time, is badly affected by the load of the node. For

instance, for the third case and K = 100 the FI algorithm requires around 5 seconds to

run if the load is 0.1, but more than one minute if the load equals 0.9. The computation

time therefore increases by a factor of fourteen, while for the same scenario the QBD-CR

method requires about twice as much time when ρ = 0.9 compared to the case when

ρ = 0.1. Furthermore, for the same instance the MG1 method is almost insensitive to the

load and requires less than half a second to complete the computation of G.

Additionally, when comparing the performance of the various methods in the two

cases, we observe that all of them require significantly more time in Case 3 than in Case

2. However, the difference between these two cases is not proportional for all the methods.

In fact, for the FI method the average ratio between the times for Case 3 to those for

Case 2 is slightly above two. For QBD-CR this figure is well above seven, while for MG1

it is around four. In spite of this relatively better behavior of the FI method, in absolute

terms it requires substantially more time than MG1. Actually, for Case 3 the FI approach

is between 12 and 170 times slower than our method. For the the QBD-CR, this figure

ranges between 6 and 14, confirming the benefits of exploiting the restricted-transitions

structure with the approach introduced in this chapter.

Notice that during the numerical examples we have encountered three different be-

haviors of the MG1 method in relation to the load of the system under analysis: for

the MAP/PH/1 and the priority queues the computation time increases with the load,

for the overflow queue it decreases and for the relay node it is almost unaffected by the

load. For the current example we see that the level i of the QBD holds the set of states

where the number of packets waiting to be transmitted is between (i− 1)K + 1 and iK.

Within level i, the set S+ holds the states where the number of waiting packets is the

largest in the level (iK). When the load increases we expect the chain to make longer

excursions toward higher levels, meaning the censored process has more blocks, but there

is no particular reason for the chain to avoid or prefer the states with phase in S+. This

is in contrast with the priority and the overflow queues, where a larger load implies that

visits to the states with phase in S+ become less and more likely, respectively.

By means of the examples considered in this section, we have shown that the compu-

tation times to find the R or G matrix of the QBD MC can be substantially reduced with

the approach proposed in this chapter. As expected, for every case the gain increases

with the ratio m/r, but it also depends on other factors related to the parameters of the

system modeled. Even though for some cases the reduced-process approach may take

longer than solving the full-size QBD, exploiting the structure of the matrices A0 or A2

may reduce the computation times substantially. To determine whether the approach

introduced here can be useful for a particular system or not, attention must be paid to

the expected sojourn times in S− related to those in S+. If the sojourn times in S− are

too long compared to the sojourn times in S+, the reduced process will need many blocks
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to be described. This increases both the time required to compute the blocks and the

time to find G+ or R+. However, to analyze the performance of a particular system it

is usual to consider a broad range of conditions (load, variability, etc.), and it is likely

that for a considerable part of this range our approach provides important reductions in

computation times. An additional gain can be obtained for the GI/M/1-type case by

using the Bright dual, which helps to reduce the computation times specially in those

cases where the reduced process requires more time, i.e., when the number of blocks is

large.



Chapter 2

M/G/1-type Markov chains

with restricted downward

transitions

In the previous chapter, we introduced M/G/1-type Markov chains (MCs) as part of the

analysis of QBD MCs with restricted transitions. In this chapter we will consider M/G/1-

type MCs with restricted transitions and therefore we recall their definition. Also, the

development here will be done in continuous time, as a complement to the discrete-time

setting used in the previous chapter. A continuous-time M/G/1-type MC [92] is a two-

dimensional process {(Nt, Xt), t ≥ 0} where the level variable Nt takes values on N, while

the phase variable Xt takes values on a finite set of size mb or m, depending on whether

the level is equal to or greater than zero. The transition rates are level-independent and

the level can only decrease by one during a single transition. Therefore, the generator

matrix Q of an M/G/1-type MC is of the form

Q =

















B0 B1 B2 B3 · · ·

C0 A1 A2 A3 · · ·

A0 A1 A2 · · ·

A0 A1 · · ·

0
. . .

. . .

















, (2.1)

where Ai, for i ≥ 0, are m×m matrices, B0 is an mb×mb matrix, C0 is an m×mb matrix

and Bi, for i ≥ 1, are mb ×m matrices. All these matrices have nonnegative real entries,

with the exception of the diagonal entries of the matrices B0 and A1, which are negative

and such that the matrix Q has zero row sums. There are two main steps to determine

the stationary probability vector of this MC. The first step is to find the matrix G that

is the minimal non-negative solution of the matrix equation

∞
∑

i=0

AiG
i = 0. (2.2)

31
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This equation can be solved using iterative algorithms such as the (linearly-convergent)

functional iterations [76,92] or the (quadratically-convergent) Cyclic Reduction algorithm

[18, 19]. The second step is to compute the stationary probability vector by means of

Ramaswami’s formula [97], which relies on the matrix G.

Although it is possible to analyze a broad range of systems using M/G/1-type MCs,

they suffer from the curse of dimensionality, as discussed earlier. To circumvent this

problem we consider M/G/1-type MCs where a downward transition can only trigger the

phase to a small subset of the phase space. In other words, the matrix A0 is assumed to

have only 1 < r ≪ m nonzero columns, a structure referred to as restricted downward

transitions. The main contribution of this chapter is to analyze and exploit this structure

to reduce the total computation time to find the stationary probability vector of the chain.

For this purpose, we define a new M/G/1-type MC by observing the original chain when

the phase variable is in one of the r phases corresponding to the nonzero columns of A0.

The blocks of this new MC are of size r and therefore the solution of this chain can be

carried out significantly faster. Moreover, we show how the G matrix of the original MC

can be obtained from the G matrix of the censored chain. After finding G we further

exploit its structure to speed-up the computation of the stationary probability vector of

the MC.

Even though at first sight the form assumed for A0 appears to be rather restrictive,

this structure actually arises or can be induced in several, even well-studied, queueing

models. Section 2.3 will show how the BMAP/PH/1 queue and the BMAP[2]/PH[2]/1

preemptive priority queue can be modeled as M/G/1-type MCs with restricted downward

transitions. Moreover, these queues provide some additional structure which can be ex-

ploited in combination with our general approach to further reduce the computation time

to find the stationary probability vector. These two queueing systems will also be used to

illustrate numerically the substantial reduction in computation time that can be obtained

by using the methods introduced in this chapter. In fact, for the BMAP[2]/PH[2]/1 pre-

emptive priority queue we found that our approach is not only faster than solving the

original M/G/1-type MC, but it is also faster than other methods previously proposed to

find the queue-length distribution of this particular queue [129]. Although we consider

these two queues in detail, there are many other systems where the restricted transitions

arise, such as the meteor burst packet model presented in [30].

In the next section we will show how the computation of the matrix G can be sped

up by exploiting the restricted-transitions structure. After finding G, this structure can

be used to accelerate the computation of the stationary probability vector, as discussed

in Section 2.2. The performance of our approach is illustrated through the numerical

results presented in Section 2.3. Although this chapter deals with MCs in continuous

time, all the results can be easily translated and applied to discrete-time MCs. Besides,

the approach presented here can be applied mutatis mutandis to compute the matrix

R of a GI/M/1-type MC with restricted upward transitions. In these MCs an upward

transition, which increases the level by at most one, can only occur if the phase variable

is in a small subset of the phase space. After computing the matrix R the stationary

probability vector can be easily obtained as it has the matrix-geometric property.
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2.1 Analyzing an M/G/1-type MC with restricted

transitions

In this section we focus on the analysis of a general M/G/1-type MC with restricted

downward transitions. We focus on the computation of the matrix G, the minimal non-

negative solution of Equation (2.2). The development here follows the lines of Section

1.2, where a similar analysis was carried out for QBD processes with restricted downward

transitions. To start with, let us partition the phase space of the M/G/1-type MC, i.e.,

the set {1, . . . , m}, into two subsets: S+ = {1, . . . , r} and S− = {r + 1, . . . , m}. We can

partition the matrices Ai according to these sets as

Ai =

[

A++
i A+−

i

A−+
i A−−

i

]

, i = 0, . . . , N, (2.3)

where N is the smallest integer such that Ai = 0 and Bi = 0 for i > N , and A++
i and

A−−
i are square matrices of size r and m − r, respectively. We assume that the MC is

irreducible and therefore the matrices A++
1 and A−−

1 are transient generators and their

inverses exist. As stated in the previous sections, our focus is on the case where the block

A0 has only a few nonzero columns. Here we assume without loss of generality that those

columns are the first r ≪ m, and therefore the matrix A0 can be written as

A0 =

[

A++
0 0

A−+
0 0

]

. (2.4)

In general, to compute the matrix G one must rely on iterative algorithms like func-

tional iterations or Cyclic Reduction (CR) [18,76,92]. However, if the matrix A0 has the

structure in (2.4) and if r = 1 (S+ is unitary), the matrix G can be computed explic-

itly [76]. Here we assume that A0 has r > 1 nonzero columns. The main consequence of

this structure is that the matrix G also has r nonzero columns. To see this recall that the

(i, j)-th entry of the matrix G holds the probability that, if the chain starts in state (k, i),

the first visit to level k− 1 occurs by visiting state (k− 1, j), for k > 1, 1 ≤ i, j ≤ m [76].

In addition, in an M/G/1-type MC, if the chain starts in level k the first visit to level

k − 1 must be a downward transition from level k to level k − 1, which is governed by

A0. If this matrix has the structure in (2.4), the first visit to level k − 1, starting from

level k, must be to a state with phase in S+. Therefore, only the first r columns of G are

different from zero and this matrix can be written as

G =

[

G+ 0

G0 0

]

,

where G+ (resp. G0) is an r × r (resp. (m− r)× r) matrix. In the following subsections

we show how the matrices G+ and G0 can be computed separately such that the total

time required to compute G can be significantly reduced when r ≪ m.

Remark 2.1. In addition to the structure in (2.4), we have found M/G/1-type MCs where

the blocks feature an additional structure, e.g. when modeling the batch queues introduced

in Section 2.3. The most relevant feature is that the matrices (A−−
i )N

i=2 can be written as
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the product of a scalar and a common matrix, i.e., A−−
i = ciK, for 2 ≤ i ≤ N . Another

observation is that the blocks (A+−
i )N

i=2 and (A−+
i )N

i=2 are actually equal to zero. This

additional structure will be exploited in those places where it may provide a significant

gain in the computation time to find the stationary probability vector. Apart from this,

the remainder of the chapter focuses mostly on the structure in (2.4), so that the approach

proposed here can be used in other applications where only this structure arises.

Remark 2.2. As mentioned in the introduction to this Part, the approach in [30] also

deals with M/G/1-type MCs with restricted transitions. However, this method imposes an

additional restriction on the blocks of the MC. This restriction can be translated into our

notation by imposing that

Ai =

[

A++ A+−

A−+ A−−

] [

a+
i I 0

0 a−
i I

]

, i ≥ 0,

where (a+
i )i≥0 and (a−

i )i≥0 are nonnegative scalars and a−
0 = 0. The most restrictive im-

plication of this assumption is that the block A1 (transitions within the same level) must

have the same pattern (up to a multiplication by a scalar) than the blocks (Ai)i≥2 (tran-

sitions to upper levels). This means that, for instance, the BMAP[2]/PH[2]/1 priority

queue cannot be modeled with the approach in [30] as the transitions within the same level

(arrivals and service completions of high-priority customers) and those to upper levels (ar-

rivals of low-priority customers) trigger very different transitions on the phase variable

(see Section 2.3).

2.1.1 Computing G+

The computation of the matrix G is split in two steps: we first compute G+ by using a

censoring argument and afterward we obtain G0 by solving a linear system. To compute

G+ we define a new process by observing the original M/G/1-type MC only when the

phase variable is in S+. Since in the original chain any downward transition takes the

chain to a state with phase in S+, the level in the new chain can decrease by at most one

in a single transition. Also, in the original chain there can be many upward transitions

between two visits to states with phase in S+. Therefore, the chain that results from

observing the original MC when the phase variable is in S+ is also of the M/G/1 type. In

this case however the size of the blocks is equal to r, which is assumed to be significantly

smaller than m. Let the r × r blocks (Āi)i≥0 characterize the behavior, away from the

boundary, of the new M/G/1-type MC, and let Ḡ be the associated minimal nonnegative

solution of Equation (2.2). As stated before, the (i, j)-th entry of Ḡ holds the probability

that, given that the chain starts in state (k, i), the first visit to level k−1 occurs by visiting

state (k− 1, j), for 1 ≤ i, j ≤ r. However, this is the same definition of the (i, j)-th entry

of G+, since in the original chain the first visit to level k − 1, starting from level k, can

only occur to a state with phase in S+. Therefore, to compute G+ we can compute the

blocks (Āi)i≥0 of the censored process and then solve Equation (2.2) to obtain Ḡ, which

is equal to G+.

To determine the blocks (Āi)i≥0 we define the (m − r) × r matrices (Wl)l≥−1. The

(i, j)-th entry of Wl holds the probability that, given that the chain starts in level k > 1
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and phase i ∈ S−, the first passage to a state with phase in S+ occurs by visiting state

(k + l, j), for j ∈ S+ and l ≥ −1. Relying on these matrices, the blocks (Āi)i≥0 can

be computed by conditioning on the first transition in the original chain. For instance,

to define the matrix Ā0 there are two possible sets of transitions: the chain may move

directly from (k, i) to (k − 1, j) with i, j ∈ S+ (according to A++
0 ); or it may first move

within the same level to a state (k, l) with l ∈ S− (according to A+−
1 ), and then make

a number of transitions that will take the chain to a state (k − 1, j) with j ∈ S+ while

avoiding any state with phase in S+ (according to W−1). Therefore, the matrix Ā0 can

be obtained as Ā0 = A++
0 + A+−

1 W−1. Other paths from level k to k − 1 are ruled out

because they would involve either a direct transition to a state with phase in S+, or a

transition to a state with phase in S−, but level greater than k, from which, to return to

k − 1, it would be necessary to visit states in level k with phase in S+. By proceeding

with a similar analysis we find that the blocks (Āi)i≥0 are given by

Āi =











A++
i +

∑i+1
j=1 A+−

j Wi−j , 0 ≤ i ≤ N − 1,

A++
N +

∑N
j=1 A+−

j WN−j , i = N,
∑N

j=1 A+−
j Wi−j , i ≥ N + 1.

(2.5)

Recall, Ai = 0 for i > N .

We now turn to the computation of the matrices (Wl)l≥−1. We start by noticing

that, to go from state (k, i) to state (k − 1, j), with i ∈ S− and j ∈ S+, while avoiding

any states with phase in S+, the chain must make a downward transition immediately

after a sojourn in the set of states (k, l) with l ∈ S−. This results in that W−1 is

given by W−1 = (−A−−
1 )−1A−+

0 . In a similar manner we find that W0 is given by

W0 = (−A−−
1 )−1(A−+

1 + A−−
2 W−1). Here the chain has the additional option of going

from level k to level k+1 (according to A−−
2 ) and then returning to level k while avoiding

states with phase in S+ (according to W−1). Following the same argument we find that

the matrices (Wl)l≥−1 can be computed recursively as

Wi =















(−A−−
1 )−1

(

A−+
i+1 +

∑i+2
j=2 A−−

j Wi−j+1

)

, −1 ≤ i ≤ N − 2,

(−A−−
1 )−1

(

A−+
N +

∑N
j=2 A−−

j WN−j

)

, i = N − 1,

(−A−−
1 )−1

∑N
j=2 A−−

j Wi−j+1, i ≥ N.

(2.6)

From Equation (2.5) we observe that to compute Āi we need to keep track of the matri-

ces {Wi−N , . . . , Wi−1}, for i > N . Therefore, we must store N matrices of size (m−r)×r.

After obtaining Āi, the value of Wi is computed as a function of {Wi−N+1, . . . , Wi−1},

for i ≥ N . Then, the value of Wi−N can be discarded since the set {Wi−N+1, . . . , Wi}

suffices to determine Āi+1. This procedure continues until the matrix ĀM is computed,

where M is the smallest positive integer such that
∑M

i=0 Āie > −ǫe, with ǫ = 10−14 and

e a column vector of ones. Once the blocks (Āi)
M
i=0 are computed, the CR algorithm [19]

can be used to solve Equation (2.2) to obtain G+.

2.1.2 Computing G0

Once G+ has been computed, we can obtain G0 by solving a linear system. This results

by considering the partition in (2.3) and the structure in (2.4) to rewrite Equation (2.2)
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as

−

[

A++
0 0

A−+
0 0

]

=

N
∑

i=1

[

A++
i A+−

i

A−+
i A−−

i

] [

G+ 0

G0 0

]i

=

N
∑

i=1

[

A++
i A+−

i

A−+
i A−−

i

] [

Gi
+ 0

G0G
i−1
+ 0

]

.

Now, extracting the lower-left block we find

−

N
∑

i=1

A−−
i G0G

i−1
+ =

N
∑

i=0

A−+
i Gi

+, (2.7)

which is a general linear system of the form
∑N

i=1 AiXBi = C, where G0 is the only

unknown term. This system has (m− r)r unknowns and equations, therefore its solution

by general procedures has a time complexity of O((m − r)3r3). Hence, this system can

be solved directly if r is very small. Another possibility is to use an iterative approach

as those proposed in [17], although these are not guaranteed to converge to the actual

solution. However, the system (2.7) has a special characteristic: the matrices that post-

multiply the unknown matrix G0 are all powers of the same matrix G+. We have devised

a way to exploit this fact, reducing the time complexity to O((m− r)3r). Also, there are

two special cases where the general system (2.7) can be reduced to a Sylvester matrix

equation, as in Chapter 1, and can therefore be solved in O((m − r)3) time with the

Hessenberg-Schur algorithm proposed in [47] (see Appendix A.4). In the next sections we

explain how the general and the two special cases can be approached.

The general case

The key to solve Equation (2.7) is to apply a real Schur decomposition [48] to G+, i.e., to

find an orthogonal matrix U ∈ R
r×r such that U ′G+U = T , where ′ denotes the transpose

operator. Recall that a matrix U is called orthogonal if U ′U = UU ′ = I [48]. The matrix

T ∈ R
r×r is upper quasi-triangular, meaning it is block upper triangular and the diagonal

blocks are of size one or two [48]. We now post-multiply (2.7) by U to obtain

−

N
∑

i=1

A−−
i G0UU ′Gi−1

+ U =

N
∑

i=0

A−+
i Gi

+U,

which, since U ′Gj
+U = T j for any nonnegative integer j, can be rewritten as

−

N
∑

i=1

A−−
i G0UT i−1 =

N
∑

i=0

A−+
i Gi

+U.

Now let Y =
∑N

i=0 A−+
i Gi

+U , which is a known matrix, and let X = G0U , to obtain

−

N
∑

i=1

A−−
i XT i−1 = Y. (2.8)

This system can be equivalently written in a column-wise form as

−

N
∑

i=1

A−−
i

r
∑

j=1

[T i−1]jkXj = Yk, (2.9)
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for k = 1, . . . , r, where Mk and [M ]i,j are the k-th column and the (i, j)-th entry of a

matrix M , respectively.

However, in Equation (2.8) the matrices that post-multiply X are all upper quasi-

triangular matrices, and all they have the same block structure as they are powers of T .

Therefore it is possible to iteratively compute the columns Xk, starting with X1. Let

us assume that we have already found {X1, . . . , Xk−1} and we want to compute Xk, for

some 1 ≤ k ≤ r. Given the upper quasi-triangular nature of T there are two possibilities.

The first is that the entry [T ]k+1,k is zero, meaning that Equation (2.9) can be rewritten

as

−

N
∑

i=1

A−−
i [T i−1]kkXk = Yk +

N
∑

i=1

A−−
i

k−1
∑

j=1

[T i−1]jkXj .

Therefore we can obtain the column Xk by solving a linear system of size m − r, which

requires O((m − r)3) time. The second case is when [T ]k+1,k 6= 0, which, thanks to the

upper quasi-triangular structure (the diagonal blocks are at most of size two) implies

that [T ]k+2,k+1 = 0. Therefore we can find the columns Xk and Xk+1 simultaneously by

solving the system

−

[

∑N
i=1 A−−

i [T i−1]kk

∑N
i=1 A−−

i [T i−1]k+1,k
∑N

i=1 A−−
i [T i−1]k,k+1

∑N
i=1 A−−

i [T i−1]k+1,k+1

]

[

Xk

Xk+1

]

=

[

Ŷ k−1
k

Ŷ k−1
k+1

]

,

where Ŷ l
k = Yk +

∑N
i=1 A−−

i

∑l
j=1[T

i−1]jkXj , for 1 ≤ l ≤ k − 1 and 1 ≤ k ≤ r. This is a

linear system with 2(m − r) unknowns that requires O((m − r)3) time to be solved. As

a result we can start by finding the first (two) column(s) of X and iteratively compute

the others. After we have computed X , G0 is obtained from G0 = XU ′. Since the Schur

decomposition of G+ requires O(r2) time, the computation of G0 has a time complexity

of O(r(m − r)3).

Two special cases

There are two special cases where an O((m − r)3) algorithm can be used to compute

G0 from G+. In the first case it is assumed that only one of the (A−−
i )N

i=2 matrices is

different from zero. Let A−−
k be the only of these matrices different from zero, for some

2 ≤ k ≤ N . Then Equation (2.7) can be written as

G0 − (−A−−
1 )−1A−−

k G0G
k−1
+ = (−A−−

1 )−1
N
∑

i=0

A−+
i Gi

+. (2.10)

This is a Sylvester matrix equation [44, 47] of the type AXB + X = C, which can be

solved in O((m− r)3) time with the Hessenberg-Schur method proposed in [47].

The second case arises when the matrices (A−−
i )N

i=2 can be written as the product

of a scalar and a common matrix, i.e., A−−
i = ciK, for 2 ≤ i ≤ N . As highlighted in

Remark 2.1, this structure arises, for instance, in the batch queues introduced in Section
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2.3. Using this assumption we can rewrite Equation (2.7) as

G0 − (−A−−
1 )−1KG0

N
∑

i=2

ciG
i−1
+ = (−A−−

1 )−1
N
∑

i=0

A−+
i Gi

+. (2.11)

This is also a Sylvester matrix equation of the type AXB +X = C, with A = (A−−
1 )−1K

and B =
∑N

i=2 ciG
i−1
+ . To solve this equation, the Hessenberg-Schur method [47] relies

on the computation of a Hessenberg decomposition of the matrix A and a Schur decom-

position of the matrix B. These operations transform the problem into the solution of

a quasi-triangular system that can be solved efficiently by forward substitution. A brief

description of this solution method is given in Appendix A.4, and the details can be found

in [47].

2.2 Computing the stationary probability vector

We have shown how the matrix G can be obtained by first computing G+ from a censored

process and then solving a linear system to determine G0. Once G has been obtained the

stationary probability vector of the original M/G/1-type MC can be computed by means

of Ramaswami’s formula [97], as follows. Let the matrices (Ãi)i≥1 and (B̃i)i≥0 be defined

as

Ãi =
∞
∑

j=i

AjG
j−i, i ≥ 1, B̃i =

∞
∑

j=i

BjG
j−i, i ≥ 1, B̃0 = B0 + B̃1(−Ã1)

−1C0. (2.12)

Let π be the stationary probability vector of the MC with generator Q, i.e., the vector

such that πQ = 0 and πe = 1. This vector can also be partitioned according to the levels

as π = [π0, π1, . . . ]. Then, Ramaswami’s formula states that the vectors πi can be found

recursively as

πi =



π0B̃i +

i−1
∑

j=1

πjÃi−j+1



 (−Ã1)
−1, i ≥ 1, (2.13)

and π0 is such that

π0B̃0 = 0, π0κ = 1, (2.14)

where κ = e +
(

∑∞
j=1 B̃j

)(

−
∑∞

j=1 Ãj

)−1

e. However, one may wonder whether the

structure of the matrix A0 can be exploited to make the computation of π faster. This

is the purpose of this section, where three main approaches to compute π are described.

The first method makes use of the structure of A0 to accelerate the computation of the

matrices (Ãi)
N
i=1 and (B̃i)

N
i=1. The other two methods compute the vector π from the

stationary probability vector of the censored process. While the second method applies

in general for any M/G/1-type MC with restricted downward transitions, the last one

exploits the additional structure discussed in Remark 2.1, which applies for the MCs that

describe the batch queues to be introduced in Section 2.3.
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2.2.1 Computing π from the original process

In this section we consider the problem of exploiting the structure of A0 to compute the

matrices (Ãi)
N
i=1 and (B̃i)

N
i=1. To compute these matrices one typically starts with ÃN =

AN and B̃N = BN , and computes iteratively Ãi = Ai + Ãi+1G and B̃i = Bi + B̃i+1G, for

i = N − 1, . . . , 1. However, if we rewrite Equation (2.12) in block form according to the

partition in (2.3), we find that

Ãi =

[

Ã++
i Ã+−

i

Ã−+
i Ã−−

i

]

=

[

A++
i A+−

i

A−+
i A−−

i

]

+

N
∑

j=i+1

[

A++
j A+−

j

A−+
j A−−

j

]

[

G+ 0

G0 0

]j−i

=

[

A++
i A+−

i

A−+
i A−−

i

]

+

N
∑

j=i+1

[

A++
j Gj−i

+ + A+−
j G0G

j−i−1
+ 0

A−+
j Gj−i

+ + A−−
j G0G

j−i−1
+ 0

]

,

for 1 ≤ i ≤ N . Therefore, the last m− r columns of the matrix Ãi are identical to those

of the matrix Ai, for 1 ≤ i ≤ N . To compute the first r columns of these matrices we

simply start with Ã++
N = A++

N and Ã−+
N = A−+

N and then iteratively compute

Ã++
i = A++

i + Ã++
i+1G+ + A+−

i+1G0,

Ã−+
i = A−+

i + Ã−+
i+1G+ + A−−

i+1G0,

for i = N − 1, . . . , 1. A similar observation can be made for the matrices (B̃i)
N
i=1 since

these, as well as (Bi)
N
i=1, can be partitioned in two blocks depending on whether the

transitions from level zero take the chain to a state with phase in S+ or S−. Therefore,

we can write

B̃i =
[

B̃+
i B̃−

i

]

=
[

B+
i B−

i

]

+

N
∑

j=i+1

[

B++
j B−

j

]

[

G+ 0

G0 0

]j−i

.

From this equation we find that B̃−
i = B−

i , for 1 ≤ i ≤ N . Also, B̃+
i can be obtained

by starting with B̃+
N = B+

N , and sequentially computing B̃+
i = B+

i + B̃+
i+1G+ + B−

i+1G0,

for i = N − 1, . . . , 1. Once we have obtained these matrices, we can compute the vector

π directly using Ramaswami’s formula as in Equation (2.13). One could also rely on

the fast-Fourier-transform-based implementation of Ramaswami’s formula proposed by

Meini [84]. With either approach, we are computing π by simply using the structure of

G to speed up the computation of the matrices (Ãi)
N
i=1 and (B̃i)

N
i=1. In the next section

we consider a different approach in which we make use of the censored process to obtain

the stationary probability vector π.

2.2.2 Computing π from the censored process

In this section we show how the censored process can be used to reduce the time required

to compute π by separately computing (π+
i )i≥1 and (π−

i )i≥1, where these vectors arise

by partitioning πi according to S+ and S−, i.e., πi = [π+
i π−

i ], for i ≥ 1. As stated

before, we obtain the matrix G+ from a censored process of the M/G/1-type whose G

matrix is actually equal to G+. To do so, we described the censored process by means
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of the blocks (Āi)
M
i=0, which only consider the behavior of the process away from the

boundary. We now complete the description of this process by adding a boundary level,

which is identical to the boundary level of the original process. This means that the new

process is built by observing the original process only when it is in the subset of states
⋃

i≥1{(i, j), j ∈ S
+} ∪ {(0, j), 1 ≤ j ≤ mb}. The boundary behavior of this process is

described by the mb × mb matrix B̄0 (transitions within level 0), the mb × r matrices

(B̄i)
M0

i=1 (transitions from level zero to level i > 1) and the r ×mb matrix C̄0 (transitions

from level 1 to level 0). These blocks, together with the matrices (Āi)
M
i=0, completely

characterize the censored process, whose generator Q̄ is built from these blocks in a

similar manner as the generator Q of the original process in (2.1).

To define the blocks (B̄i)
M0

i=0 we rely on the matrices (Wi)i≥−1 as defined in (2.6). As

stated in the previous section, we partition the original blocks Bi = [B+
i B−

i ], where B+
i

(resp. B−
i ) holds the transition rates that, from level zero, trigger the chain into level i

and phase in S+ (resp. S−). Similarly, the matrix C0 can be partitioned into C+
0 and

C−
0 , which hold the transition rates to level zero from states in level one and phase in S+

and S−, respectively. Using these definitions we find that B̄0 = B0 + B−
1 (−A−−

1 )−1C−
0 ,

which considers the two alternative paths for a transition starting and ending in level zero

in the new process. This may occur directly according to B0 or by a transition to level

one and a transition backward, avoiding states with phase in S+. Carrying out a similar

analysis we find that the remaining boundary blocks are given by

B̄i =











B+
i +

∑i+1
j=1 B−

j Wi−j , 1 ≤ i ≤ N − 1,

B+
N +

∑N
j=1 B−

j WN−j , i = N,
∑N

j=1 B−
j Wi−j , i ≥ N + 1.

(2.15)

These matrices are computed sequentially from i = 0 to M0, where M0 is the smallest pos-

itive integer such that
∑M0

i=0 B̄ie > −ǫe. Finally, we observe that the transitions from level

one to level zero in the censored process are governed by C̄0 = C+
0 + A+−

1 (−A−−
1 )−1C−

0 .

With these definitions we are ready to compute, using Ramaswami’s formula, the

stationary probability vector of the censored process π̄, which can be partitioned in blocks

as π̄ = [π̄0, π̄1, π̄2, . . . ]. The importance of this vector is that it is proportional to the

stationary vector π of the original process [66, 76], i.e., π̄0 ∝ π0 and π̄i ∝ π+
i , for i ≥ 1.

Actually, we would like to normalize the vector π̄ by a constant such that π̄0 = π0 and

π̄i = π+
i , for i ≥ 1. This can be accomplished by computing π0 as in Equation (2.14)

and assigning π̄0 = π0. This forces π̄0 to be normalized by the appropriate constant.

The terms (π̄i)i≥1 can then be obtained, using Ramaswami’s formula, after computing

the matrices ( ˜̄Ai)i≥1 and ( ˜̄Bi)i≥1 for the censored process, as in Equation (2.12). Notice,

to obtain π0 from Equation (2.14) we first need to compute the matrices (Ãi)
N
i=1 and

(B̃i)
N
i=1.

Up to this point, we have computed π0 and (π+
i )i≥1, and we can use these to find

the vectors (π−
i )i≥1 in order to completely determine π. This can be done by rewriting

Equation (2.13) in block form as

[

π+
i π−

i

]

[

−Ã++
1 −Ã+−

1

−Ã−+
1 −Ã−−

1

]

= π0

[

B̃+
i B̃−

i

]

+

i−1
∑

j=1

[

π+
j π−

j

]

[

Ã++
i−j+1 Ã+−

i−j+1

Ã−+
i−j+1 Ã−−

i−j+1

]

, i ≥ 1.
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From this equation we can express π−
i as

π−
i =



π0B
−
i + π+

i A+−
1 +

i−1
∑

j=1

(

π+
j A+−

i−j+1 + π−
j A−−

i−j+1

)



 (−A−−
1 )−1, i ≥ 1. (2.16)

Notice that this equation makes use of the original blocks {Ai}i≥1 and {Bi}i≥1 instead

of the blocks {Ãi}i≥1 and {B̃i}i≥1 since their last m− r columns are identical, as shown

in Section 2.2.1. Using this equation we can compute π−
i in terms of π0, (π+

j )i
j=1 and

(π−
j )i−1

j=1, for i ≥ 1, thus concluding the computation of π. This approach is summarized

in Algorithm 2.1. One may consider a slight modification to this algorithm by replacing

the use of Ramaswami’s formula in step 7 with the Fast Ramaswami’s Formula (FRF)

proposed in [84], which is based on the fast Fourier transform. This may provide an

important computational gain when the number of blocks (B̄i)i≥1 and (Āi)i≥1 is large.

This approach will also be considered in the numerical experiments in Section 2.3.

Algorithm 2.1 Computing π from the censored process

Input: Matrices (Āi)i≥1 and G

1: Compute the matrices (Ãi)i≥1 and (B̃i)i≥0 using the iterative scheme in Section 2.2.1.

2: Find π0 solving Equation (2.14) and set π̄0 = π0.

3: Compute the matrices (B̄i)i≥0 according to Equation (2.15).

4: Compute the matrices ( ˜̄Ai)i≥1 and ( ˜̄Bi)i≥0 as in Equation (2.12).

5: Set σ = π̄0e and i = 1.

6: while σ < 1− ǫ do

7: Compute π̄i using (Fast) Ramaswami’s formula.

8: Set π+
i = π̄i and compute π−

i as in Equation (2.16).

9: Update σ = σ + π+
i e + π−

i e, and i = i + 1.

10: end while

2.2.3 Computing π from the censored process under additional

structure

In this section we consider how to exploit the additional structure described in Remark

2.1, which arises in the MCs that describe the batch queues to be introduced in Section

2.3. Recall that this additional structure implies that: first, the matrices (A−−
i )N

i=2 can be

written as the product of a scalar and a common matrix, i.e., A−−
i = ciK, for 2 ≤ i ≤ N ;

second, the blocks (A+−
i )N

i=2 and (A−+
i )N

i=2 are equal to zero. We start by noting that,

thanks to the additional structure, Equation (2.16) can be written as

π−
i =



π0B
−
i + π+

i A+−
1 +





i−1
∑

j=1

ci−j+1π
−
j



K



 (−A−−
1 )−1, i ≥ 1. (2.17)

The advantage of this expression is that each term of the sum is just a vector multiplied

by a scalar, while in the general case each term in the sum requires a vector-matrix
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multiplication. Therefore, one can simply modify step 8 in Algorithm 2.1 replacing the

use of Equation (2.16) by Equation (2.17). However there is an additional fact that

can be exploited if we make use of the Fast Ramaswami’s Formula (FRF) to compute

(π+
i )i≥1. The FRF, as introduced in [84], computes not one but many vectors π+

i at a

time. Specifically, in each iteration the FRF computes M̄ terms, where M̄ is a power of

two such that M̄ ≥M and M̄ ≥ M0. Therefore, after the first iteration we already have

the terms (π+
i )M̄

i=1 and it suffices to compute the corresponding terms (π−
i )M̄

i=1. In the

case of the MCs with the structure described in Remark 2.1 we could do this by using

Equation (2.17) directly. But we can also use the following observation. Let us assume

that we have computed the first (π−
i )N

i=1 by means of (2.17). For i ≥ N +1, we can write

π−
i =



π+
i A+−

1 +

i−1
∑

j=i−N+1

(

ci−j+1π
−
j

)

K



 (−A−−
1 )−1,

as Bi = 0 and Ai = 0 for i > N . Now, if we focus on the computation of (π−
i )2N−1

i=N+1 we

can write the previous expression as

π−
i = π+

i Â+−
1 +

N
∑

j=i−N+1

(

ci−j+1π
−
j

)

K̂ +

i−1
∑

j=N+1

(

ci−j+1π
−
j

)

K̂, N + 1 ≤ i ≤ 2N − 1,

(2.18)

where Â+−
1 = A+−

1 (−A−−
1 )−1 and K̂ = K(−A−−

1 )−1. In this equation the first sum

in the right-hand side only involves the terms (π−
i )N

i=2, while the second sum and the

left-hand side involve the terms (π−
i )2N−1

i=N+1. Therefore, we can write this expression as a

system of equations. To do so, let N̄ = N − 1 and let π̂+
i and π̂−

i be

π̂+
i =













π+
1+(i−2)N̄+1

π+
1+(i−2)N̄+2

...

π+
1+(i−1)N̄













and π̂−
i =













π−
1+(i−2)N̄+1

π−
1+(i−2)N̄+2

...

π−
1+(i−1)N̄













, i ≥ 2.

Therefore, we can write the set of N̄ equations in (2.18) in matrix form as

π̂−
3 = π̂+

3 Â+−
1 + R1π̂

−
2 K̂ + R2π̂

−
3 K̂,

where the N̄ × N̄ matrices R1 and R2 are given by

R1 =











cN cN−1 . . . c2

0 cN . . . c3

...
...

. . .
...

0 0 . . . cN











and R2 =

















0 0 . . . 0 0

c2 0 . . . 0 0

c3 c2 . . . 0 0
...

...
. . .

...
...

cN−1 cN−2 . . . c2 0

















.

In general, we can find the vector π̂−
i in terms of π̂−

i−1 and π̂+
i by solving the system

π̂−
i −R2π̂

−
i K̂ = π̂+

i Â+−
1 + R1π̂

−
i−1K̂, i ≥ 3. (2.19)
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This is also a Sylvester matrix equation of the type AXB + X = C, that can be solved

using the Hessenberg-Schur method mentioned before [47]. Among the two decomposi-

tions that must be carried out to use this method, the Schur decomposition is the most

expensive, requiring 10b3 operations for a square matrix of size b. On the other hand,

the Hessenberg decomposition only requires 5
3b3 operations [47]. In this case the square

matrix A = −R2 is of size N̄ , while the square matrix B = K̂ is of size m− r. Since we

expect a large value for m−r, it is actually better to apply this method to the transposed

system, i.e., to B′X ′A′ + X ′ = C′. In this manner we apply the Hessenberg decomposi-

tion to the larger matrix, i.e., to B′ = −K̂ ′. Additionally, since the matrix A′ = −R′
2 is

already in real Schur form [48] (it is upper triangular), there is no need to use the QR

algorithm to obtain the Schur decomposition. Therefore, after finding the Hessenberg

decomposition of B′ = −K̂ ′ we can find the solution to the transposed Sylvester matrix

equation by solving N̄ Hessenberg systems of size m− r, each one requiring O((m− r)2)

time. Moreover, to find all the vectors (π̂−
i )i≥3 we need to solve a series of equations as

in (2.19), but the matrices R2 and K̂ remain unchanged for i ≥ 3. Therefore, to solve

these equations we only need to apply the Hessenberg decomposition once and update

the right-hand side of (2.19). This concludes the present section on the computation of

π. The next section illustrates the performance of the various methods introduced in this

chapter by means of two queueing examples.

2.3 Examples and Numerical Experiments

The purpose of this section is to show how two different queueing systems can be mod-

eled as M/G/1-type MCs with restricted downward transitions. The first system is a

BMAP/PH/1 queue where the block A0 is forced to have a few nonzero columns by using

a slightly larger representation of the service-time distribution. The second example is a

BMAP[2]/PH[2]/1 preemptive priority queue with two types of customers where, by ade-

quately ordering the state space, we obtain the desired structure for the block A0. These

two examples will be used to illustrate the computational gains obtained by exploiting

this structure. In addition, when the batch sizes are i.i.d. random variables independent

of the arrival process, the MCs used to model these queues show the structure described

in Remark 2.1. Therefore, these examples will also be useful to demonstrate the gains

obtained by exploiting this additional structure.

We focus on the total time required to compute the vector π, which includes the

computation of G. As a benchmark, we compute the matrix G of the original M/G/1-

type MC using Cyclic Reduction (CR) and use the label B to refer to this approach for

both queues. To compute π, after finding G, we consider Ramaswami’s formula (RF) and

its fast implementation (FRF). Therefore, for the total time to compute π we have two

benchmarks: B-RF and B-FRF. For the BMAP[2]/PH[2]/1 preemptive priority queue

we also compare with the approach introduced in [129], here labeled INF, where both the

high- and the low-priority buffers are assumed to be infinite. The methods introduced in

this chapter are labeled O, C and C*. In all the methods the censored process is used

to exploit the structure of the matrix A0 to compute G+. In the methods labeled O and

C we only consider this structure, while in C* we also take into account the additional
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structure described in Remark 2.1. Therefore, in the methods O and C the matrix G0

is found by solving the linear system (2.7) for the general case. In the method O, the

vector π is found from the original process as described in Section 2.2.1. This can be

done either with RF or FRF and therefore we have both O-RF and O-FRF. On the

other hand, for the method C the vector π is computed by means of the censored process

as discussed in Section 2.2.2. In this case we also have both C-RF and C-FRF. In the

method labeled C* we consider the additional structure in Remark 2.1, and therefore

the matrix G0 can be found by solving Equation (2.11). Additionally, we can compute

π relying on the censored process and applying Equation (2.17). As this can be done

by using either RF or FRF to compute (π+
i )i≥1, we have the two alternatives C*-RF

and C*-FRF. Moreover, if FRF is used to compute (π+
i )i≥1, we can also make use of

Equation (2.19) to obtain (π−
i )i≥1. This approach will be labeled C*-FRF2.

2.3.1 The BMAP/PH/1 queue

Our first example is a single-server queue where the customers arrive according to a

BMAP characterized by the ma ×ma matrices {D0, D1, . . .DL̄}, with L̄ the maximum

batch size. The service times follow a PH distribution with parameters (ms, α, T ). For

details on the BMAP and the PH distributions see Appendix A.1. The BMAP/PH/1

queue can be modeled as an M/G/1-type MC by choosing the number of customers in

the queue to be the level. This selection assures that the level decreases by at most one

in a single transition since only one service completion can occur at a time. On the other

hand the level can increase by up to L̄ as it is triggered by a batch arrival. Let N(t) be the

number of customers in the queue at time t, S(t) the phase of the service-time distribution

at time t if there is a customer in service, and J(t) the phase of the arrival process at

time t. Then, the tuple {N(t), S(t), J(t), t ≥ 0} forms a CTMC that fully describes the

state of the BMAP/PH/1 queue. The state space of this MC can be described as follows:

the level zero is the set of states Ω0 = {(0, j), 1 ≤ j ≤ ma}, where in state (0, j) the

queue is empty and the arrival process is in phase j; the level k ≥ 1 is the set of states

Ωk = {(k, i, j), 1 ≤ i ≤ ms, 1 ≤ j ≤ ma}, where in state (k, i, j) there are k customers in

the queue, the service in progress is in phase i and the arrival process is in phase j. The

complete state space is therefore given by Ω =
⋃

k≥0 Ωk. Since this MC is of the M/G/1

type, its rate matrix has the structure in (2.1) with blocks given by

A0 = tα⊗ Ima
, A1 = T ⊕D0, Aj+1 = Ims

⊗Dj, j = 1, . . . , L̄, (2.20)

where t = −Te, and In is the identity matrix of size n. Here ⊗ and ⊕ stand for Kronecker

product and sum [48], respectively. From this definition it is clear that the block size is

m = msma and that the number of nonzero columns in A0 depends on the number of

nonzero elements in the vector α. In fact, the definition of A0 is the same as the one

used in the previous chapter, Section 1.4.2, to describe a MAP/PH/1 queue by means of

a QBD MC. The difference here is that we are considering batch arrivals instead of the

single arrivals in the previous chapter, and therefore the queue is modeled as an M/G/1-

type MC, instead of a QBD MC. As the structure of A0 is the same as in the previous

chapter, we can also make use of Theorem 1.1 to obtain an M/G/1-type MC of slightly
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larger block size, but where the matrix A0 has only ma nonzero columns. Recall that

Theorem 1.1 states that any CPH distribution with representation (ms, α, T ) also has a

representation (ms + 1, e1, T̄ ), where e1 and T̄ are given by

e1 = [1 0ms
] and T̄ =

[

−λ λαP

0 T

]

.

Here λ is the diagonal entry of T of largest absolute value, i.e., λ = max{|Tii|, 1 ≤ i ≤ ms},

and P is the uniformized version of the sub-generator matrix T , i.e., P = 1
λ
T + I. Using

this result we can replace α and T by e1 and T̄ , respectively, in Equation (2.20). As

a consequence the block A0 has only ma nonzero columns, and the new block size is

(ms + 1)ma. If ms is large, the structure of the block A0 can be exploited to speed up

the computation of the matrix G and the stationary probability vector of the chain.

In addition, the structure described in Remark 2.1 arises if the batch sizes are i.i.d. ran-

dom variables independent of the arrival process. Let ri be the probability that a batch

is of size i, for 1 ≤ i ≤ L̄, and let the times between batch arrivals be described by a

MAP characterized by (ma, D0, D+). The matrices {D1, . . . , DL̄} of the BMAP are thus

given by Di = riD+, for 1 ≤ i ≤ L̄. Using these parameters for the BMAP we find that

A−−
i+1 = Ims

⊗Di = ri (Ims
⊗D+), for 1 ≤ i ≤ L̄. Therefore the matrices (A−−

i )L̄
i=2 can

be written as the product of a common matrix Ims
⊗ D+ and a set of scalars (ri)

L̄
i=2.

Furthermore, from Equation (2.20) we also see that (A+−
i )L̄

i=2 and (A−+
i )L̄

i=2 are all zero.

To illustrate the behavior of our methods we choose the following PH distribution as

service time: we assume that the total service time is made up of a random number of

i.i.d. elementary operations; each of these operations is described by a continuous PH

distribution with parameters (m̄s, γ, C); the number of elementary operations that make

up the total service time is described by a discrete PH distribution with parameters

(ns, β, S); as a result [76], the total service time is a continuous PH distribution with

parameters (ms, α, T ) given by ms = nsm̄s, α = γ ⊗ β and T = C ⊗ I + cγ ⊗ S, where

c = −Ce. Notice that we can easily alter the size of this representation by changing ns,

the size of the discrete PH distribution. Also, this representation is not acyclic, but we

can obtain a (slightly larger) representation where the initial probability vector has only

one nonzero entry, as mentioned above.

The time to complete an elementary operation is assumed to have mean one and

squared coefficient of variation (SCV) equal to two. The moments are matched with

a PH distribution of size m̄s = 2 using the method in [120]. Hence, the service time

distribution has a representation of size 2ns, which we convert into a representation of

size 2ns+1 to induce the block A0 to have ma nonzero columns. The number of elementary

service operations is assumed to be uniformly distributed between one and ns. Therefore

the mean service time is equal to (ns +1)/2, which is therefore fixed when ns is specified.

In addition to quantify the effect of ns (the block size) on the computation times, we

also consider the effect of the load. For this queue the load is given by ρ = λE[L]/µ,

where λ is the mean arrival rate (inverse of the mean IAT), µ is the mean service rate

(inverse of the mean service time) and E[L] is the mean batch size. We set the batch size

distribution to be uniform between one and L̄, hence E[L] = (L̄ + 1)/2. As µ and E[L]

are fixed by specifying the values of ns and L̄, we use the rate λ to match a determined
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load ρ. The arrival process is assumed to have rate λ = ρµ/E[L], SCV equal to 5 and

decay rate of the autocorrelation function of the sequence of IATs equal to 0.5. These

characteristics are matched with a MAP(ma, D0, D+) of order ma = 2 with the method

introduced in [40]. The matrices {D1, . . . DL̄} are obtained as Dj = rjD+, for 1 ≤ j ≤ L̄,

where rj = 1/L̄ is the probability that a batch is of size j. Since ma = 2, the block size

of the original chain is 4ns and the number of nonzero columns in A0 is only two.

ρ B-RF B-FRF O-RF O-FRF C-RF C-FRF C*-RF C*-FRF C*-FRF2

0.1 1.6 1.6 0.2 0.2 0.3 0.3 0.4 0.3 0.4

0.3 2.6 2.7 0.1 0.2 0.2 0.1 0.2 0.1 0.1

0.5 3.5 3.6 0.2 0.3 0.3 0.3 0.3 0.2 0.1

0.7 5.3 5.4 0.5 0.9 1.4 0.8 0.9 0.3 0.3

0.9 13.7 8.6 8.4 2.7 11.6 8.2 10.6 7.2 1.7

Table 2.1: Computation times (sec) for L̄ = 10, ns = 10

In the first scenario we set both the maximum batch size L̄ and the maximum number

of elementary service operations ns equal to 10. The results for different values of the

load are shown in Table 2.1. In this case the use of the FRF provides an important gain

for the B, the O, the C and the C* methods. However, compared to the B-RF method,

the reduction that can be achieved by using the O-RF method is significantly larger than

the one that can be obtained by using the B-FRF method. In particular, we see that

the O-RF method provides an important gain for all the load values considered, while

the use of the FRF provides a gain for high loads only. Also, we observe that in this

case the performance of C-RF and C*-RF is actually worse than the simpler O-RF,

with a larger difference for higher loads. In fact, O-RF is the best method among those

that do not consider the structure in Remark 2.1. We will comment more on this later

on, after presenting the results for other scenarios. The best method is C*-FRF2, which

outperforms all the other methods for every value of the load considered, except ρ = 0.1.

This table shows that even for ns = 10 the methods introduced in this chapter are able

to significantly reduce the times to compute the vector π.

ρ B-RF B-FRF O-RF O-FRF C-RF C-FRF C*-RF C*-FRF C*-FRF2

0.1 129.2 132.6 0.5 3.9 0.4 0.4 0.3 0.3 0.4

0.3 145.3 149.6 0.5 5.5 0.5 0.5 0.4 0.3 0.4

0.5 201.4 210.8 1.0 10.4 1.1 1.0 0.6 0.5 0.6

0.7 240.9 264.3 4.3 27.5 4.9 4.3 2.9 2.4 1.5

0.9 388.3 447.4 55.3 113.3 58.7 55.5 49.2 46.4 10.8

Table 2.2: Computation times (sec) for L̄ = 10, ns = 50

We now consider a scenario where the computation times become considerably larger

due to an increase in the block size, as this is the case where we expect our methods to
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provide more important gains. For the results shown in Table 2.2 we take the previous

scenario and simply increase the value of ns to 50. This makes the block size equal to

200, while the number of nonzero columns in A0 remains equal to two. In this case we

notice that the use of the FRF no longer provides a gain for the B nor the O methods.

This is related to the increase in the block size, since the computational cost of the FRF

is more sensitive to the block size than the RF [84]. On the other hand, we see how the

O-RF method shows a dramatical reduction in computation times, especially under low

and mid loads. In this case, the C*-RF method provides further improvements although

this reduction is rather limited for high loads. Even the use of C*-FRF does not provide

a substantial reduction under high loads, compared to C-RF. The only method that is

able to show a significant reduction for ρ = 0.9 is C*-FRF2, which again outperforms all

the other methods. Here, as well as in the previous case and for most of the load values

considered, we find that the C approach is not able to reduce the times obtained with the

O method. In this scenario we also observe important absolute differences: while the B

approach may take between two and four minutes to compute π under low to mid loads,

the best of our methods requires less than two seconds for the same computation; also,

for a load of 90% the solution by general techniques requires more than 6 minutes while

our best method takes around 10 seconds.

ρ B-RF B-FRF O-RF O-FRF C-RF C-FRF C*-RF C*-FRF C*-FRF2

0.1 196.7 203.8 1.8 9.0 1.6 1.9 0.5 0.5 0.6

0.3 251.7 261.7 3.1 12.8 3.2 2.8 0.8 0.7 0.8

0.5 291.0 311.1 8.2 23.5 7.5 7.1 1.8 1.4 1.3

0.7 393.7 424.4 34.3 62.5 35.7 34.5 11.0 9.3 3.6

0.9 740.5 717.5 285.0 252.0 210.0 200.6 182.2 172.9 28.2

Table 2.3: Computation times (sec) for L̄ = 20, ns = 50

As a final scenario we consider an increase in the maximum batch size, making L̄ equal

to 20, while the other parameters are kept as in the previous scenario. The results are

shown in Table 2.3, where the first obvious observation is that all the methods require

longer computation times than in the previous scenario. Although there is a small increase

in the time to compute the matrix G, the difference between these scenarios is mostly

due to the significantly longer times required to compute π. In this case the number

of blocks L̄ and the number of terms πi are larger, but the block size is the same as

in the previous case. Therefore, the FRF-based methods, compared to their RF-based

counterparts, show a relative better performance than before. However, for the B and

the O approaches the use of the FRF only provides a computational gain when the load

is 0.9. On the other hand, the use of the FRF under the C and C* approaches results in

reductions for almost all the load values considered. Moreover, the C*-FRF2 method is

able to significantly reduce the computation times for high loads, outperforming the other

approaches once more. We also notice that in this case the C-RF and the O-RF methods

show a similar performance, except when the load is very high (0.9). In this latter case
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the C-RF method requires around 25% less time than O-RF. If we consider their FRF

versions, we find that C-FRF is always better than O-FRF and, moreover, C-FRF is

the best among the O and the C approaches. This is in contrast with the previous results,

where O-RF was typically the best performing among these four methods.

2.3.2 The BMAP[2]/PH[2]/1 preemptive priority queue

We now illustrate how the BMAP[2]/PH[2]/1 preemptive priority queue can be modeled

as an M/G/1-type MC with restricted downward transitions. In this queue the arrivals

also occur in batches and there are two types of customers, each one associated with a

different priority level. We assume that each batch is made of customers of only one type,

and the maximum size of a batch of high- (resp. low-) priority customers is L̄1 (resp. L̄2).

Hence the arrival process can be modeled as a BMAP[2] characterized by the matrices

{D0, D
j1
1 , Dj2

2 , 1 ≤ j1 ≤ L̄1, 1 ≤ j2 ≤ L̄2}. In this case the matrix Dj
1 (resp. Dj

2) holds

the transition rates associated with the arrival of a batch of j high- (resp. low-) priority

customers, for 1 ≤ j ≤ L̄1 (resp. 1 ≤ j ≤ L̄2). As before, we can define a version of

this process where the batch sizes are i.i.d. random variables and are independent of the

IATs. For this purpose let pi be the probability that a batch of high-priority customers

is of size i, for 1 ≤ i ≤ L̄1. Similarly, let qi be the probability that a batch of low-

priority customers is of size i, for 1 ≤ i ≤ L̄2. Also, let the batch IATs be described by a

MAP with markings for each customer type, i.e., characterized by the ma ×ma matrices

{D0, D1, D2}. Here the matrix D1 (resp. D2) holds the rates at which the underlying

chain triggers the arrival of a batch of high- (resp. low-) priority customers. Combining

the marked MAP and the batch-size distributions we obtain a BMAP[2] characterized by

the ma ×ma matrices {D0, D
j1
1 , Dj2

2 , 1 ≤ j1 ≤ L̄1, 1 ≤ j2 ≤ L̄2}, where Dj1
1 = pj1D1 and

Dj2
2 = qj2D2, for 1 ≤ j1 ≤ L̄1 and 1 ≤ j2 ≤ L̄2. Notice that, although the batch sizes

are i.i.d. random variables, the IATs of both types of batch arrivals can be correlated.

On the other hand, the service times for both the high- and the low-priority customers

are PH-distributed. For the high- (resp. low-) priority customers the parameters of the

service-time distribution are (m1, α, T ) (resp. (m2, β, S)).

To model this priority queue as an M/G/1-type MC the level variable must be chosen

such that during a single transition it can decrease by at most one. Therefore, one may

take the level either as the number of high- or low-priority customers, since in both cases

in a single transition the level can only decrease by one (service completion), but it can

increase by at most L̄1 or L̄2 (batch arrivals). In previous works [6, 86, 129] the number

of high-priority customers has been used as the level. This choice induces a structure

that can be exploited when both priority classes are assumed to have an infinite buffer.

However, under BMAP arrivals, this approach requires the determination of L̄1 infinite

block-matrices, which is done with a linearly-convergent algorithm [129] that may require

extremely long computation times. Here we opt for the second alternative, that is to

take the number of low-priority customers as the level. We further assume that the high-

priority customers have a finite buffer of size C. This approach induces a completely

different structure (restricted downward transitions), which can be exploited to obtain

the stationary probability vector of the MC in an efficient manner for moderate values of
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C, e.g., 50 or 100. The assumption of a finite high-priority queue (of moderate size) does

not necessarily limit the applicability of the model since high-priority queues are typically

fairly short as opposed to low-priority queues. Hence, there is little difference between

having a, sufficiently large, finite or an infinite high-priority buffer.

Since the number of low-priority customers is chosen to be the level, the phase keeps

track of the number of high-priority customers, and the state of the arrival and the

service processes. Let N1(t) and N2(t) be the number of high- and low-priority customers

in the system at time t, respectively. Also, let J(t) be the state of the arrival process

at time t, which takes values in the set {1, . . . , ma}. Let S1(t) (resp. S2(t)) be the

phase of the high- (resp. low-) priority service at time t when there is a customer of

this class being served. When a low-priority customer is in service there is no need

to keep track of S1(t). However, when a high-priority customer is being served, S2(t)

keeps track of the phase at which the first low-priority customer in the queue will (re-

)start its service. Then, when a low-priority customer is preempted by the arrival of

a high-priority one, the service phase of the preempted customer is kept in S2(t) such

that its service can be resumed from this phase. The queue is therefore described by

the CTMC X(t) = {(N2(t), N1(t), J(t), S2(t), S1(t)) , t ≥ 0}. Its state space is ordered

lexicographically and is described as follows. In level zero there is no need to keep track

of S2(t) since there are no low-priority customers in the system. The states in this level

are subdivided in two subsets: the first considers the case where there are no high-priority

customers either (N1(t) = 0), so it is enough to keep track of the phase of the arrival

process. This case is covered by the set of states ∆00 = {j, 1 ≤ j ≤ ma}. The second

subset is ∆0+ = {(i, j, s1), 1 ≤ i ≤ C, 1 ≤ j ≤ ma, 1 ≤ s1 ≤ m1}, which considers the case

where there are i > 0 high-priority customers, i.e., the server is busy with a customer of

this type, and the service phase is s1. Therefore, the set of states corresponding to level

zero is ∆0 = ∆00 ∪∆0+. For every level k ≥ 1 there are also two subsets. The first is

∆+0 = {(j, s2), 1 ≤ j ≤ ma, 1 ≤ s2 ≤ m2}, which describes the case where there are no

high-priority customers and the server is busy with a low-priority one. The second subset

of level k ≥ 1 is ∆++ = {(i, j, s2, s1), 1 ≤ i ≤ C, 1 ≤ j ≤ ma, 1 ≤ s2 ≤ m2, 1 ≤ s1 ≤ m1},

which considers the general case with k ≥ 1 low-priority and i ≥ 1 high-priority customers,

the arrival process is in phase j, the service of the high-priority customer is in phase s1

and the next low-priority customer to be served will start (or resume) in phase s2. The

set of states in level k ≥ 1 is given by ∆k = (k, ∆+0 ∪∆++) and the full state space of

the MC is ∆ =
⋃

k≥0 ∆k.

A complete description of the blocks that characterize the M/G/1-type MC of the

BMAP[2]/PH[2]/1 priority queue can be found in Appendix A.2. Of particular impor-

tance, however, is the block A0, which holds the transition rates from level k to level

k − 1. These transitions are triggered by the completion of a low-priority service, which

can only occur in the absence of high-priority customers. Therefore, the block A0 is

A0 =











Ima
⊗ sβ 0 . . . 0

0 0 . . . 0
...

...
. . .

...

0 0 . . . 0











.



50 Chapter 2. M/G/1-type Markov chains with restricted downward transitions

This matrix exhibits a very special structure, that is, only its first mam2 columns are

different from zero and this number is relatively small compared to the complete block

size m = mam2 + C(mam2m1). In other words, the block size is (1 + Cm1) times larger

than the number of nonzero columns in A0. Therefore, by modeling the priority queue

in this manner we induce the restricted-downward-transitions structure. In addition, if

the batch-sizes are i.i.d. random variables independent of the arrival process we have that

Di
2 = qiD2. Then, by looking at the blocks (Ai)i≥2 described in Equation (A.6), we

find that A−−
i+1 = qi (IC ⊗D2 ⊗ Imam2m1), for 1 ≤ i ≤ L̄2. Moreover, from Equation

(A.6) we also find that (A+−
i )L̄2

i=2 and (A−+
i )L̄2

i=2 are zero. Therefore, these blocks have

the structure defined in Remark 2.1, which can be exploited together with the restricted-

transitions structure as described in Section 2.2.3.

We now consider some numerical instances of the BMAP[2]/PH[2]/1 preemptive pri-

ority queue to illustrate the performance of the methods introduced in this chapter. As

before, one of the main parameters of this queue is the load ρ, which in this case is given

by ρ = λ1E[L1]/µ1 + λ2E[L2]/µ2. For customers of type i, λi is their mean arrival rate,

µi is their mean service rate and E[Li] is their mean batch size, for 1 ≤ i ≤ 2. Recall that

high- (resp. low-) priority customers are referred to as customers of type one (resp. two).

We assume that high- and low-priority customers have the same mean service rate equal

to one, i.e., µ1 = µ2 = 1. Also, both service-time distributions have SCV equal to two.

We can match these two moments with a PH distribution of order 2 by using the method

in [120]. The batch-size distribution is assumed to be the same for both customer types.

Specifically, we set L̄1 = L̄2 = L̄, and let the batch size of both types be uniformly dis-

tributed between one and L̄, with mean E[L]. Here we first build a single arrival process

with arrival rate λ = λ1 + λ2. With the assumptions stated above this arrival rate is

given by λ = ρ/E[L]. We assume that the SCV of the batch IAT distribution is equal to

five and the decay rate of the autocorrelation function of the sequence of batch IATs is

0.5. We use the method in [40] to match the first two moments of the IAT distribution

and the decay rate of the autocorrelation function with an order-2 MAP. The resulting

process is a MAP characterized by the 2×2 matrices D0 and D+, that describe the batch

IATs irrespective of their type. The matrices D1 and D2 are obtained as Dj = vjD+,

for 1 ≤ j ≤ 2, where v1 + v2 = 1. In this scenario we also assume that both customer

types have the same arrival rate (v1 = v2 = 0.5). As the size of the MAP is ma = 2 and

the size of the PH representation of the service-time distributions is m1 = m2 = 2, the

number of nonzero columns is r = 4 and the block size of the original M/G/1-type MC

is m = 4 + 8C.

For the results shown in Table 2.4 we set the maximum batch size equal to five and

the size of the high priority buffer is equal to 20. Even this buffer size causes very few

losses as illustrated by the loss rate (LR) of high-priority customers included in the last

column of the table. Here we observe how the use of the censored process to compute π

reduces the computation times dramatically compared with simply solving the original

M/G/1-type MC. Moreover, we see that the main gain is obtained thanks to the fast

computation of G, and additional gains can be realized by using the censored process to

compute π, although only when the additional structure from Remark 2.1 is exploited.

Specifically, we observe that C-RF requires more time than O-RF to compute π, C-
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ρ B-RF O-RF O-FRF C-RF C-FRF C*-RF C*-FRF C*-FRF2 LR

0.1 51.0 0.3 1.2 0.5 0.4 0.4 0.4 0.4 2.09E-09

0.3 112.5 0.4 2.1 0.5 0.6 0.4 0.4 0.4 2.25E-06

0.5 164.8 0.8 4.2 1.0 0.9 0.7 0.6 0.7 5.92E-05

0.7 222.0 1.8 10.3 2.9 1.8 2.5 1.4 1.4 4.67E-04

0.9 282.8 13.2 38.7 20.1 13.5 17.8 9.7 5.0 1.93E-03

Table 2.4: Computation times (sec) for L̄ = 5, C = 20

FRF shows similar times than O-RF, and C*-RF performs worse than O-RF for high

loads. In fact, we have noted that in many cases, as in the previous section, the gain

obtained by using C*-RF instead of O-RF decreases as the load increases. The reason

for this behavior is that to compute π+ in C*-RF we use Equation (2.13) with the blocks

of the censored process, but the number of blocks increases with the load. For instance,

in this scenario for loads 0.1, 0.5 and 0.9, the number of blocks (Āi)i≥0 is 45, 199 and

552, respectively. This effect is reduced when the ratio m/r becomes large (e.g., 50),

since in this case the vector-matrix multiplications of the original blocks become very

expensive. Therefore, the censored process has the drawback of having many blocks,

requiring many vector-matrix multiplications to compute the sum in (2.13). However,

when the number of blocks and the number of terms in the vector π are large, the FRF

is expected to perform significantly better than the customary RF [84]. This is the case

for the censored process when the load is high, and we therefore observe important gains

when using C-FRF instead C-RF, and C*-FRF or C*-FRF2 instead of C*-RF.

ρ INF O-RF O-FRF C-RF C-FRF C*-RF C*-FRF C*-FRF2 LR

0.1 2 1.9 11.7 2.6 3.3 1.9 1.9 2.5 2.14E-18

0.3 343 2.7 17.2 4.3 5.6 2.7 2.8 3.8 8.10E-12

0.5 1010 5.0 32.2 7.7 10.4 4.3 4.5 6.1 1.25E-08

0.7 2427 12.7 79.2 17.9 21.7 9.5 9.7 11.3 1.41E-06

0.9 6832 71.1 308.9 95.3 81.4 59.9 45.2 31.7 3.70E-05

Table 2.5: Computation times (sec) for L̄ = 5, C = 50

We now consider a simple modification on the previous scenario by increasing the

buffer size from 20 to 50. This makes the block size equal to 404. For this size the

method B fails to compute the vector π because of lack of memory. At this point we

must mention that all the times shown here were obtained using a personal computer

with a 2Ghz processor and 2GB of RAM. Table 2.5 shows the computation times for

the methods introduced in this chapter and for the approach introduced in [129]. The

difference in computation times is extremely large for moderate to large loads. It must

be noted that our methods do not scale easily with the size of the high-priority buffer C.

If this parameter is large, our methods would require a large amount of memory, while
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the INF method does not suffer from this problem. However, if the buffer is not so large

our methods provide huge savings in computation time. For instance, Table 2.5 shows

that, when the load is 0.9, the INF approach takes more than two hours to compute π,

while C-RF requires only one and a half minute, and the best of our methods in that

case (C*-FRF2) takes about half a minute. Additionally, the loss rate assuming a finite

buffer is almost negligible even for high loads. We also observe that the C*-FRF and

C*-FRF2 have a better performance for high and very high loads, while the C*-RF

method is slightly better for low loads. Among the methods that do not use the extra

structure introduced in Remark 2.1, the best choice is the O-RF, as the methods based

on the censored process require more time, partly due to the computation of the blocks

of the censored process.

In the next scenario we make the maximum batch size L̄ equal to 15, such that both

the original and the censored M/G/1-type MCs have more blocks. The computation

times are shown in Table 2.6. Comparing with the results in Table 2.5, we see that

all the methods require more time to compute π, but the increase is not proportional.

Actually, the INF method takes more than ten times longer in the new scenario. Among

our methods, C*-FRF2 shows the best behavior for high loads, roughly doubling the

computation time compared to the previous scenario. We also observe that for mid loads

the difference among the C* methods is negligible, but for high loads the advantage

of using C*-FRF2 is large, even compared to C*-FRF. Here again O-RF is the best

method among those that do not exploit the additional structure from Remark 2.1. Also,

we notice that, in this and the previous scenarios, the use of the FRF provides no gain

for the O method, as is to be expected given the large block size. For the other methods,

the use of the FRF provides a significant gain for mid-to-high loads, as in this case the

FRF is applied on the censored process, the size of which is by construction very small.

ρ INF O-RF O-FRF C-RF C-FRF C*-RF C*-FRF C*-FRF2 LR

0.1 55 5.0 28.0 9.3 13.4 4.7 4.8 5.7 2.77E-10

0.3 4149 9.8 39.6 16.0 24.6 6.6 7.0 8.2 2.33E-07

0.5 10661 24.0 76.7 30.3 29.5 10.9 10.0 11.2 6.58E-06

0.7 31033 76.1 195.8 93.6 87.0 32.6 25.8 22.8 5.90E-05

0.9 82545 398.3 699.4 475.7 426.4 240.3 187.2 64.9 2.78E-04

Table 2.6: Computation times (sec) for L̄ = 15, C = 50

We conclude this section by looking at a scenario where the number of high-priority

customers is a small fraction of the total number of customers. This scenario may arise,

for instance, in a communication system where the high priority is assigned to a subset of

the customers such that this subset will experience a better quality of service. One way to

accomplish this is to assign high priority only to a small proportion of the customers. To

consider this we simply set v1 = 0.1, meaning that the high-priority customers represent

only 10 percent of the customers. In Table 2.7 we see that under this configuration

the INF approach has a better performance than in the previous scenario, where the
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proportions of high- and low-priority customers were equal. This gain is due to the

fact that, in this case, the most expensive operation in all the methods is the actual

computation of π, after obtaining π0 and the set of R matrices (in the INF approach)

or the matrix G (in our approach). Since now there are relatively fewer high-priority

customers in the system and the INF method uses the number of these customers as the

level, this method needs to compute fewer terms of the vector π. On the other hand, our

methods use the number of low-priority customers as the level and therefore they now

need to compute many more terms of π. In spite of this gain, under high loads the O-RF

and C*-FRF2 methods are still around 10 and 100 times faster than the INF approach,

respectively. For lower loads, the gain obtained by using C*-RF is even larger, except

for very low loads. We also observe that, for loads up to 0.7, the O-RF method has the

best performance among those that do not use the structure in Remark 2.1. However,

for ρ = 0.9 the C-FRF method is able to outperform the O-RF approach. As in this

case the proportion of high priority customers is smaller than in the previous scenario,

the loss rate is also smaller and becomes negligible.

ρ INF O-RF O-FRF C-RF C-FRF C*-RF C*-FRF C*-FRF2 LR

0.1 44 5.5 28.2 11.5 14.8 6.1 6.1 7.0 3.87E-14

0.3 1854 10.3 41.1 18.0 26.5 8.5 8.9 10.2 1.44E-11

0.5 2730 24.6 78.1 32.6 31.8 12.2 11.5 12.8 2.58E-10

0.7 4247 79.3 202.8 92.9 89.1 28.7 24.6 21.0 1.82E-09

0.9 6312 700.8 1035.2 740.0 628.8 390.8 306.0 71.6 8.06E-09

Table 2.7: Computation times (sec) for L̄ = 15, C = 50, v1 = 0.1

2.4 Conclusion

From the results in the previous section we can conclude that the methods proposed in

this chapter provide an important tool to evaluate the performance of the BMAP/PH/1

queue and the BMAP[2]/PH[2]/1 preemptive priority queue since they are able to analyze

rather large systems in a fraction of the time required by other methods. In general we

see that exploiting the restricted-downward-transitions property, we are able to reduce

the total time to compute π. As discussed at the end of the previous chapter, the gains

depend not only on the ratio m/r, but also on the parameters of the system, and how

these affect the expected sojourn times in S−, compared to those in S+. However, we

have seen in the previous examples that our methods are able to provide significant gains

in computation time even for a rather small ratio m/r. Also, among the methods that

only exploit the restricted-transitions structure, we have observed that typically the O-

RF method provides the best results, while the O-FRF is badly affected by the large

block size. The use of the censored process, either C-RF or C-FRF, can in some cases

provide some additional gains. However, given the overhead required by the C methods,

compared to the simpler O-RF, the latter appears as a better option when the additional
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structure of Remark 2.1 is not present. Notwithstanding, when this additional structure

is present, the use of the censored process leads to very important gains. In this case the

C*-RF method has the best performance for low loads, while for high loads the C*FRF2

approach is the best alternative to compute π.
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Optical Grids

An optical grid is a set of computing sites/stations interconnected by optical links. Each

of these sites is itself connected to a number of users who request the processing of

tasks/jobs. Originally, these grids were deployed to process and store the large amounts

of information arising from research efforts in fields such as astrophysics, particle physics,

chemistry, biomedicine, among others [121]. More recently, optical grids have also been

recognized as an alternative to provide consumer-oriented services [78]. In either case, the

users submit jobs for processing but they have no preference about where the jobs should

be processed [35, 36]. The site that receives a job tries to process it locally but, if all its

servers are busy, the job can be sent to any of the other sites. This is in clear contrast

with traditional networks, where it is assumed that (a fraction of) the jobs originating

in a particular source must be processed in a predetermined site. In an optical grid the

site where a specific job ends up being processed depends on the state of the site where it

originates, the state of the other sites, and a scheduling policy that determines which site

will be used to process the job. As a result, the amount of traffic that must be transported

between each pair of stations depends not only on the arrival process at each station and

a predefined routing matrix, but also on the number of servers per site and the policy

used to allocate those jobs that cannot be processed locally.

Dimensioning an optical grid is therefore a complex problem, typically involving tens

to hundreds of sites, each equipped with tens to hundreds of servers. In addition, the job

mean inter-arrival times (IATs) and their arrival variability may differ significantly among

the different sites. There are many relevant questions related to grid dimensioning [35]

such as how to select the places to locate the server capacity, how many servers must be

placed per site, what scheduling algorithm to choose to redistribute the jobs that must be

processed remotely, and how to determine the bandwidth of the inter-site links, among

others. Solving all these problems altogether is hard (even single-period dimensioning for

a given traffic matrix may already be NP-hard [87]) and therefore one must approach

them separately. For example, in [113] divisible load theory is used to determine the

number of wavelength channels per fiber connecting the sites, which are assumed to have

been dimensioned to handle the locally generated jobs. Of special interest to us is the

methodology put forward in [39], where the authors propose to split the problem in phases,

using the result of each phase as input for the next one. Specifically, the approach in [39]

starts with a graph representing the topology of the grid network, the job arrival process

and the processing rate at each site as well as the target maximum job loss rate. The

first step of the methodology is to select the best sites to place the servers, i.e., all the
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sites generate jobs, but only some of them have local processing servers. The result of

this step is a set of sites where the servers will be located and whose arrival process

includes jobs from other sites that lack processing power. The second step consists of

assigning the servers to the sites already selected. The third step takes the set of sites

and their server capacities and determines the amount of traffic that flows between each

pair of sites, referred to as the traffic matrix. The traffic depends not only on the server

capacities at each site, but also on the scheduling policy used to determine the site where

each job ends up being processed. The last step is to dimension the links that connect

the stations so that they can carry the traffic estimated in the previous step.

In [39] it is shown that an integer linear program can be used to solve the first step for

small- to medium-sized instances. For larger instances the K-means algorithm [64] can

be used to rapidly obtain very good solutions. For the second and third steps the authors

of [39] also propose a few rules to determine the number of servers per site and how to

schedule the jobs that cannot be processed locally. To determine the traffic matrix in the

third step, which must be used as input for the last phase, they rely on time-consuming

simulations. For the last step, and since the traffic matrix has already been determined, it

is possible to use dimensioning techniques that may even depend on the specific switching

technology [39]. As can be seen, one of the critical steps in this methodology is to estimate

the traffic matrix by means of simulation. In fact, modeling this system is not an easy

task as the traffic that flows from one site to another depends on the state of all the sites.

For instance, one of the possible strategies to schedule the jobs that must be processed

remotely is to choose a server in the station that has the largest number of idle servers.

To this end it is in principle necessary to keep track of the state of every station, which

makes the problem highly intractable. In fact, in [39] a fixed point approximation based

on the Erlang-B formula is proposed as an alternative to simulations, but it is shown to

be far from accurate.

In the next two chapters we will introduce two different approaches to compute the

traffic matrix. In Chapter 3 we focus on a grid network with a ring topology where each

station is physically connected to only one other site through an unidirectional fiber link.

If an incoming job finds all the local servers busy, the job is sent to the next station in the

ring where it is served by an available server. If no servers are available in that station,

the job is sent again to the next site. In this manner the job goes from one station to the

next trying to find an idle server. After trying all the stations once, the job is dropped

from the network. The analysis of this system, which has a very specific topology and a

simple scheduling algorithm, is still a very hard problem as it is necessary to keep track

of the state of all the stations to determine the site where an arriving job ends up being

processed. Therefore we propose two different methods to approximate the performance

of an optical grid with these characteristics. Both approaches rely on a marked Markovian

representation of the overflow process at each station and on reducing this representation

by moment-matching methods. The first method is based on approximating the inter-

overflow time process, while the second separately characterizes the periods where jobs

are overflowed and the periods where they are served locally. The results show that

the methods accurately approximate the rate of locally processed jobs, one of the main

performance measures.
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Subsequently, in Chapter 4 we propose a mean field model (see Appendix A.3) to

analytically derive the traffic matrix in a grid with a large number of sites. We assume

that the sites, characterized by their server capacity and job arrival process, can be

partitioned in a limited number of classes. The benefit of the mean field model is that it

allows us to compute the traffic matrix when the number of sites is large. It also allows

the scheduling algorithm to depend on the proportion of stations in each possible state.

On the other hand, it is not possible to make the scheduling algorithm to depend on

the state of a particular site, and therefore information related to the topology of the

network is not considered. Additionally, the mean field model is exact when the number

of sites is infinite, but we show that it approximates very well the behavior of a grid

with a large but finite number of sites. Moreover, the traffic matrix can be computed by

means of the mean field model with a fraction of the computational effort required by

general simulation techniques. This is also the case for the method presented in Chapter

3. In summary, the methods to be introduced provide a way to efficiently and accurately

estimate the traffic matrix in an optical grid with either a ring architecture or a large

number of sites.





Chapter 3

A Grid network with a ring

topology

In this chapter we consider an optical grid with a ring topology. If a job arrives it is

always served by a local server if there is one available. If all the local servers are busy

the job is sent to the next station in the ring, where it is served by an idle server. Here

again, if no servers are available the job is sent to next station. The job goes from one

station to the next until it finds an idle server or, if it visits all the stations once, the

job must be dropped. Typically a grid network consists of many stations and, thus,

the scalability of the methods to analyze these networks is of major importance. In

this work we decompose the network in single nodes to perform the analysis of each

station separately. This technique has been widely used in the analysis of queueing

networks that lack a product-form solution. Particularly, moment-matching methods

have played a key role in approximating the arrival, departure and overflow processes of

the single nodes in the network, see [68,69,120] and references therein. This approach has

also been used recently to approximate the departure process of queues with Markovian

input [55, 57, 58, 60]. Since the traffic between stations in the ring forms an overflow

process, the analysis of teletraffic networks with alternate routing is particularly relevant

[67,68,82,83,122]. In those networks the incoming traffic is first offered to a trunk group

with a finite buffer. If the buffer is full, the traffic is sent to an alternative trunk group,

forming an overflow process. To compute the performance measures for each of the flows

in the network separately, the methods in [68,83] rely on representing each of these flows as

an independent process. This approach is well-suited for general networks with different

routing patterns, but dimensionality problems arise when analyzing even small networks.

In [82] the authors propose to group all but one overflow process into a single description

in order to model the arrival process at each station with one Poisson and two overflow

processes. With this method the dimensionality problems are avoided, but an additional

approximation is introduced.

In this work we exploit the ring topology to approximate the overflow process at

each station by means of a marked Markovian point process. The markings are used to

differentiate each of the flows in the network, leading to a more compact representation of
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the overflow process. This representation has to be further reduced to make the analysis of

the network feasible. We propose two different methods to build an approximate (reduced)

representation of the overflow process. The first approach aims at approximating the

stationary inter-overflow time process by matching a set of (joint) moments that uniquely

characterize the reduced point process. The second approach separately characterizes

the periods where jobs are overflowed and the periods where they are served locally,

combining their reduced representation into a single one. Additionally, the first approach

is introduced stepwise. We start by approximating the stationary inter-overflow time

distribution using renewal approximations matching three moments with Phase-Type

(PH) distributions. Then we analyze the effect of capturing more moments by relying on

the class of Matrix-Exponential (ME) distributions. Next we include information of the

joint moments of successive inter-overflow times by using recent matching methods based

on the marked and unmarked versions of the Rational Arrival Process (RAP). These

approximations are tested for different network parameters with particular emphasis on

computing the rate of locally processed jobs (local rate) and the total traffic matrix. This

is of vital importance when dimensioning the link capacities interconnecting the different

stations [35, 38]. The results show that the methods are able to adequately approximate

these measures, being especially accurate for the local rate.

This chapter is organized as follows. Section 3.1 includes a description of the grid

network as well as a discussion of some characteristics common to both approximation

methods. The approximation method based on the inter-overflow time process is pre-

sented in Section 3.2, while the second method, called ON-OFF, is introduced in Section

3.3. Section 3.4 compares the performance of both methods for various realistic network

configurations.

3.1 The grid network

We consider a grid network that consists of N nodes arranged in a ring topology. The

job arrivals at node i are represented by a Poisson process with rate λi (this assumption

will be relaxed to allow for more general arrival processes as described at the end of this

section). The Poisson assumption is based on Grid level measurements [31] and has been

employed in previous works on Grid dimensioning [35, 38]. When a job arrives at node

i, it is served by any of the Ci servers in that node, if at least one is available. In case

all of them are busy, the job is sent to the next node in the ring. As mentioned before,

the job jumps from node to node until it finds an idle server. If a job originating in node

i arrives at station i − 1 and there are no available servers, it must be dropped. Thus,

a job that has tried all the stations once is dropped in the station before the one where

it was generated. The service time of a job in station i is assumed to be exponentially

distributed with rate µi. This means that the service time depends on the station serving

the job, but not on the station where it entered the grid. From now on we will refer to a

job that originally arrives at station i as a job of type i, for i = 1, . . . , N .

Even in the case where the jobs of each type arrive according to a Poisson process, the

actual flow that arrives to a particular station is a complex mixture of all the job types
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present in the network. Hence we will approximate the input process1 at station i as a

marked Markovian Arrival Process [52] (MMAP[N]) characterized by a set of mi×mi ma-

trices {Di
0, D

i
1, . . . , D

i
N} (see Appendix A.1). Here the matrix Di

j describes the transition

rates related to an arrival of type (originated in station) j, for j = 1, . . . , N . These ma-

trices will be built through an iterative process in order to incorporate information about

the overflowing jobs along the network into the analysis of each station. Let {Ni(t), t ≥ 0}

(resp. {Ji(t), t ≥ 0}) be the number of busy servers (resp. the phase of the arrival pro-

cess) at station i at time t. Then {(Ni(t), Ji(t)), t ≥ 0} is a CTMC on the state space

{(k, l), 0 ≤ k ≤ Ci, 1 ≤ l ≤ mi}, that describes the state of the station i, based on the

approximated arrival process. Its generator matrix is given by

Qi =





















Di
0 Di

+ 0 . . . 0 0

µiI Di
0 − µiI Di

+ . . . 0 0

0 2µiI Di
0 − 2µiI . . . 0 0

...
...

...
. . .

...
...

0 0 0 . . . Di
0 − (Ci − 1)µiI Di

+

0 0 0 . . . CiµiI Di − CiµiI





















, (3.1)

where Di
+ =

∑N
j=1 Di

j and Di = Di
0 + Di

+, and I is the identity matrix.

If the matrices {Di
0, D

i
1, . . . , D

i
N} are specified, the steady state probability vector can

be easily computed by exploiting the structure of matrix Qi as a finite Quasi-Birth-and-

Death (QBD) process [46, 76, 91]. The time and memory complexity of the algorithm

in [46] to compute the steady-state distribution are O(Cim
3
i ) and O(Cim

2
i ), respectively.

Nonetheless, the arrival process to a particular station is determined by the superposition

of the new arrivals arriving at that station and the overflow process coming from the

previous station in the network. Even though these could be exactly represented by

including in the arrival process the state of all the stations in the network, the size of

such a representation is huge even for a small number of stations and servers per station.

Previous work by Meier-Hellstern [83] considers the problem of approximating the arrival

process at each station by representing each of the flows in the network as a Markov

Modulated Poisson Process (MMPP) and combining them for each station. An MMPP

can be seen as an MMAP[1] where only the matrix D1 is specified and it has zero off-

diagonal elements. In [83] the algorithm of Heffes [54] is used to reduce each of the

MMPPs to be of size 2. Even though this approximation is well suited to represent

different routing strategies, it does not scale well with the number of stations because the

input process to a particular station is of size 2N−1. Our approximation methods make

use of the ring structure to avoid this large size while keeping meaningful information

about the overflow process at each station.

The overflow process at station i can be represented as an MMAP[N] characterized

1In Section 3.2.1 we will relax this approximation to a marked Rational Arrival Process (MRAP[N])
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by the matrices {Ei
0, E

i
1, . . . , E

i
N}, given by

Ei
0 =





















Di
0 Di

+ 0 . . . 0 0

µiI Di
0 − µiI Di

+ . . . 0 0

0 2µiI Di
0 − 2µiI . . . 0 0

...
...

...
. . .

...
...

0 0 0 . . . Di
0 − (Ci − 1)µiI Di

+

0 0 0 . . . CiµiI Di
0 + Di

s − CiµiI





















, (3.2)

Ei
j =







0 . . . 0
...

. . .
...

0 . . . Di
j






, j = 1, . . . , N, j 6= s,

and Ei
s = 0, where s denotes the next station after node i, i.e., s = (i mod N) + 1, and

0 is a zero matrix of appropriate dimension. This representation reflects the fact that

the jobs originating from station s must be dropped if they cannot be served in node i.

Even though this representation is exact, it is not useful for practical implementation,

because the size of the matrices that describe the overflow process becomes extremely

large after a few stations. Thus, it is useful to reduce the size of these matrices such that

the reduced representation keeps some characteristics of the original and can be used as

part of the arrival process at the next station. We propose two different methods to find

an approximate representation of the overflow process, which result in an MMAP[N] with

matrices {D̄i
0, D̄

i
1, . . . , D̄

i
N}. The first one is based on the approximation of the inter-

overflow time process. The second method divides the representation of the overflow

process into two sets: one characterizes the time periods where any arriving packet is

sent to the next station (ON period), while the other captures the behavior of the station

when there are servers available to process an incoming job (OFF period). Although

each method relies on a different type of information, some main features are alike. For

example, both methods represent the overflow process at station i by means of a reduced

MMAP[N] (or a generalization of it) with parameters {D̄i
0, D̄

i
1, . . . , D̄

i
N}. Other common

features are presented in the next section. Notice, while these matrices describe the

overflow process at station i, the matrices {Di
0, D

i
1, . . . , D

i
N} describe the approximated

arrival process at station i. Their relationship is described in the next section.

3.1.1 Common characteristics of the approximation methods

Iterative approach: The ring topology implies that all the nodes receive both newly

generated and overflow jobs, meaning that the arrival process at each station depends on

the analysis of the previous one. To contemplate this, both methods consider an iterative

strategy in which an arbitrary station is first analyzed considering only its own traffic.

The next station in the ring is then considered, including both newly generated arrivals

and overflow packets only from the previous station. The analysis continues at each

station and, after considering all the stations once, the overflow process contains packets

of (possibly) all types. Then, it is possible to reanalyze the “first” station, but now the
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arrivals include both newly generated jobs as well as jobs coming from (possibly) all the

other stations in the ring. This sequential analysis is performed several times for each

station until the traffic matrix (that contains the amount of traffic between each pair of

stations) changes less than a predetermined value ǫ, e.g., ǫ = 10−8.

Moment matching: Another relevant issue for both methods is the reduction of the

representation of an inter-event process by means of the moment-matching methods intro-

duced in [21,110,111,115,120]. The reduction of the process always implies the reduction

of the inter-event time distribution by matching some of its moments with a distribution

with smaller representation (if the moments are attainable by the matching distribution).

Some of these methods provide closed-form formulas for the parameters of the matching

distribution [110,120], making them well suited for iterative procedures as those presented

in the next sections. The other methods require more computational effort, but this is

still negligible compared to the computation of the moments themselves. This is due to

the large number of phases in the exact representation of the inter-event time distribution.

The direct formulas to compute the moments [76] have a time and memory complexity

of O(C3
i m3

i ) and O(C2
i m2

i ), respectively. However, the representation of the inter-event

time distribution has a block-tridiagonal structure as the one shown in Equation (3.1). To

exploit this structure we make use of the algorithm introduced in [46] to compute the first

two moments of the first-passage time distribution to higher levels in a finite QBD, where

level k corresponds to the set of states with k busy servers: {(k, l), 1 ≤ l ≤ mi}. Using

the generating function of the first-passage times described in [46] it is possible to deter-

mine higher moments of this distribution to use them as input for the moment-matching

methods. Appendix A.6 discusses why the inter-event times used by the approximation

methods in Sections 3.2 and 3.3 can be interpreted as first-passage times to higher levels

in a finite QBD. It also describes an algorithm based on [46] to compute any number of

moments of this distribution. This is particularly useful for the method in Section 3.3,

where the size of the arrival process at each station grows linearly with the number of

stations. The time and memory complexity of the algorithm to compute these moments

are thereby reduced to O(Cim
3
i ) and O(Cim

2
i ), respectively.

Arrival process: To characterize the arrival process at each station, the overflow com-

ing from the previous station and the new arrivals at this station must be combined.

Recall that the overflow process at station i is described as an MMAP[N] with param-

eters {D̄i
0, D̄

i
1, . . . , D̄

i
N}. Under the assumption of Poisson arrivals, the new incoming

jobs at station s and the overflow from station i can be combined as an MMAP[N] with

parameters

Ds
0 = D̄i

0 − λsI, Ds
j = D̄i

j, j = 1, . . . , N, j 6= s, Ds
s = λsI. (3.3)

It will become clear that the approximation introduced in Section 3.2 can deal not only

with Poisson arrivals, but with more general point processes as well. Let the arrivals at

station s be described by a MAP characterized by {Bs
0, B

s
1} (see Appendix A.1). Assuming

this arrival process, the combined stream at station s can be represented as an MMAP[N]
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with parameters

Ds
0 = D̄i

0 ⊕Bs
0 , Ds

j = D̄i
j ⊗ I, j = 1, . . . , N, j 6= s, Ds

s = I ⊗Bs
1 ,

where ⊗ and ⊕ stand for Kronecker product and sum [16], respectively. Even though the

second approximation (Section 3.3) can in principle include this more general process, the

size of the representation of the arrival process increases exponentially with the dimension

of the MAP at each station. For the technique in Section 3.2, we do not encounter such

an exponential increase.

3.2 An approximation based on inter-overflow times

The approximation introduced in this section is based on reducing the size of the rep-

resentation of the inter-overflow time process. As explained above, the size of the exact

representation of this process is extremely large, making the analysis of even small net-

works infeasible. Here we introduce different methods to determine a reduced approximate

representation of the overflow process. We first consider the case where the overflow pro-

cess is approximated by a renewal process, assuming independent inter-overflow times.

Next we allow the new process to be non-renewal by including information about the joint

moments of successive inter-overflow times.

3.2.1 Renewal Approximation

3-moment match

When matching the inter-overflow time distribution, we make use of Phase-Type (PH)

distributions (see Appendix A.1). From Equation (3.2) it is clear that Ei
0 is the sub-

generator of the PH representation of the inter-overflow times at station i. To represent

the overflow process with a PH renewal process, we consider the stationary version of the

inter-overflow times, with representation given by (γi, E
i
0). To define γi we first need the

steady state probability vector of Qi, i.e., the vector πi such that πiQi = 0 and πie = 1.

This vector can be partitioned as πi = [πi
0, π

i
1, . . . , π

i
Ci

], where πi
j corresponds to the states

with j busy servers in station i, for j = 0, . . . , Ci. Hence the steady state distribution of

the phase of the arrival process after an overflow is given by

βi =
πi

Ci
Di

+

πi
Ci

Di
+e

. (3.4)

By partitioning γi in the same way as πi and using the fact that overflows can only occur

when the system is full, we obtain that

γi = [0, . . . , 0, βi].

Given the large number of phases in (γi, E
i
0), we consider moment-matching algorithms

to obtain a PH representation with fewer phases. In particular, we make use of the

algorithms described in [21, 110] to match the first three moments with an acyclic PH
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distribution with minimal number of phases. In particular, when the squared coefficient

of variation (SCV) of the inter-overflow time distribution is greater than or equal to 1
2 , the

resulting PH distribution has only two phases. If the SCV is greater than one, the method

given in [120] can also be used to get a 3-parameter hyper-exponential representation,

which is a particular case of the PH class with two phases. For the specific case of the

inter-overflow time distribution, we found that the SCV was always above one in our

experiments. This is closely related to the high variability inherent in an overflow process

where the jobs are only overflowed in a small set of the state space. Additionally, we

observed that the two-phase representation was able to capture the third moment of the

inter-overflow distribution in the numerical instances considered in Section 3.4 as well as

in many other cases not presented here. However, this is not the case in general, since

the set of moments to match {ni, 1 ≤ i ≤ 3} have to fulfill the following condition: if

n1 > 0 and the SCV is greater than 1, the third moment can be represented by an acyclic

PH distribution [110] or a hyper-exponential distribution [120], both with two phases, if

and only if 3n2
2 ≤ 2n1n3. In case the set of moments cannot be represented by a PH

distribution of order two, the method in [21] determines the minimum number of phases

required to do it with an acyclic PH distribution.

Let (αi, Ai) be the parameters of the reduced PH distribution obtained from the

moment-matching method applied to the PH(γi, Ei
0) representation of the stationary

inter-overflow time distribution at station i. In this reduced representation the off-

diagonal elements of the matrix Ai describe transition rates without arrivals, while the

transition rates related to arrivals are included in the matrix −Aieαi. Therefore, the

matrices {D̄i
0, D̄

i
1, . . . , D̄

i
N} can be approximated as

D̄i
0 = Ai, D̄i

j = −Aieαi

πi
Ci

Di
je

πi
Ci

(

Di
+ −Di

s

)

e
, j = 1, . . . , N, j 6= s, (3.5)

and D̄i
s = 0. For j /∈ {0, s} the approximate D̄i

j is the product of the matrix of transition

rates involving an overflow of any type and the probability that a particular overflow is

of type j. When the overflowing packet is coming from the station s (right after station

i), it is dropped and none of those packets are actually part of the overflow process.

This reduction will be labeled PH(3) in the results, making explicit that it relies on

a PH representation that matches the first three moments of the inter-overflow time

distribution.

Matching higher moments

In order to analyze the effect of capturing more moments of the inter-overflow time dis-

tribution we rely on the class of Matrix-Exponential (ME) distributions. An ME random

variable has a density function given by f(x) = αeTxt, for x ≥ 0. Here α is a 1 × m

vector, T is a square matrix of size m, and t is an m× 1 vector (m is called the order of

the representation) [20]. An ME representation can always be chosen such that t = −Te

and αe = 1 [7, 15]. Therefore, an ME distribution, as in the PH case, is characterized

by the tuple (α, T ), but the parameters are less restricted than in the PH class. More

specifically, the matrix T must be invertible and the density must be non-negative and
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integrate to 1. Even though the entries of α and T can be complex numbers, the ME

class is equally broad if they are restricted to be real [10]. In this sense the ME class can

be seen as a generalization of the PH class, since the tuple (α, T ) must satisfy some extra

conditions to be a representation of a PH distribution: α must be non-negative and sub-

stochastic, while T must be the sub-generator of a CTMC, as explained in Appendix A.1 .

A discussion and further properties of ME distributions can be found in [7,8,10,43,53,80].

As shown in [15], the traditional analysis of QBD processes can be extended to admit

more general components, e.g., allowing ME instead of PH distributions. Therefore, we

can extend the analysis of each station to allow for arrivals coming from a marked Rational

Arrival Process (MRAP[N]) with parameters {Di
0, D

i
1, . . . , D

i
N}, as a generalization of the

MMAP[N] [59]. These matrices have real-valued entries, their sum Di =
∑N

j=0 Di
j must

satisfy Die = 0, and the real part of the dominant eigenvalue of Di
0 (resp. Di) must be

negative (resp. equal to zero). In this case the stationary inter-overflow time distribution

has an ME representation given by (γi, Ei
0) as defined above. This result relies on the

fact that the time between successive overflows can be represented as the time until

absorption in a finite-state semi-Markov process with ME holding times, which is itself

ME distributed [10]. In this case Ei
0 is a real matrix with negative dominant eigenvalue

and the vector γi is no longer a probability mass function, but a vector of weights of

measures after an overflow [8, 15].

Relying on the ME class we can use the method proposed in [111, 115] to reduce the

order of the representation (γi, Ei
0) by matching 2n−1 moments with an ME distribution

of order n. This method is based on the algorithm for the partial realization problem

proposed in [49]. Using the resulting representation and Equation (3.5), we get a smaller

set of parameters to approximately represent the overflow process, matching not only

three, but 2n− 1 moments of the stationary inter-overflow time distribution. The results

based on an ME representation of order n will be labeled ME(2n − 1). Nevertheless,

the algorithm in [115] does not assure that the kernel matrix obtained from a set of

moments defines a distribution function, i.e., the function has the required moments, but

it may be negative. To the best of our knowledge, a characterization of the moments

representable by an ME distribution of arbitrary order is not available. To make use of

these distributions we evaluate the density function at several points to numerically verify

if it is non-negative. This test is done for every reduced representation (αi, Ai) obtained

from the matching algorithms.

From the description above it is clear that the size of the reduced ME representation

can be defined a priori according to the number of moments to match. Another approach

is to rely on the characterization of the minimal order of an ME distribution given in [53].

There the authors propose the use of a set of Hankel matrices to determine the minimal

order of an ME distribution. One of the Hankel matrices is built from the moments of the

distribution and its rank determines the minimal order of an ME distribution with the

specified moments. If the minimal order is found to be n, then 2n−1 moments can be used

as input for the method in [111, 115] to obtain an ME representation of the stationary

inter-overflow time distribution. With this method, the size of the ME representation

could be made variable, however, the minimum order could be large, making the analysis

of the next station a lengthy process. Nevertheless, determining the minimal order in
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advance is useful to avoid the computation of a redundant amount of moments when using

the moment-matching method in [115], since the method returns an ME representation

of order n as long as n is smaller than or equal to the minimal order.

3.2.2 Non-Renewal Approximation

The approximation defined above matches a predefined number of moments of the sta-

tionary inter-overflow time distribution. Nevertheless, we can also include information

related to the joint moments of consecutive inter-overflow times by means of a Rational

Arrival Process (RAP) with parameters {Hi
0, H

i
1} using the approach proposed in [111].

In this process the inter-event times are ME distributed, the matrix Hi
0 describes the

evolution of the process between events and Hi
1 contains the arrival intensities. In the

method of [111] the inter-overflow times are first approximated with an ME distribution

using the algorithm in [115], as described above. Based on that result and the joint

moments of the inter-overflow times, the method computes the matrices {Hi
0, H

i
1} that

describe the reduced RAP. If the reduced process is of order n, it not only matches 2n−1

moments of the inter-overflow time distribution, but also (n− 1)2 joint moments of suc-

cessive inter-overflow times. These matrices are used to approximate the overflow process

as

D̄i
0 = Hi

0, D̄i
j = Hi

1

πi
Ci

Di
je

πi
Ci

(

Di
+ −Di

s

)

e
, j = 1, . . . , N, j 6= s,

and D̄i
s = 0. The results obtained using a reduced RAP representation of order n are

labeled RAP(2n− 1).

A further step consists of using the method in [59, 61] to directly approximate the

matrices {D̄i
0, D̄

i
1, . . . , D̄

i
N} as the parameters of an MRAP[N]. To do so the inter-overflow

time is again approximated by an ME distribution. However, in this case the description

includes the joint moments of successive inter-overflow times for each type of arrival.

This makes the method able to determine not just a matrix Hi
1 describing the arrival

intensities of any type, but a set of matrices {Hi
1, . . . , H

i
N} with the intensities for each

type of arrival. These matrices, together with Hi
0, completely determine the approximate

overflow process that is fed to the next station in the ring, i.e., D̄i
j = Hi

j , j = 0, 1, . . . , N ,

where Hi
s = 0 by construction. The label MRAP(2n − 1) will be used to refer to the

results obtained with an order-n MRAP[N] representation. Notice that the two methods

discussed in this section rely on the algorithm in [115] to compute an approximate ME

representation of the inter-overflow time distribution. Therefore, the density function of

this ME representation is evaluated at several points to test its non-negativity, in a similar

way as with the ME renewal approximation.

Before turning to the second approximation method, it is important to emphasize

that in this method the size of the reduced representation of the overflow process does

not depend on the size of the arrival process representation. Actually, it only depends on

the number of moments and joint moments of the inter-overflow time process to match.

Therefore, this method can be used when the arrival of new jobs at each station is de-

scribed by a MAP, as explained in Section 3.1.1, since this generalization has no effect on

the size of the overflow representation.
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3.3 ON-OFF approximation

This approximation aims at capturing the behavior of the periods where a station does

not generate overflow jobs (OFF periods) and the periods where it does (ON periods)

separately. Furthermore, the reduction process is split into two steps: the first step is

related to the reduction of the OFF period representation, and the second regards the

reduction of the ON period representation. The first time each station is analyzed only

the OFF period representation will be reduced. Thus, after analyzing all the stations

once, the overflow process will include jobs from all the stations and those coming from

the first station must be dropped. To eliminate those jobs we reduce the ON period rep-

resentation by lumping the states related to the first station, i.e., the station generating

the jobs that need to be eliminated. Hereafter the analysis of each station first reduces

the representation of its OFF period, and then eliminates the jobs that must be dropped

by reducing the ON period representation. The overflow process is again represented by

an MMAP[N]. The first step computes the matrices {D̂i
0, D̂

i
1, . . . , D̂

i
N} of an MMAP[N]

that still includes the jobs that must be dropped. The result of the second step is the

set of matrices {D̄i
0, D̄

i
1, . . . , D̄

i
N} which characterizes the approximating overflow pro-

cess. The size of the approximate process grows the first time each station is analyzed,

but remains fixed in the subsequent iterations. In fact, if the external arrivals at each

station follow a Poisson process, the size of the approximated process depends linearly

on the number of stations. Assuming a more general process would cause the size of the

approximated process to grow exponentially, making it intractable except for very small

networks. Therefore, in the exposition to follow we assume that new incoming jobs at

each station arrive according to a Poisson process.

To describe the behavior of the system during the OFF periods we consider, from the

process with generator (3.1), those states where there is at least one idle server. The

transient generator of these states is given by

Ei
OFF =





















Di
0 Di

+ 0 . . . 0 0

µiI Di
0 − µiI Di

+ . . . 0 0

0 2µiI Di
0 − 2µiI . . . 0 0

...
...

...
. . .

...
...

0 0 0 . . . Di
0 − (Ci − 2)µiI Di

+

0 0 0 . . . (Ci − 1)µiI Di
0 − (Ci − 1)µiI





















. (3.6)

Since in steady state all the servers are busy with probability vector πi
Ci

, the distribution

of the arrival phase after a service completion that causes the system to make a transition

from the states {(Ci, l), 1 ≤ l ≤ mi} to the states {(Ci − 1, l), 1 ≤ l ≤ mi} is given by

ηi =
πi

Ci
CiµiI

πi
Ci

CiµiIe
=

πi
Ci

πi
Ci

e
. (3.7)

Thus, the stationary distribution of the duration of an OFF period can be described as a

PH distribution with parameters (δi, Ei
OFF), where

δi =
[

0 · · · 0 ηi
]

.
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Since the size of this representation is miCi, we can reduce it using the methods

in [21, 110,120] to match the first three moments of the OFF period length distribution,

in the same manner as described in Section 3.2.1 for the inter-overflow time distribution.

Let (αi, Ai) be the reduced PH representation of the duration of the OFF period in

station i, then αi
j is the probability of starting an OFF period in phase j and ai = −Aie

is the rate at which an ON period starts in each phase of the OFF period representation.

In addition, higher moments can be captured using an ME representation as illustrated

in Section 3.2.1 for the inter-overflow time distribution. The results obtained with an

approximation based on matching n moments of the OFF period length distribution will

be labeled ON-OFF(n). However, in the remainder of this section we assume a PH

representation as its interpretation is more intuitive.

On the other hand, because of the exponential service times, the duration of an ON pe-

riod is exponentially distributed with rate Ciµi. Furthermore, the stationary distribution

of the arrival phase when an ON periods begins is given by

ωi =
πi

Ci−1D+

πi
Ci−1D+e

,

where πi
Ci−1 is the stationary probability vector of having Ci − 1 busy servers in station

i. Using this description we can connect the OFF and ON periods in a single MMAP[N]

process with parameters {D̂i
0, D̂

i
1, . . . , D̂

i
N} given by

D̂i
0 =

[

Ai aiωi

Ciµieα
i Di

0 − CiµiI

]

, D̂i
j =

[

0 0

0 Di
j

]

, j = 1, . . . , N. (3.8)

The structure of the matrices {D̂i
j , 1 ≤ j ≤ N} clearly shows that the description of the

ON period remains unchanged. In contrast, the matrix D̂i
0 contains the reduced repre-

sentation of the OFF period. The reduced process resides in the OFF states according to

matrix Ai, from which it can move to the ON states with rates ai and select a state in

this set according to the vector ωi. The transitions within the ON states are described

by the matrices {Di
j, 1 ≤ j ≤ N} when an arrival is associated with the transition, and

by the matrix Di
0 when no arrivals are generated by the transition. Finally, the process

may move from any of the ON states to the OFF set with rate Ciµi. When this happens,

a new OFF state is selected according to the vector αi.

Let ni be the order of the representation (αi, Ai). Then, after analyzing station 1

for the first time (considering its own external Poisson traffic only), the approximate

representation of the overflow process at this station is of size n1 + 1. This process is

combined with the Poisson process arriving at station 2 and, after reducing the OFF

period representation at this station, the overflow process fed to station 3 is of order

n2 + n1 + 1. Therefore, the size of the overflow process from station N to station 1 is
∑N

k=1 nk + 1. Notice, the overflow process is built such that the first nN states describe

the OFF period in which no packets are sent to station 1. In the next nN−1 states,

the station only overflows packets of type N since these states correspond to the case

when the station N faces an ON period while station N − 1 resides in an OFF period.

Accordingly, in the next nN−2 states both jobs of type N and N − 1 are overflowing and
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from this set of states the process can jump to any of the previous states as well as to the

next ones. This feature of the overflow process captures the actual behavior of the ring

network where, for a job from station N − 1 to be sent to station 1, both stations N and

N − 1 have to be in their ON periods. Furthermore, if the station N moves to the OFF

set, both jobs of type N and N − 1 stop overflowing to station 1.

To illustrate the transitions in the overflow process we consider a simple network made

of three nodes. The approximate overflow process at the first station is characterized by

the size-(n1 + 1) matrices

D̂1
0 =

[

A1 a1

C1µ1α
1 −(λ1 + C1µ1)

]

, D̂1
1 =

[

0n1 0

0 λ1

]

, D̂1
2 = D̂1

3 = 0.

The size of the (square) diagonal blocks is indicated explicitly to prevent confusion. No-

tice, the vector ω1 is not included explicitly in the definition of D̂1
0 since in this case

the ON period is described by one state which is selected with probability one when a

new ON period starts. At station two the arrival process is built by superposing the

newly-generated and the overflow jobs, as shown in Equation (3.3). After reducing the

OFF period in this station, the matrices that characterize the overflow from station two

to station three are

D̂2
0 =













A2 a2ω2

C2µ2eα
2

A1 − (λ2 + C2µ2)I a1

C1µ1α
1 −

2
∑

j=1

(λj + Cjµj)













,

D̂2
1 =







0n2 0

0
0n1 0

0 λ1






, D̂2

2 =







0n2 0

0
λ2In1 0

0 λ2






, D̂2

3 = 0.

Finally, the reduction of the OFF period representation is applied to station three, which

results in an overflow process described by an MMAP[3] of size n3 + n2 + n1 + 1 with

matrices

D̂3
0 =













A3 a3ω3

C3µ3eα
3

A2 − (λ3 + C3µ3)I a2ω2

C2µ2eα
2

A1 −
∑3

j=2(λj + Cjµj)I a1

C1µ1α
1 −

∑3
j=1(λj + Cjµj)













,

D̂3
1 =











0n3 0

0

0n2 0

0
0n1 0

0 λ1











, D̂3
2 =











0n3 0

0

0n2 0

0
λ2In1 0

0 λ2











, D̂3
3 =











0n3 0

0

λ3In2 0

0
λ3In1 0

0 λ3











.
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The matrix D̂3
0 shows how the process can move from an OFF state to any of the ON

states, even those where jobs of all types are generated. It also reveals how the service

rate Ciµi determines the transition rates from the states where station i is in an ON

period to those where it enters an OFF period. It is clear that the last state is the only

one where jobs of every type are generated, including those coming from the first station,

which must be dropped. Also, the last n1 + 1 states describe the ON period of station

two, where packets of type two are generated. This fact suggests that the overflow process

may be reduced by combining the last n1 + 1 states into one single state describing the

ON period of station two.

In general, after analyzing all the stations once, the overflow process at station N

still includes packets of type one. Since the relevant streams for this overflow process are

those of type {2, . . . , N}, the process could be reduced to have
∑N

k=2 nk +1 states, where

the last n2 + 1 states describe the OFF and ON periods of station two. Specifically, to

reduce the representation of the overflow process and to eliminate the type-1 jobs, we

consider lumping the last n1 + 1 states. From [24], a CTMC is strongly lumpable with

respect to some partition if, for every pair of sets A and B in the partition, the sum of

the transition rates from a state in A to the states in B is the same for every state in A.

In fact, if we define the set A1 containing the last n1 + 1 states of the process, and the

partition E = {1, 2, . . . ,
∑N

k=2 nk,A1}, then the underlying chain of the overflow process

is strongly lumpable with respect to E . This can be easily seen in the construction of

the overflow process. The transitions from and to the set A1 are contained only in the

matrix D̂0, as can be seen from Equation (3.8). Since only the last n1 + 1 states are

lumped, the required condition for strong lumpability is automatically met for all the

single-state sets in the partition. To see that the transition rates from any state s ∈ A1

to any state t /∈ A1 are the same for every element in A1, define Ai as the set of states

{
∑N

k=i+1 nk +1, . . . ,
∑N

k=i nk}, i.e., the set of states describing the OFF period of station

i, for 2 ≤ i ≤ N . Then the transitions from A1 to Ai occur with rates Ciµieα
i, for

2 ≤ i ≤ N , which do not depend on the specific state in A1. Thus, it is clear that the

transition rate from any state s ∈ A1 to t /∈ A1 is the same for all s ∈ A1. Clearly, this

argument applies when the reduced representation of the OFF period is a PH distribution,

as in this case the underlying process is a CTMC. When the reduced representation is

an ME distribution this result no longer applies and we are not aware of a similar result

involving this more general process. However, we apply the same reduction of the ON

period, lumping the last n1 +1 states of the process, to eliminate the type-1 jobs from the

overflow process at station N . This implies an additional approximation, but the results

in Section 3.4 show that matching more moments, using ME distributions, improve the

performance of the ON-OFF approximation.

Lumping the state space of the underlying CTMC (or the more general process based

on ME distributions) of the overflow process is the key step to reduce the representation

of the ON period and to determine the matrices {D̄N
0 , D̄N

1 , . . . , D̄N
N} from the matrices

{D̂N
0 , D̂N

1 , . . . , D̂N
N}. Let D̂N

0 (Aj ,Ak) be the transition rates from the set Aj to the set

Ak without arrivals. Also, let A′
1 be the unitary set containing the last state of the

overflow process created by lumping the states in A1. Then, the sub-generator matrix of
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the overflow process at station N , partitioned according to {AN , . . . ,A2,A
′
1}, is given by

D̄N
0 =























D̂N
0 (AN ,AN ) D̂N

0 (AN ,AN−1) · · · D̂N
0 (AN ,A2) D̂N

0 (AN ,A1)e

D̂N
0 (AN−1,AN ) D̂N

0 (AN−1,AN−1) · · · D̂N
0 (AN−1,A2) D̂N

0 (AN−1,A1)e
...

...
. . .

...
...

D̂N
0 (A2,AN ) D̂N

0 (A2,AN−1) · · · D̂N
0 (A2,A2) D̂N

0 (A2,A1)e

CNµNαN CN−1µN−1α
N−1 · · · C2µ2α

2 −
∑N

k=2 (Ciµi + λi)























.

We now partition the state space into two sets, one including the first
∑N

k=2 nk states and

the other being A′
1. With this partition, the matrices {D̄N

1 , . . . , D̄N
N} can be expressed as

D̄N
1 = 0, D̄N

j =

[

• 0

0 λi

]

, j = 2, . . . , N,

where • denotes the transitions in D̂N
j from {AN , . . . ,A2} to itself. This step concludes

the reduction of the overflow representation related to the ON period. Furthermore, this

reduction must be repeated at each station from the second iteration onwards, since for the

first iteration the reduction is only related to the OFF period. Thus, the representation

during any future iteration of the overflow process that arrives at station i is of order
∑N

k=1,k 6=i nk +1. Given that it is usually possible to match the first three moments of the

OFF periods in each station with a PH distribution of order 2, the size of the overflow

process representation is 2N − 1, which increases linearly with the number of stations. In

contrast to the approximation proposed in Section 3.2, the ON-OFF method is not able

to efficiently include more general arrival processes at the stations because the size of the

arrival process representation at each station would increase exponentially.

3.4 Performance Results and Comparisons

In this section we evaluate the performance of the approximations introduced in this

chapter by comparing their results against those obtained by simulation, for different

values of the network parameters. We consider different values for the overall load, the

number of stations in the network, the number of servers per station and the squared

coefficient of variation (SCV) of the arrival process at each station. The results of the

approximations presented in Section 3.2 are labeled depending on the specific representa-

tion of the inter-overflow time process, which can be a PH or ME distribution, a RAP or

a marked RAP (MRAP). In each case the number of moments of the inter-overflow time

distribution that are matched is made explicit, e.g., ME(n) refers to an approximation

based on an ME representation matching n moments. The results of the approximation

introduced in Section 3.3 are labeled ON-OFF(n) when n moments of the OFF period

length distribution are matched.

The main performance measures are the number of newly-generated jobs processed

locally per unit of time (local rate), and the total traffic rate transmitted from one station

to another (link traffic). These measures have been chosen as they are of particular
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relevance when dimensioning the optical grid resources [35,38]. Since these measures may

be different for each station in the network, we present the maximum relative error found

when comparing them against the simulation results. Let rM
i (resp. rS

i ) be the local rate

for station i computed with the approximation method M (resp. the local rate estimated

via simulation). Then, the index of the station with maximum absolute relative error on

local rate for the method M is jM = arg maxi{|r
M
i −rS

i |/rS
i }. The maximum relative error

is thus given by (rM
jM
− rS

jM
)/rS

jM
. A similar definition applies for the maximum relative

error on link traffic. Apart from the maximum relative error, for one scenario we also

include a figure that displays the absolute error for each station. The widths of the 95%-

confidence intervals obtained from simulation (computed with the batch means method)

are always less than one percent of the respective mean. All the network configurations

considered here are assumed to have an overall load between 75% and 95%. The load at

each station is randomly chosen within the range [x− 5%, x + 5%], where x is the overall

load of the network. In prior studies the number of stations ranges from less than ten to

hundred, with typical values between twenty and fifty [31,35,36,38]. Also, typical values

for the number of servers per station are between twenty and fifty, although in some cases

it can be larger than one hundred. We consider networks with 10, 20, and 40 stations,

each having the same number of servers (20 or 40).

Load 0.75 0.80 0.85 0.90 0.95

# Servers 20 40 20 40 20 40 20 40 20 40

PH(3) 0.10 0.02 0.19 0.07 0.20 0.22 3.02 0.34 14.59 7.69

ME(5) 0.05 0.03 0.15 0.03 0.13 0.14 2.51 0.25 12.49 6.70

RAP(5) 0.03 0.03 0.09 0.03 0.19 0.09 2.91 0.22 12.15 7.21

MRAP(5) 0.03 0.03 0.09 0.03 0.19 0.09 2.83 0.22 11.34 7.04

ON-OFF(3) 0.11 0.02 0.29 0.08 0.45 0.29 1.64 0.67 9.66 5.01

Table 3.1: Maximum relative error (%) in local rate for N = 10 and C = {20, 40}

Load 0.75 0.80 0.85 0.90 0.95

# Servers 20 40 20 40 20 40 20 40 20 40

PH(3) -7.96 -3.74 -12.57 -7.30 -17.94 -13.76 -15.53 -25.39 10.62 -6.93

ME(5) -3.94 -0.96 -8.26 -3.26 -13.47 -8.80 -10.51 -19.64 12.63 -1.70

RAP(5) -3.06 -0.88 -6.87 -2.75 -11.23 -7.71 -6.29 -17.32 16.59 3.47

MRAP(5) -3.06 -0.88 -6.87 -2.75 -11.25 -7.71 -6.68 -17.33 13.44 2.79

ON-OFF(3) -5.17 -2.06 -9.58 -4.99 -14.91 -10.88 -13.24 -22.04 4.57 -6.60

Table 3.2: Maximum relative error (%) in link traffic for N = 10 and C = {20, 40}

We start with a network made of ten nodes with 20 and 40 servers per station. The

relative errors in the approximation of the local rate and link traffic are included in Tables

3.1 and 3.2, respectively. The approximate local rates are very close to those obtained with

simulation, particularly for loads up to 90%. When the load is higher the approximations
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that also match the joint moments of successive inter-overflow times perform significantly

better than those based on renewal processes. The ON-OFF method shows a competitive

performance, with similar results to those of the other methods for loads under 90%, but

better behavior for higher loads. Additionally, all the methods perform better when the

number of servers increases from 20 to 40, especially for high loads. In relation to the

link traffic (Table 3.2), the errors in the approximations are clearly larger than for the

local rate. Although for loads from 75% to 85% the errors grow with the load, this is no

longer the case if the load is further increased. Similarly, for the same range of loads, the

errors are smaller for the system with 40 servers per station than for the one with 20.

Again, this behavior does not hold for higher loads. For loads up to 85% the methods

provide a reasonable approximation, especially the ones based on the RAP and RAPK

representation of the overflow process.

Load 0.75 0.80 0.85 0.90 0.95

# Stations 20 40 20 40 20 40 20 40 20 40

3 0.06 0.06 0.07 0.11 0.18 0.19 0.74 0.66 2.40 1.02

ME 5 0.05 0.05 0.04 0.06 0.11 0.12 0.64 0.56 1.68 1.63

7 0.05 0.05 0.05 0.07 0.15 0.16 0.77 0.70 1.19 2.12

3 0.06 0.06 0.06 0.10 0.16 0.17 0.63 0.56 2.97 0.40

(M)RAP 5 0.05 0.05 0.04 0.05 0.06 0.08 0.43 0.35 2.47 0.73

7 0.05 0.05 0.04 0.05 0.10 0.11 0.56 0.49 1.86 1.32

3 0.06 0.06 0.09 0.11 0.25 0.25 1.05 0.98 0.46 2.84

ON-OFF 5 0.05 0.04 0.06 0.08 0.19 0.19 0.94 0.87 0.47 2.82

7 0.05 0.04 0.06 0.08 0.19 0.20 0.95 0.87 0.43 2.86

Table 3.3: Maximum relative error (%) in local rate for N = {20, 40} and C = 40

We now turn to the analysis of larger systems that consist of 20 and 40 stations, each

with 40 servers. The approximation errors for the local rate are included in Table 3.3,

while those for the link traffic are in Table 3.4. In this case we provide the results for

an increasing number of matched moments of the distribution of both the inter-overflow

time and the OFF period length. The results labeled (M)RAP correspond to both RAP

and MRAP representations since both have very similar results. This similarity was also

apparent in Tables 3.1 and 3.2, as well as in many other scenarios not presented here. The

approximation of the local rate is again very close to the estimates obtained by simulation,

with improved results when compared to the smaller network. In general, the error in

approximating the local rate diminishes with the inclusion of higher moments, with the

exception of high loads for the system with 40 stations. On the other hand, the errors in

the link traffic approximation decrease consistently when matching more moments. This

effect is more evident for the methods based on the inter-overflow time process (ME,

RAP, MRAP) than for the ON-OFF method. For all the methods, the accuracy of the

approximations improves drastically when matching five instead of three moments, and

the results are even better when matching up to seven moments, although the difference

is not as large as in the first case. It is important to note that the approximation methods
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fail to include more than seven moments because the algorithm in [115] returns a kernel

matrix that corresponds to a negative density. In many other cases we obtained a similar

result when trying to include nine or more moments.

Load 0.75 0.80 0.85 0.90 0.95

# Stations 20 40 20 40 20 40 20 40 20 40

3 -5.64 -6.03 -9.38 -9.80 -12.24 -12.30 -24.44 -21.91 -30.35 -37.76

ME 5 -2.07 -2.57 -4.48 -4.92 -7.18 -7.24 -18.73 -16.01 -25.58 -33.50

7 -1.62 -2.12 -3.83 -4.28 -6.46 -6.53 -17.83 -15.08 -24.67 -32.69

3 -5.55 -5.92 -9.10 -9.53 -11.82 -11.88 -23.56 -21.00 -28.70 -36.29

(M)RAP 5 -1.86 -2.29 -3.79 -4.24 -6.09 -6.15 -16.41 -13.61 -21.28 -29.66

7 -1.37 -1.78 -2.98 -3.43 -5.10 -5.16 -14.93 -12.08 -19.29 -27.87

3 -3.59 -4.06 -6.54 -6.97 -9.30 -9.36 -21.04 -18.39 -27.30 -35.00

ON-OFF 5 -1.74 -2.26 -4.11 -4.55 -6.88 -6.94 -18.58 -15.85 -25.69 -33.55

7 -1.57 -2.10 -3.87 -4.32 -6.62 -6.68 -18.27 -15.53 -25.43 -33.30

Table 3.4: Maximum relative error (%) in link traffic for N = {20, 40} and C = 40

When comparing the ON-OFF approach with the inter-overflow time method it is clear

that neither of them outperforms the other. In particular, when the overall load is equal

to 95% the ON-OFF method has a better performance in approximating the local rate

for the scenario with 20 stations while it is worse for the one with 40 stations. For lower

loads, both methods show a similar performance, with a slightly smaller error for the ME

and (M)RAP methods. However, the link traffic results show a different behavior. As this

measure includes a mixture of all the traffic in the network, the errors accumulate causing

larger discrepancies between the approximate methods and the simulation results. These

discrepancies tend to increase with the size and the overall load of the network, as each

link carries more types of jobs when any of these parameters increases. In particular, the

ON-OFF method shows a better performance (in estimating link traffic) than the other

methods when matching three moments of the corresponding inter-event time distribution.

When five moments are matched the (M)RAP method performs better than the ON-OFF,

which now has similar errors than the ME approach. Finally, all the methods based on

the inter-overflow time process perform better than the ON-OFF approach when seven

moments are matched. This reveals that the inclusion of higher moments has a greater

effect on the methods based on the inter-overflow time process, and this effect is more

apparent for the non-renewal representations.

In addition to the maximum relative error, we now introduce Figure 3.1 to illustrate

the absolute relative errors for all the stations in the network. Figure 3.1(a) displays

the absolute relative error in local rate, while Figure 3.1(b) shows the absolute relative

error in link traffic. Each point in the figures corresponds to one station or one link, for

the network with 20 stations and 40 servers per stations. For the local rate, we observe

that the errors are very similar, with little variation among the stations. Therefore, the

maximum relative error shown in the tables is also close to the average relative error. On

the other hand, we find that the error in estimating the link rate actually decreases when
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the link rate increases. For instance, the largest error for the SEQ3 method is above 12%

and corresponds to the link carrying the least amount of traffic. On the other end is the

link with the highest traffic rate (above 0.47 jobs per time unit), for which the relative

error is close to 5%. This example illustrates a behavior that can be found in all the other

scenarios we have considered. This behavior is actually relevant for the applicability of

the method since it shows that the errors in approximating the link traffic are smaller for

the links that carry more traffic, for which a larger investment must be made to provide

the necessary bandwidth.
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Figure 3.1: Absolute errors for each station, N = 20, C = 40

In relation to the computation times, the inter-overflow time method has a clear

advantage since the size of the approximate representation of the overflow process is

independent of the number of stations. In the ON-OFF method this size grows linearly

with the number of stations, which generates a proportional increase in the block size

of the QBD that must be solved at each station. The relevance of the block size for

the computation times comes from the fact that the time complexity of the algorithms

to compute the stationary distribution and the moments of the distribution of the first-

passage times to higher levels of the QBD is cubic in the block size. For the inter-overflow

time method, the computation times were always below one minute in all the scenarios

considered here. In the scenarios with up to 20 stations, the ON-OFF method required

seven minutes in the worst case. However, this only occurred when 7 moments of the

OFF-period length distribution were matched, under an overall load of 95%. When only

three moments are matched, the computation times were always below one minute. For

the scenarios with 40 stations, the ON-OFF method required up to six minutes when

matching 3 moments. If more moments are matched the computation times become too

long for practical purposes. If the number of nodes in the network is large it is better to

use the inter-overflow time methods, since this number does not affect the computation

times for this method. Notice that the load also affects the computation times as more

iterations are required for the traffic matrix to converge when the load is higher. For the

scenarios shown here, usually less than five iterations were enough when the load was less

than 80%, but this figure was between 20 and 30 when the load was 95%.

For the results considered thus far, the arrival process of newly-generated jobs at

each station is assumed to be Poisson. Even though this is a usual assumption in prior



3.4 Performance Results and Comparisons 79

Load 0.75 0.80 0.85 0.90 0.95

SCV 5 20 5 20 5 20 5 20 5 20

3 0.14 0.76 0.40 1.09 0.33 1.25 1.59 4.63 10.73 15.22

ME 5 0.09 0.34 0.17 0.62 0.33 0.37 0.66 3.28 9.27 13.25

7 0.14 0.59 0.28 1.11 0.59 1.21 0.59 0.94 8.24 -

3 0.16 0.80 0.42 1.17 0.42 1.39 1.82 4.90 11.42 15.77

(M)RAP 5 0.08 0.39 0.20 0.49 0.17 0.66 0.98 3.87 10.21 14.51

7 0.11 0.51 0.22 0.94 0.47 0.91 0.28 1.71 9.00 8.90

Table 3.5: Maximum relative error (%) in local rate for N = 20, C = 40, SCV = {5, 20}

Load 0.75 0.80 0.85 0.90 0.95

SCV 5 20 5 20 5 20 5 20 5 20

3 -9.77 -20.91 -15.51 -29.90 -23.16 -38.03 -34.36 -42.86 -26.85 -34.42

ME 5 -5.79 -17.38 -10.46 -25.72 -17.87 -33.11 -28.87 -36.71 -20.77 -26.19

7 -5.08 -16.16 -9.48 -24.32 -16.77 -31.53 -27.59 -34.48 -19.21 -

3 -9.59 -20.69 -15.17 -29.61 -22.67 -37.67 -33.61 -42.41 -25.51 -32.62

(M)RAP 5 -5.28 -16.49 -9.48 -24.54 -16.49 -31.62 -26.71 -34.63 -16.74 -21.86

7 -4.39 -14.84 -8.17 -22.54 -14.88 -29.23 -24.60 -31.25 -13.59 -16.20

Table 3.6: Maximum relative error (%) in link traffic for N = 20, C = 40, SCV = {5, 20}

studies on optical grid networks, more general processes can also be considered in order

to capture the high variability of the arrival process [31]. As mentioned in Section 3.1,

the method based on the inter-overflow time distribution can be extended to allow for

more general arrival processes without experiencing an exponential increase in the size

of the overflow process representation. To consider the case of high variability in the

arrival process, we assume that each station receives newly-generated jobs coming from

a hyper-exponential renewal process with different arrival rates at each station, but the

same SCV. Specifically, the cases where the SCV is equal to 5 and 20 are analyzed for a

network with 20 stations and 40 servers per station. The approximation errors in local

rate and traffic link are included in Tables 3.5 and 3.6, respectively. Again, the RAP

and MRAP representations are presented together as their results are very similar. The

first clear result is that the increase in the SCV causes larger errors in the approximation

of both the local rate and the link traffic. Not only are the errors for SCV equal to 20

larger than those for SCV equal to 5, but in both cases the approximation is worse than

under Poisson arrivals (Tables 3.3 and 3.4). With respect to the local rate, the effect

of matching higher moments becomes more evident for larger SCV. The approximations

offer small errors for loads up to 90%, and for higher loads these are still below 10%

(when matching seven moments of the inter-overflow time distribution). The results for

the ME(7) approximation with an SCV equal to 20 are not included because the density

function obtained with the algorithm in [115] was negative. For the link traffic, the
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effect of matching higher moments is evident, with a stronger effect for the non-renewal

approximations (RAP, MRAP). The errors tend to increase with the load, except for a

load of 95%.
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Figure 3.2: Maximum relative errors in local rate and link traffic as a function of the spill

probability

From the instances analyzed here, and others not included, we have found that a

larger SCV of the arrival process and higher overall load deteriorate the performance

of the approximation methods. The number of servers has an opposite effect, i.e., the

approximation errors are smaller when the number of servers is larger. These observa-

tions are related to the impact that these parameters have on the spill probability (the

probability that a job has to be sent to a remote station for service). Clearly, both the

arrival process SCV and the load increase the spill probability, while, under the same

load, a larger number of servers reduces the spill probability as more jobs can be handled

locally. Figure 3.2 shows the errors in local rate and link traffic as a function of the

spill probability for two specific methods: ON-OFF(3) and RAP(7). There we observe

that the approximations behave better when the spill probability is small, typically under

0.3. For a larger spill probability the approximation errors become more pronounced,

especially for the link traffic. Besides, in most of the cases the approximation methods

underestimate the actual link traffic. Thus, the results of these methods can be regarded

as a practical lower bound of the actual link traffic.



Chapter 4

A Grid network with a large

number of sites

In this chapter we introduce an analytical framework to compute the traffic matrix in

a grid network with a large number of sites. As mentioned in the introduction to this

Part, one of the greatest obstacles when modeling a Grid is the need to keep track of the

state of all the sites, the number of which may be between some tens and a few hundreds.

Therefore the methods used to analyze these networks (e.g. to compute the traffic matrix)

must be able to overcome this limitation. In the previous chapter we presented a method

to approximate the traffic matrix by exploiting a particular topology. In this chapter we

take a different path by introducing a mean field model that is exact when the number of

sites in the network tends to infinity. This model can therefore be used to approximate

the performance of a network with a large but finite number of sites. We will show that

this method is practical for a realistic grid dimensioning case and closely matches the

results obtained with (time consuming) simulations.

Our mean field model is defined within the framework introduced in [79], where a

general convergence result is obtained for a system of interacting objects. The idea of the

mean field framework in [79] is that the behavior of a system made of N objects converges

toward (and therefore can be approximated by) a deterministic dynamical system when

N tends to infinity. The description of the deterministic system requires a state space

with the same size as that of a single object in the system, meaning that the deterministic

system lacks the dimensionality issues of modeling a system made of many objects. A

basic description of the framework can be found in Appendix A.3 and for a detailed

treatment we refer the reader to [79].

In our model the sites of the network are the objects that interact to redistribute the

jobs that cannot be processed locally. The model is in discrete time, i.e., the time is

divided in slots or epochs of fixed duration. The sites in the grid are characterized by the

number of local servers they have, their arrival process and the job processing rate. These

characteristics are used to segregate the sites in classes. When a job arrives to a site, it is

served locally if there is a server available. If all the local servers are busy the job is sent to

another site which is selected according to a scheduling algorithm, for which we consider

81
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two alternatives: random and mostfree. In both cases, the scheduling is made without

considering the topology of the network, as this aspect is not taken into account by the

model. As discussed in Appendix A.3, in the mean field framework the state transitions

of a single object (site) cannot depend on the state of another specific object, but on

the fraction of objects in each possible state only. This limits the analysis of scheduling

algorithms to those that do not take into account the topology of the network. For

this type of algorithms the model to be introduced allows the computation of the traffic

matrix, which can then be used to dimension the inter-site links. Moreover, we show

that the mean field model can be used to speed up the dimensioning cycle by avoiding

simulations.

This chapter is organized as follows. In Section 4.1 we start by pointing out the main

characteristics and assumptions of the grid network model. Then, Section 4.2 introduces

the mean field model assuming that all the sites in the network are identical, i.e., the

single-class grid. This is followed by Section 4.3, where we generalize the model to allow

for multiple classes of sites, which is the more realistic case. Here we also show how

to compute the traffic matrix, which is the main objective of the model. Finally, in

Section 4.4 we compare the performance of the two scheduling algorithms considered and

investigate the effect of the load and the number of servers on the network’s performance.

We end the chapter by analyzing a realistic scenario and showing that the results of

the mean field model match very well with those obtained by means of simulation. The

material presented in this chapter is the result of joint work with the INTEC research

group at Ghent University.

4.1 The Grid network model

We consider a grid network consisting of N sites, partitioned into K classes, assuming all

sites belonging to the same class have the same characteristics:

1. a class-k site has C(k) identical servers,

2. the inter-arrival times (IATs) of the jobs originating at a class-k site are independent

and identically distributed (i.i.d.) and follow a discrete phase-type (DPH) distribu-

tion with parameters (α(k), T (k)) (see Appendix A.1 for a description of this class

of distributions),

3. processing a job at a class-k site takes a geometric amount of time with mean 1/p(k).

This class partitioning may seem to limit the applicability of the mean field solution

discussed below. However, as we will illustrate in Section 4.4 for a realistic scenario,

clustering techniques can be used to achieve such partitioning into a limited number of

classes.

The model is a discrete-time model where at each time epoch three sequences of events

occur:

S1. Service completions: each class-k busy server becomes idle with probability p(k).
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S2. Arrivals: at each site either 0 or 1 job arrives with a probability depending on the

underlying phase of the arrival process at that particular site (the model can easily

be extended to batch arrivals). If a job arrives at a site with at least one local server

available after step S1, the job is processed locally. Otherwise, the job becomes part

of the pool of excess jobs.

S3. Excess redistribution: all the excess jobs generated in step S2 are distributed among

the servers that remained idle after step S2.

To redistribute j excess jobs among s idle servers in step S3, we consider two redistribution

schemes: mostfree and random. Clearly, if j > s, all servers become occupied and we

drop j − s jobs. For j ≤ s, the mostfree strategy will assign the j jobs one by one, each

time selecting the site with the highest number of free servers (at the time of assignment).

The random strategy simply selects the j servers at random among the s available ones,

without considering the occupancy level of the site to which a server belongs.

The mean field analysis presented below computes exact results for the limiting system

behavior when the number of sites per class goes to infinity. However, the number of sites

per class does not have to be identical: if the number of class-k sites is defined as γkN

(where
∑

k γk = 1), then the limiting behavior corresponds to letting N approach infinity.

Our case study will show that for practical site counts (some tens to a few hundreds), the

limit behavior matches quite well with simulations for a finite number of sites.

4.2 A mean field solution for the single class Grid net-

work

We first consider a Markovian model for the single class Grid network (K = 1); as such we

can temporarily drop the superscript (k). For example, if the Grid dimensioning equally

distributes server capacity over the chosen server locations, all these locations are identical

in terms of server/processing capacity, each site having C servers. If we also assume all

server locations have the same job arrival process, this amounts to a single class grid

network.

The idea of the Markovian model is to associate (C + 2)h states with each site. State

〈i, j〉, with 0 ≤ i ≤ C + 1 and 1 ≤ j ≤ h, indicates that i jobs are present at the site

after step S2, while the arrival process is in phase j. Given that we have N sites, we get

a total of hN(C + 2)N states, which clearly can become huge. However, the mean field

computation will be restricted to matrices of size (C + 2)h and therefore turns out to be

very effective (for details see Appendix A.3). The core of the model is the state transition

matrix for a single object, and we now turn to its definition. To build this matrix we

start by defining the transition matrices associated to each of the three steps in a slot

described in the previous section. This is the topic of the next sections, after which we

will combine these matrices into a single one to describe the slotted evolution of a single

object.
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4.2.1 Step S1, service completions

Given that i of the C servers in a site are busy, i′ of them will become available with

probability si,i−i′ =
(

i
i′

)

pi′(1 − p)i−i′ , for 0 ≤ i′ ≤ i and 0 ≤ i ≤ C. Therefore, the state

of a single site evolves in this step according to the (C +1)h× (C +1)h triangular matrix

S, given by

S =













s0,0 0 . . . 0

s1,0 s1,1
. . .

...
...

. . .
. . . 0

sC,0 . . . sC,C−1 sC,C













⊗ Ih,

where Ih is the identity matrix of size h (reflecting the fact that the phase of the arrival

process is not influenced by the service completions) and ⊗ denotes the Kronecker product

between matrices.

4.2.2 Step S2, job arrivals

Given that the PH arrival process (see Appendix A.1) is in state j, it will generate an

arrival and go to state j′ with probability [θα]j,j′ , while with probability [T ]j,j′ a similar

transition occurs without involving an arrival. This means that the evolution of a site in

this step can be described by the (C + 1)h× (C + 2)h matrix A, defined as

A =













T θα 0 . . . 0

0 T θα
. . .

...
...

. . .
. . .

. . . 0

0 . . . 0 T θα













.

4.2.3 Step S3, excess redistribution

The transitions for a single site described in the previous steps depend only on the state

of the site itself. However, in the redistribution step the state of a site is affected by the

state of all the other sites in the network. Therefore, the state transitions at time t due

to the redistribution of the excess jobs is influenced by the occupancy vector MN (t) =

1/N [a0(t), a1(t), . . . , aC(t), aC+1(t)], where

• ai(t), for i = 0, . . . , C, is the number of sites with i busy servers after step S2 that

do not have an excess job, while

• aC+1(t) indicates the number of sites with an excess job (i.e., the total number of

excess jobs at time t). Clearly, these sites have all their C servers occupied.

Thus, the i-th entry MN
i (t) of the vector MN(t) equals the fraction of sites holding i jobs

(including excess jobs) after step S2. As stated in Section 4.1, we consider two different

scheduling algorithms to redistribute the excess job. As the algorithm affects the state

transitions, we consider them separately, starting with the mostfree algorithm.
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Mostfree scheduling

Let qi,i′(M
N (t)) be the probability that a site receives i′ − i ≥ 0 excess jobs, given that

it held i ≤ C jobs after step S2. The mostfree strategy works as follows:

• the first a0(t) excess jobs will be assigned to the sites with all their servers available,

• the next a0(t) + a1(t) excess jobs are forwarded to the sites that had either 0 or

1 busy servers (after this step all the sites with 0 busy servers received two excess

jobs, while those with 1 busy server received 1 excess job),

• this continues until all aC+1(t) jobs have been distributed among the free servers or

until all servers are busy.

For ease of notation define bi(t) =
∑i

k=0 ak(t) as the number of sites with at most

i busy servers after step S2. Provided that we have enough free servers to support the

excess jobs, we can find an integer c, with 0 ≤ c < C, such that

c−1
∑

k=0

bk(t) < aC+1(t) ≤

c
∑

k=0

bk(t), (4.1)

which we denote as c(MN(t)) (for aC+1(t) = 0, we set c = 0). In other words, all sites

with i ≤ c(MN (t)) busy servers after step S2 (bc(MN (t))(t) in total) will end up with at

least c(MN (t)) jobs and some of them with c(MN (t))+1 jobs, after step S3. The fraction

of these sites that end up with c(MN (t)) jobs equals

βc(MN (t)) =

∑c(MN (t))
k=0 bk(t)− aC+1(t)

bc(MN (t))(t)
. (4.2)

Thus, a site with i busy servers receives i′ − i ≥ 0 jobs with probability βc(MN (t)) if

i′ = c(MN (t)), and with probability 1− βc(MN (t)) if i′ = c(MN (t)) + 1. If the number of

free servers
∑C−1

k=0 bk(t) is insufficient to support the aC+1(t) jobs, we let c(MN (t)) equal

to C. In this case all the servers become occupied. This yields,

qi,i′(M
N (t)) =















1− βc(MN (t)), i < i′ = c(MN (t)) + 1 ≤ C,

βc(MN (t)), i ≤ i′ = c(MN (t)) < C,

1, i = i′ > c(MN (t))

1, i′ = C = c(MN (t)),

for 0 ≤ i, i′ ≤ C. The third case indicates that no jobs are received when the site has

i > c(MN (t)) busy servers.

Now we are able to write down the (C + 2)h × (C + 1)h transition matrix Q(·) that

describes the evolution of a single site during the reallocation step, under the mostfree

strategy. It is given by

Q(MN (t)) =



















q0,0(M
N (t)) q0,1(M

N (t)) . . . q0,C(MN(t))

0 q1,1(M
N (t)) . . . q1,C(MN(t))

...
. . .

. . .
...

...
. . . 0 qC,C(MN (t))

0 . . . 0 1



















⊗ Ih, (4.3)
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where the 1 in the lower right corner indicates that a site with C+1 jobs after step S2 will

end up with C jobs after step S3 (either due to a redistributed or a dropped job). Notice

that the entries of this matrix are independent of N , as can be confirmed by taking the

definition of βc(MN (t)) and dividing the numerator and the denominator by N .

Random scheduling

We now consider the random redistribution strategy for the excess jobs, and define Q̄N(·)

analogously to mostfree’s Q(·). In this case however the matrix Q̄N (·) depends on N (see

below) and this is made explicit. To define the evolution of a single site assume that a

site s has i busy servers. In total there are f(MN (t)) =
∑C

k=1 aC−k(t)k servers to choose

from and C − i of them belong to site s. Therefore the probability that 0 ≤ i′ ≤ C − i

excess jobs are assigned to site s, equals

q̄N
i,i+i′ (M

N (t)) =

(

C − i

i′

)(

f(MN (t))− (C − i)

aC+1(t)− i′

)

(

f(MN(t))

aC+1(t)

) , (4.4)

provided that f(MN(t)) ≥ aC+1(t). Otherwise we have that q̄N
i,C(MN (t)) = 1, for all i.

4.2.4 Computation of MN (t) for large N

To obtain a useful DTMC description of the system, we will observe it at each time epoch

immediately after step S2 and before step S3. Given the state 〈i, j〉 of site s at time t

(with i the number of jobs and j the service phase), we can obtain its system state at

time t + 1, which depends on the value of MN (t), via the transition matrix RN(MN (t))

defined as

RN (MN(t)) = Q(MN(t))SA,

for the mostfree strategy. For the random strategy, we simply replace Q(·) by Q̄N(·)

to obtain R̄N (·). Since the state evolution of different sites is correlated, the transition

matrix of the entire system is hard to express. Luckily, with the mean field framework

introduced in [79] (described in Appendix A.3) we can obtain a simple transition matrix

for the entire system when it is composed of an infinite number of sites. Therefore we

now consider the framework of [79] and discuss how it can be applied for our grid network

model.

The main result in [79] states that as the number of objects becomes large, the oc-

cupancy measure of the system MN (t) converges to a deterministic dynamical system

(the mean field), whose transition matrix has the same dimension as that of a single

object. The state of the mean field at time t is described by the occupancy vector µ(t),

which can then be used to approximate the state of a system with a large but finite

number of objects. The convergence result is proved to hold if, for any occupancy vector,

there exists a matrix R(m), such that for each entry [RN (m)]s,s′ , the set of functions

{[RN (m)]s,s′ , N ≥ 1} converges uniformly to [R(m)]s,s′ on the set of all possible occu-

pancy vectors m. For the mostfree model this convergence is immediate as the RN(m)
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matrices are independent of N . As stated before, this can be seen by simply dividing all

the ak(t) and bk(t) appearing in Q(·) by N . In fact, this was already made explicit when

the matrix Q(·) was defined as being independent of N . On the other hand, for the ran-

dom strategy the matrix Q̄N(·), and therefore R̄N(·), depends on N . For any 1× (C +2)

occupancy vector m = [m0, m1, . . . , mC , mC+1], let us to define f(m) =
∑C

j=1 jmC−j.

Then, if mC+1 ≤ f(m), let q̄i,i+i′ (m) be given by

q̄i,i+i′ (m) =

(

C − i

i′

)(

mC+1

f(m)

)i′ (

1−
mC+1

f(m)

)C−i−i′

. (4.5)

Otherwise, let q̄i,C(m) = 1, for all i. Finally, define Q̄(m) analogously to Equation (4.3).

It is not hard to show that the set of functions {[R̄N(m)]s,s′ , N ≥ 1}, for any s, s′ converges

uniformly to [R̄(m)]s,s′ = [Q̄(m)SA]s,s′ on the set of all occupancy vectors m. The main

argument to show this is the convergence [108] of the hyper-geometric probabilities in

Equation (4.4) to the binomial probabilities in Equation (4.5).

As explained in Appendix A.3, the result in [79] also requires R(m) to be continuous

in m, which is clearly the case for both mostfree and random. A final condition is that

MN(0) converges uniformly to some µ(0) when N →∞. This can be achieved by starting

with an empty system, i.e., MN (0) = µ(0) = [α, 0, . . . , 0] for every N , where α is the initial

vector of the PH arrival process. Now we can define the 1×(C+2)h vectors µ(t) iteratively

as

µ(t + 1) = µ(t)R (µ(t) (IC+2 ⊗ eh)) ,

for t ≥ 0. Thus, due to [79, Theorem 4.1], for any t ≥ 0, almost surely,

lim
N→∞

MN(t) = µ(t) (IC+2 ⊗ eh) .

Therefore, to compute the mean field at time t it suffices to perform t matrix multi-

plications with matrices of size (C + 2)h only. As h = 2 often suffices to match up to

three moments of the IAT distribution (see Appendix A.1), (C + 2)h will be fairly small,

resulting in a fast computation of µ(t). Since our interest lies mainly in the steady state

behavior (if it exists), we will iteratively compute µ(t) until ||µ(t) − µ(t − 1)|| < ǫ, for

small ǫ. The computation time can be reduced by selecting a different initial vector µ(0),

that is closer to µ(t) for t large; e.g., while investigating excess traffic rates for various

system loads, we could use the steady state of the previous load as an initial vector for

the next case. Typical times to compute µ(t) for t large will be illustrated in Section 4.4.

With the model introduced in this section we are able to compute the vector µ(t) for

any t ≥ 0, which can be used to approximate MN (t) for N large. From this vector we can

calculate the traffic matrix (inter-site rates) of the grid network. Given the rate rkj of

excess jobs of a particular class-k site processed by any of the γjN class-j sites, the traffic

rate from a single class-k site to a single class-j site equals rkj/(γjN). For the single class

model, r11 is given by the last component of the occupancy measure MN (t), for t large

enough. Recall that MN
C+1(t) represents the proportion of the sites that hold an excess

job just prior to the redistribution step. As all the sites are identical, MN
C+1(t), for large

t, is also the percentage of time in which a site has an excess job, i.e., r11. This number

can therefore be approximated by µC+1(t) for N large, which can be efficiently computed.
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This concludes the analysis of the single class case, and the extension to multiple classes

is the topic of the next section.

4.3 Mean field solution for multi-class Grids

When the sites differ in the number of servers or the arrival process, the model is a multiple

class grid network. The single class grid network case can relatively easily be extended

to the multi-class setting, because the Markov chain associated with each object in [79]

is allowed to be reducible as explained below. The framework [79] applies to any system

consisting of N objects, with N large, that are each characterized by a transition matrix

RN (m), with m being the occupancy vector. This remains true if the state space of this

transition matrix can be partitioned into K classes such that RN (m) can be written as a

block diagonal matrix:

RN (m) =













RN
1 (m) 0 . . . 0

0 RN
2 (m)

. . .
...

...
. . .

. . . 0

0 . . . 0 RN
K(m)













.

Because no transitions are possible between states belonging to different classes, the state

of an object which belongs to class k at time t = 0 will always remain in that class. Hence,

we let RN
k (·) characterize the transitions of a class-k site and define MN (0) for every N ,

the system state at t = 0, such that γkN of the N sites start in a class-k state. Let

MN,(k)(t) =
1

γkN

[

a
(k)
0 (t), . . . , a

(k)
C (t), a

(k)
C+1(t)

]

be the occupancy measure of the class-k sites: a
(k)
i (t) represents the proportion of class-k

sites holding i jobs after step S2 (0 ≤ i ≤ C(k) + 1). Then the overall occupancy MN(t)

equals

MN(t) =
[

γ1M
N,(1)(t), . . . , γKMN,(K)(t)

]

.

The mean field occupancy vector µ(t), for t ≥ 0, is built analogously.

4.3.1 Computing Qk(m) and Q̄N
k (m)

To compute the mean field, we first need an expression for RN
k (m), the transition matrix

of the class-k sites, given that the overall occupancy measure is MN (t) = m. Since the

arrivals and service completions are not affected by the presence of multiple classes we still

have RN
k (m) = Qk(m)SkAk and R̄N

k (m) = Q̄N
k (m)SkAk. The Qk(·) and Q̄N

k (·) matrices

have the same form as in (4.3), except that the expressions for q
(k)
i,i′ (·) and q̄

(N,k)
i,i′ (·) require

some modifications as all the sites in the network influence a class-k site and not just the

other class-k sites. We consider these modifications in the following sections.
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Random scheduling

For the random strategy case one finds

q̄
(N,k)
i,i+i′ (M

N (t)) =

(

C(k) − i

i′

)(

f(MN(t)) − (C(k) − i)
∑K

k=1 a
(k)

C(k)+1
(t)− i′

)

(

f(MN(t))
∑K

k=1 a
(k)

C(k)+1
(t)

)
,

with f(MN(t)) =
∑K

k=1

∑C(k)

s=1 sa
(k)

C(k)−s
(t). The difference for the multi-class case is that

the available servers from all the site classes must be considered and the number of servers

in each site is a class-dependent attribute. Apart from that, the expression is very similar

to Equation (4.4).

Mostfree scheduling

To extend the mostfree strategy to the multi-class case we need a few definitions. Similar

to Step S3 in Section 4.2, we start by defining b
(k)
i (t) as the number of class-k sites with at

most i busy servers after step S2 at time t; then b
(k)

C(k)−i
(t) denotes the number of class-k

sites with at least i free servers. Let aT (t) =
∑K

k=1 a
(k)

C(k)+1
(t) denote the total number of

excess jobs after step S2. Finally, without loss of generality, label the K classes such that

C(1) ≥ C(2) ≥ . . . ≥ C(K).

Provided that there are enough free servers at time t to support the excess jobs, we

have aT (t) ≤
∑C(1)

i=1

∑K
k=1 b

(k)

C(k)−i
(t), where b

(k)
i = 0 for i < 0. Hence, for aT (t) > 0, there

exists a 0 < d ≤ C(1) such that

C(1)
∑

i=d+1

K
∑

k=1

b
(k)

C(k)−i
(t) < aT (t) ≤

C(1)
∑

i=d

K
∑

k=1

b
(k)

C(k)−i
(t),

which we denote as d(MN (t)) (for aT = 0 we set d = C(1)). If we let K = 1 (single

class), then c(MN(t)) as defined in (4.1) equals C(1)− d(MN (t)). The value of d(MN (t))

corresponds to the highest number of free servers found in any site after step S3. Thus,

any class-k site has at least C(k)− d(MN (t)) busy servers after step S3. Hence, sites that

had more than d(MN (t)) free servers after step S2, receive one or more excess jobs such

that exactly d(MN (t)) or d(MN (t))− 1 free servers remain. Similar to (4.2), the fraction

of these sites with d(MN (t)) free servers after S3 is

γd(MN (t)) =

∑C(1)

i=d(MN (t))

∑K
k=1 b

(k)

C(k)−i
(t)− aT (t)

∑K
k=1 b

(k)

C(k)−d(MN (t))
(t)

.

Notice, for the single-class case we have γd(MN (t)) = βc(MN (t)). If the number of free

servers
∑C(1)

i=1

∑K
k=1 b

(k)

C(k)−i
(t) is insufficient to support the aT (t) jobs, we let d(MN (t))

be equal to zero, meaning that all the servers become occupied. This yields, for the class-k
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sites, for k = 1, . . . , K

q
(k)
i,i′ (M

N (t)) =















1− γd(MN (t)), i < i′ = C(k) − d(MN (t)) + 1 ≤ C(k),

γd(MN (t)), i ≤ i′ = C(k) − d(MN (t)) < C(k),

1, i = i′ > C(k) − d(MN (t))

1, i′ = C(k) = C(k) − d(MN (t)),

for 0 ≤ i, i′ ≤ C(k). The third case indicates that no jobs are received when i > C(k) −

d(MN (t)).

4.3.2 Computing the mean field

Given an occupancy vector m, for the mostfree case RN
k (m) = Rk(m), for all N , whereas

for the random setting, the uniform limit R̄k(m) is obtained in exactly the same manner

as in the single class model (i.e., the hypergeometric probabilities converge to binomial

probabilities). Due to [79, Theorem 4.1], we are able to compute the mean field as follows:

µ(k)(t + 1) = µ(k)(t)R(k) (µ(t)) ,

for all k, where, as stated before, the vector µ(t) is defined as

µ(t) =
[

γ1µ
(1)(t)

(

IC(1)+2 ⊗ eh(1)

)

, . . . , γKµ(K)(t)
(

IC(K)+2 ⊗ eh(K)

)

]

.

We begin with an empty system and therefore µ(k)(0) = (α(k), 0, . . . , 0) , where the

tuple (α(k), T (k)) characterizes the PH arrival process of a class-k site. And the class-

k occupancy measure of a grid network with a large but finite number of sites can be

approximated by means of the mean field due to the convergence result

lim
N→∞

MN,(k)(t) = µ(k)(t)(IC(k)+2 ⊗ eh(k)).

4.3.3 Calculating the demand matrix D

In the previous sections, the mean field approach for the single class and multi-class

cases was explained, allowing to calculate a mean field approximation of the occupancy

measure MN(t). Recall that M
N,(k)
i (t) represents the proportion of class-k sites holding

i jobs after step S2 (0 ≤ i ≤ C(k) + 1). Thus, the proportion of class-k sites with excess

jobs equals M
N,(k)

C(k)+1
(t), for t large. As all class-k sites are identical, M

N,(k)

C(k)+1
(t) is also

the percentage of time in which a class-k site has an excess job. Therefore it equals the

excess rate of a class-k site. With λ(k) the mean job arrival rate at a class-k site, the rate

of excess jobs processed by a class-k site, denoted as λ
(k)
exc, is found as the rate at which

a class-k site completes jobs minus the rate of completed jobs that originated in this site;

hence, for t large,

λ(k)
exc = µ(k)(t)Q(k)(M (k)(t))









0
p(k)

2p(k)

...
C(k)p(k)









⊗ eh(k) − (λ(k) −M
(k)

C(k)+1
(t)).
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As the probability that an excess job receives service in a class-j site is independent of

its type under the mostfree and random strategy, the rate rk,j of excess jobs of a class-k

site served by any class-j site can be computed as

rk,j = M
(k)

C(k)+1
(t)

λ
(j)
exc

∑K
s=1 λ

(s)
exc

= λ(j)
exc

M
(k)

C(k)+1
(t)

∑K
s=1 M

(s)

C(s)+1
(t)

,

for t large. From these inter-class rates, the demand matrix D can be easily calculated:

the rate from a site s of class k to a site d of class j is Ds,d = rk,j/(γjN), where γjN is

the number of class-j sites.

4.4 Numerical results

In this section we first consider two simple Grids in order to analyze the effect of the

scheduling algorithm on the performance of the Grid, in terms of the spill rates (recall

that the spill rate rk,j is the rate at which excess jobs of a class-k site are sent to any

class-j site). Next, we test the mean field model by considering a realistic European

network scenario.

4.4.1 The effect of the scheduling algorithm

We first consider a Grid consisting of many sites partitioned in two classes. All the sites

have 20 servers and the same arrival process, a Bernoulli process with mean IAT equal to

30 seconds. Class-2 sites represent only 1% of the total number of sites and their load,

given by ρ(2) = λ(2)

µ(2)·C(2) , is equal to 0.95, i.e., they are heavily loaded. The remaining 99%

of the sites are of class 1 and a load between 0.1 and 0.95 will be considered. When their

load is equal to 0.95, all the sites in the Grid are identical. Figure 4.1 shows the total

spill rate at class-2 sites, and the rate at which these spilled jobs are sent and processed

at class-1 and class-2 sites. We observe that when the load of the class-1 sites is low, the

mostfree algorithm allocates almost every excess job from a class-2 site to a class-1 site.

This is the case for loads up to 0.7 in this scenario. On the other hand, the random policy

assigns a significant fraction of excess jobs to the heavily-loaded class-2 sites. Although

this has little influence on the total spill rate of the class-2 sites for low and mid loads, for

loads above 0.75 the mostfree policy offers a reduction in the spill rate. In fact, the total

spill rate under this policy can be up to 20% smaller than under the random scheduling.

As expected, when both class-1 and class-2 sites have the same load, i.e., ρ(1) = 0.95, the

spill rates from class-2 sites toward sites of both classes are equal, and the mostfree policy

still causes a significantly smaller spill rate than the random allocation.

We now consider a single-class Grid and compute the spill rate for different values of

C, the number of servers per site. The results are included in Fig. 4.2, where the difference

between these two policies becomes apparent at high loads. In this case we present the

spill probability, which is the probability that a job is sent to a remote site. We find that

the maximum reduction in spill probability caused by using the mostfree policy is around

15% for C = 5, near to 20% for C = 20 and above 22% for C = 100. Therefore we see an
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Figure 4.1: Mean field results for a two-class Grid, with variable load for class-1 sites.

increment in the maximum relative difference in spill rate as the number of servers per

site increases. However, from Figure 4.2, we also observe that the load range for which the

mostfree policy outperforms the random allocation decreases with the number of servers.
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Figure 4.2: Mean field results for a single-class Grid, with variable number of servers

4.4.2 European Grid scenario

We now consider a realistic European Grid scenario, for which we need to extract the

information required by the mean field model from real data. The preconditions to allow

our mean field methodology are: (i) the job inter-arrival time (IAT) distribution should

be modeled as a DPH distribution, (ii) the grid sites should be partitioned in a limited

number of classes, and (iii) the number of Grid sites should be large enough. Conditions

(ii)–(iii) are required because the mean field assumes an infinite number of sites per

class. Hence, mean field results are expected to be closer to those of the finite system

when the sites are partitioned into a few classes each with a significant number of sites.

Condition (i) is not really limiting, since many real-world traces can be matched with a

limited number of phases (keeping the analytical model compact) using moment-matching
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procedures (see Appendix A.1).

With respect to (iii), realistic use cases for Grid dimensioning would comprise some

tens to a couple of hundreds of sites. These numbers are still acceptable for the method-

ology to be practical as will be clear from the subsequent case study with N = 100 sites

and K = 5 classes. With respect to the computation times, we found that the arrival

process variability affects the number of iterations required for convergence of µ(t), while

the overall load seems to have little effect. For this case study and with ǫ = 10−10,

the computation times varied from one to ten minutes. These times can be further re-

duced, especially for the cases requiring more iterations, by initializing the system in

the following manner: let π
(k)
j be the stationary probability of having j busy servers in

an M/M/C(k)/C(k) queue, and let τ (k) be the stationary distribution of the PH arrival

process at station k, i.e., τ (k) = τ (k)
(

T (k) + θ(k)α(k)
)

and τ (k)eh(k) = 1. Then, by setting

µ(k)(0) = (π
(k)
0 , π

(k)
1 , . . . , π

(k)

C(k))⊗τ (k) we obtained a reduction of up to 80% in the number

of iterations while the computation times decreased to less than four minutes. Since the

π
(k)
j probabilities can be found with closed-form expressions, their computation require

very little time. Note that simulation running times in our case study differ by an order of

magnitude, amounting to several hours (e.g. for the case study of Figure 4.3, simulating

107 time units took close to two hours).

The major limitation at first sight seems to be constraint (ii). However, looking at

real world traces, many sites show similar behavior, which allows clustering the various

sites into a limited number of classes. This can be achieved by the K-means clustering

method [64], where each site is described by a set of V variables called descriptors. The

main steps of the algorithm are:

(C1) Select K points in the V -dimensional space as centroids ck (k = 1, . . . , K);

(C2) Form clusters Ck by assigning each site s to the closest centroid ck;

(C3) Recalculate ck as the V -dimensional mean over Ck;

(C4) If any ck changed in C3, go back to C2.

We aim at characterizing each of the clusters with a DPH distribution matching the

first three moments of the IAT distribution. Hence, we choose as site descriptors: the first

non-central moment, the squared coefficient of variation (SCV) and the third normalized

moment (n3) of the IAT distribution. Let mi be the ith non-central moment, then define

SCV = m2

m2
1
− 1 and n3 = m3

m2m1
. The reason to prefer SCV and n3 rather than m2 and

m3 is that they are not affected by the units in which the variables are measured. As

the IAT distribution is based on real traces, we rely on the sample moments given by

m̄i = 1
S

∑S
j=1 xi

j , where each xj corresponds to one of the S samples.

For our case study, we used traces from a real-world EGEE/LCG Grid, deployed in

Europe in the frame of the Large Hadron Collider (LHC) experiments at CERN in Geneva

and the Enabling Grids for E-sciencE (EGEE) project [1]. We collected Grid-wide job

arrival logs, recording the job arrival rate at 58 sites over a period of one month. After

screening, we left out 8 sites because of lack of data to allow reliable statistical analysis.

We used the clustering approach above, and partitioned the sites into K = 5 classes. To
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characterize each site class, we used the average moments over the cluster’s sites. For each

class we used the method in [110] to match the first 3 moments of the job IATs with a

DPH model with h = 2 phases (except for class 2, whose very small SCV causes matching

for h = 2 to be restricted to the first 2 moments [110]). Table 4.1 summarizes the class

descriptors. It is important to note that these characteristics greatly vary, ranging from

low to high arrival rates and from small to large variability. To challenge the mean field

method, we considered a case study with N = 100 Grid sites, respecting the proportion

of each server class as observed in the EGEE/LCG trace.

Class Mean IAT (s) SCV n3 % Sites C

1 29.75 136.45 2207.08 10% 150

2 77.24 83.40 488.69 46% 100

3 3696.46 0.46 5.73 6% 5

4 458.08 10.35 60.83 28% 10

5 1870.45 2.95 10.05 10% 10

Table 4.1: Characteristics of the 5 site clusters

Varying the network load

Given the relevance that the load (ρ) of the network has on its performance we start by

analyzing different values for this parameter. We set each class-k site’s load to ρ(k) = ρ,

with ρ(k) = λ(k)

µ(k)·C(k) . Recall that, for a class-k site, λ(k) is the average job arrival rate, µ(k)

is the average job processing rate and C(k) is the number of servers. Given typical load

values in network design, we studied the range ρ ∈ [0.5, 0.9]. We assumed N = 100 sites

in total, comprising the K = 5 classes as outlined in Table 4.1. The number of servers and

the IAT distribution at each site are also set as in this table. The average service time

1/p(k) for each site of class k is set to obtain the target ρ, as 1/p(k) = ρC(k) E[IAT(k)],

with E[IAT(k)] = 1/λ(k) the average job IAT for a class-k site.
To evaluate the mean field methodology, we compared the results with the outcome

of simulations. For this we implemented a discrete-event simulator and calculated the
inter-site rates Ds,d for each source site s and destination site d. To comprehensively
present the results, the graphs will show for each class k the proportion of jobs sent to
remote sites, i.e., the spill probability

Pspill,k =

(

∑

s∈classk

∑

d 6=s

Ds,d

)

/

(

∑

s∈classk

∑

d

Ds,d

)

.

We compared the analytical results with simulations for both random and mostfree

scheduling strategies. The graphs of Figure 4.3 show that in both cases the analytical and

simulation results match very well. For the whole load range, the analytically calculated

spill rates fall well within the 95% confidence interval (not shown on the graphs for the sake

of clarity) of the simulations’ spill rates (even though discrepancy increases for ρ = 0.9).

Looking at the numerical values, we note that the discrepancy between analytical and
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Figure 4.3: Simulation results match well with analytical mean field, for variable Grid

resource load. Note that the curves for classes 3–5 overlap to great extent.

simulation results is largest for classes 1 and 2, but it is still less than the standard error

of the simulation results (the standard error for a particular spill probability for class-k

is given by stderr(k) = σ(k)/(γkN) with σ(k) the variance of the spill probabilities for the

γkN class-k sites). This can be explained by the large SCV of the job IAT in these site

classes (see Table 4.1). Note that, as expected, the mostfree strategy achieves lower spill

probabilities than random, especially for high loads (ρ > 0.7).

Varying the job IAT variability

Having established the close match between analytical mean field and simulation results

over a broad load range, we investigated the impact of the variability of the job inter-

arrival times. Hence, we fix the load ρ = 0.8, but changed the SCV. For increasing

variability on the job IATs, we expect higher Pspill,k. Figure 4.4 shows that even for large

SCV, the simulation results match the analytical results very well. As noted before, in

terms of spill probability, mostfree outperforms random scheduling, but the amount seems

dependent on the job IAT variability. As expected, the overall spill probability (over all

jobs, regardless of the site class) increases with growing SCV.

0.5 1 5 20 50 100
10

−4

10
−3

10
−2

10
−1

10
0

SCV

S
p
ill

 P
ro

b
a
b
ili

ty

← Class 1 

← Class 2 

← Class 3 

Overall →

Sim mostfree
MF mostfree
Sim random
MF random

Figure 4.4: Comparison of mostfree and random scheduling for different SCV of the

inter-arrival distribution. Results for classes 4 and 5 overlap with those of class 3.
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Contention Resolution in

Optical Switching

In the backbone network, optical fibers have been able to provide the huge bandwidths

required by the increasing Internet traffic. This ability has been partly propelled by the

development of Wavelength Division Multiplexing (WDM), a technology that allows a

single fiber to carry many signals simultaneously by using different wavelengths. Simi-

larly, the switches in the network must also be able to handle the increasing amount of

traffic, while avoiding information losses and delays. However, the use of electromagnetic

switches to connect optical fibers introduces additional delays caused by the required opto-

electronic translations. In contrast, with Optical Packet Switching (OPS) the switches

can, in principle, fully process the packets in the optical domain, completely avoiding the

mentioned translations. However, due to the lack of fast bit-level optical processing [105],

a packet arriving at an OPS switch must be split into header and payload, and the header

must be translated to and processed in the electromagnetic domain, while the payload

waits in an optical buffer (see below). An alternative solution is called Optical Burst

Switching (OBS) [96, 114], where the header travels in a separate channel and is sent to

the network some time before the payload. The time frame between the header and the

payload is called the offset time and its function is to allow the switching matrix to be set

up before the actual arrival of the payload. Therefore, OBS reduces the need to buffer

the payload at the entrance of the switch while it waits for the header to be processed and

the switching matrix to be set up. This implies a reduction in the delay experienced by

the payload at each switch in its path along the network. Therefore, OBS has become an

attractive technology that has received much attention during the last years. A detailed

description can be found in [94] and the references therein. Although there are many

salient features to be analyzed in OBS, what is central for us is that this technology al-

lows the payload to be transmitted in the optical domain and, therefore, contention arises

in this domain when two or more bursts try to use the same wavelength in the same

output port at the same time. Moreover, the available strategies for contention resolution

in the optical domain truly differ from those in the electromagnetic domain. Our focus in

this thesis is on the modeling and analysis of these contention resolution schemes, which

we now describe in more detail.

One of the main differences between contention resolution in traditional and optical

99



100 Contention Resolution in Optical Switching

switches results from the lack of optical random access memory. In fact, to delay a packet1

in the optical domain one must rely on Fiber Delay Lines (FDLs). These are nothing more

than a set of optical fibers that can be used to delay a packet for a time proportional to

the length of each fiber. Specifically, we assume that an FDL buffer is made of N fibers,

each holding W wavelengths. We also assume that time is slotted and each of these fibers

offers a specific delay that is a multiple of the basic time slot. In addition, the set of

possible delays provided by the FDLs increases linearly with granularity D, i.e., the first

FDL provides a delay equal to D time slots, the second one offers a delay equal to 2D,

and so on, until the last FDL that delivers a delay of ND time slots. As can be seen,

the optical buffer is not able to provide every required delay, but only multiples of the

granularity D, a parameter that becomes relevant for buffer design. As a result, an FDL

buffer creates gaps in the channel whenever a packet faces a delay that is not a multiple

of D (in this work we do not consider gap filling strategies). In addition to the number N

of FDLs and their granularity D, one should also take into account their location within

the switch. There are two main alternatives: there could be a pool of FDLs per port; or

the FDLs could be placed in a centralized location, such that they can be used to buffer

packets from any port. While sharing the FDLs among all the ports may reduce the total

number of fibers required to provide a predefined quality of service, it also implies a more

complex switching matrix.

In addition to the FDLs, there is another contention resolution scheme that will be

of interest for us: wavelength conversion. A wavelength converter allows a packet to be

forwarded via a different wavelength than the one it used to enter the switch. There are

two main characteristics to consider when modeling a switch with a pool of converters.

The first is the number of converters compared to the number of wavelengths. One

could opt for having as many converters as input wavelengths, i.e., if there are K input

ports and W wavelengths per port then one would need KW converters. This setup is

known as full wavelength conversion since in this case there will always be a converter

available if an incoming packet needs to be translated. Let C be the number of converters

and define the conversion ratio σ as the ratio between the number of converters and

the total number of input wavelengths, i.e., σ = C
KW

. Then full wavelength conversion

corresponds to σ = 1. In the opposite case, called null wavelength conversion, there are

simply no converters (σ = 0). In this case each wavelength works on its own and the

analysis of the system is reduced to that of a single wavelength. The intermediate case

(0 < σ < 1) is referred to as partial conversion and is the most interesting one since it

displays the benefits of wavelength conversion without requiring the costly installation of

KW converters. The second characteristic to consider is the conversion range provided

by the converters. A converter is said to provide full-range conversion if it is able to

translate a signal from any incoming wavelength to any other. In contrast, a limited-range

converter is able to translate a signal only from or to a subset of the W wavelengths [127].

Although a full-range converter is certainly more flexible, it is more expensive than a

limited-range converter and performs slower when trying to convert over a wide range

of wavelengths [107]. Additionally, as with the FDLs, the converters could be located in

a centralized pool or split among the ports in a non-centralized arrangement. We must

1The terms packet and burst will be used interchangeably from here onward.
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mention that there is another contention resolution strategy known as deflection routing,

which makes use of the whole network to resolve contention, but it is known to have a

poor performance at high loads [125, 126]. Moreover, our focus is on the analysis of a

single switch, and therefore we will not consider this strategy any further.

In the last few years many efforts have been made toward the analysis of these con-

tention resolution schemes. The effect of full-range wavelength conversion on a bufferless

switch was studied in [2, 42, 124]. As the number of wavelengths that can be carried

by a single fiber has increased significantly, the case of switches with a large num-

ber of wavelengths per port has also received attention. This case is treated in [123],

where a queueing network model is proposed for a bufferless switch with non-centralized

full wavelength conversion. On the other hand, the analysis of a switch equipped with

FDLs, but without converters (or equivalently, a single-wavelength switch) was consid-

ered in [26, 71–73, 103, 116]. Introducing FDLs in a multi-wavelength switch drastically

increases the complexity of the system and its analysis. This results from combining the

multidimensional nature of a multi-wavelength switch with the special queuing behavior

of the optical buffer. Hence, simulation models have been used to analyze the interac-

tion of both solutions [27,28,45]. Also, in [104] an approximation based on an analytical

model with a Round-Robin discipline, that relies on the solution of a single wavelength

system, is introduced to analyze a multi-wavelength switch. It is shown to work reason-

ably well only for a fixed packet size when the minimum horizon allocation policy (see

Chapter 6) is used. On the other hand, limited-range wavelength conversion implies a

more intricate interaction between adjacent wavelengths. This topic has been considered

in [3,4,41,95,128] for the bufferless case relying on (approximate) analytical models. For

instance, for exponential packet sizes, the lack of buffers allows an exact solution for the

non-centralized full-range conversion case [2]. This result is used in [3] to approximate

the performance of a limited-range system.

Clearly, both the switch’s design parameters, such as the conversion ratio or the num-

ber of FDLs, and the traffic characteristics, such as the load or the burstiness, are likely

to have an important effect on the performance of the switch. In the next chapters

we propose analytical models that allow us to evaluate these effects for three different

switch architectures, including features that have not been analyzed previously. Chapter

5 considers a bufferless switch with a centralized pool of full-range converters, where the

model allows a general packet-size distribution and a general arrival process. Moreover,

the model is able to represent heterogeneous traffic patterns, that is, the traffic charac-

teristics may differ for each output port. This model belongs to the class of mean field

models (see Appendix A.3), which provides exact results when the number of wavelengths

tends to infinite. We will show that this model provides a good approximation to the

performance of a switch with a large (finite) number of wavelengths, which is a relevant

case given the advances in WDM technology. Next, Chapter 6 focuses on a switch en-

dowed with a pool of both full-range converters and FDLs per output port. In this case we

also introduce a mean field model that becomes exact when the number of wavelengths

tends to infinite, and provides good approximations for a switch with a large number of

these. Moreover, this model is able to consider the effect of combining the conversion and

buffering solutions to resolve contention. We must highlight that in both cases, the mean
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field models provide an efficient way to analyze the effect of the traffic characteristics

and the design parameters on the switch performance. This is in contrast with simula-

tions that would require very long computation times to estimate a very small packet

loss probability, especially when the number of wavelengths is large. Finally, Chapter 7

analyzes a switch where each port has a pool of limited-range converters and FDLs. To

this end we introduce a finite MC to model the interaction of two wavelengths under two

different allocation policies. This model allows the packet-size and the IATs to follow

general distributions, even though we make use of the numerical tractability gained by

assuming PH-distributed IATs. Although limited, this model allows us to measure the

impact of the wavelength allocation policies when a packet in an input wavelength can

only be converted to one of the neighboring wavelengths. Moreover, based on the results

of this model, we propose an approximation method for the case where a packet can be

converted to any of the two adjacent wavelengths. We show that this method works well

for a wide range of parameter values, and is able to provide results in a fraction of the

time required by simulations. All in all, the models to be introduced in the next chap-

ters provide means to efficiently evaluate the effect of the contention resolution strategies

under general traffic conditions.



Chapter 5

Centralized Partial Conversion

In this chapter we introduce a mean field model for an optical switch with full-range

centralized partial wavelength conversion. The main feature of the mean field model (see

Appendix A.3) is that it is exact when the number of wavelengths is infinite, and it can

be used to approximate the performance of a switch with a large number of wavelengths.

Modeling a switch with multiple ports and many wavelengths per port presents several

difficulties, particularly with regard to the multidimensional nature of the model, as it

requires keeping track of the state of the wavelengths in each port and, additionally,

the converters in the centralized pool. These dimensionality problems caused by the

number of wavelengths are avoided by using the mean field model, and in fact the model

becomes more accurate as the number of wavelengths increases. The switch is assumed

to work in a synchronous manner, where the time is divided in equally-spaced slots.

At each wavelength packets arrive according to a Markovian arrival process, and their

size follows a general distribution with finite support. These traffic characteristics may

be different for each output port, a scenario that we refer to as heterogeneous traffic.

Moreover, the non-centralized architecture can be analyzed as a special case within our

model. The assumption of a general packet-size distribution, instead of fixed size, has

the advantage of reducing header processing and being more suitable for IP traffic [27].

The model also provides insight into the effect of the traffic parameters on the packet

loss probability, which is considered the main performance measure. In particular, we

have found that, if the arrival process is Bernoulli, the loss probability is affected by the

packet-size distribution only through its mean. This is no longer the case if the arrivals

follow a more general Markovian process, although we have found experimentally that

even in this case the loss probability is hardly sensitive to the packet-size distribution.

In contrast, the burstiness of the arrival process appears to have an important effect on

the loss probability, specially for mid loads. Also, under Bernoulli arrivals we provide a

closed expression for the minimum conversion ratio required to attain zero losses when the

number of wavelengths tends to infinity, denoted as σ∗. This minimum conversion ratio is

shown to depend on the (squared) load and the mean packet size. For Markovian arrivals

we are able to compute this ratio with a single run of the mean field model. Also, we

have found that when the number of wavelengths is large and the traffic among the ports
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is homogeneous, there is no difference between the performance of the centralized and

non-centralized architectures. However, under heterogeneous traffic conditions (packet-

size distribution and burstiness), important gains in conversion resources can be obtained

by using a centralized architecture, even for a large number of wavelengths.

This chapter is organized as follows. Section 5.1 describes in detail the architecture

of the switch, while Section 5.2 introduces the mean field model under some simplifying

assumptions. The general version of the model is discussed in Section 5.3. The final

section is concerned with numerical results that illustrate the behavior of the mean field

model and analyze the effect of various traffic parameters on the switch performance.

5.1 The switch architecture

This section describes the architecture and operation of the optical switch under analysis.

The switch, shown in Figure 5.1, consists of K input/output ports, each connecting to a

fiber carrying W wavelengths, and a centralized pool of C converters. An incoming packet

will attempt transmission through an specific output port using the same wavelength in

which it entered the switch. If that wavelength is busy the packet will be converted to

an available wavelength in the same output port. This conversion is performed by an

idle converter in the shared pool. If all the converters or all the other wavelengths in the

same output port are busy, the packet must be dropped. The probability that a packet is

dropped is considered the main performance measure of the switch. With regard to the

converters, we assume that they provide full-range conversion and their number is defined

as a proportion of the total number of output wavelengths, i.e., C = σKW , where σ is

the conversion ratio. When σ = 1 the system is said to provide full conversion. As

stated before, an economically-feasible solution for optical switching including converters

should limit the use of these devices while guaranteeing a minimal packet loss probability.

Therefore our focus here is on the partial conversion case, where 0 < σ < 1.
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Figure 5.1: Optical switch with K input/output ports, W wavelengths and shared C

converters
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The switch has a synchronous operation with equally-spaced time slots and the state

of the switch is observed at slot boundaries. This type of operation implies a simpler

switching matrix compared to the asynchronous case, but it requires packet synchro-

nization and alignment [2, 28]. Each wavelength in output port k has its own arrival

process, modeled as a Discrete Markovian Arrival Process (DMAP) [76] characterized

by the mk ×mk matrices D
(k)
0 and D

(k)
1 , for k = 1, . . . , K. The entries of the matrices

D
(k)
0 and D

(k)
1 hold the transition probabilities of the underlying chain associated with

zero and one arrivals, respectively (see Appendix A.1). This kind of arrival process is

computationally tractable as well as versatile, including widely used arrival processes,

such as the Bernoulli process and the discrete-time versions of the interrupted Poisson

process (IPP) and the Markov modulated Poisson process (MMPP), as special cases. In

particular, it has been previously used to model the behavior of a bufferless asynchronous

optical switch with non-centralized converters [2,95,124]. The size of the packets directed

to output port k follow a general distribution with finite support Ξk. Let r
(k)
i be the

probability that a packet for output port k is of size i, for i ∈ Ξk, and let L
(k)
max be the

maximum packet size. Therefore, both the arrival process and the packet-size distribution

may differ among output ports.

To describe the state of a wavelength or a converter we employ the scheduling horizon.

This is defined as the time (number of slots) required by the wavelength/converter to

transmit/translate the packet it is currently busy with. Therefore, if a wavelength has a

horizon equal to 0 (i.e., it is available) and a new packet of size j arrives, the wavelength

will accept the packet and update its horizon to j. Then, the horizon will be reduced by

one at every slot until it reaches zero again. During the time the wavelength has a horizon

greater than zero, new packets may attempt transmission using the same wavelength. If

this occurs, those packets must be converted to another wavelength using an available

converter, i.e., a converter with horizon equal to zero. If there is both an idle wavelength

in the same output port and an available converter, these two resources are seized by the

packet and their horizons are both updated from zero to the value of the packet size. The

model to be introduced in the next section relies on this description to represent the state

of the switch.

5.2 The Basic Model

In this section we introduce a simplified version of the model for the optical switch. We

consider the special case where all the output ports have the same inter-arrival time

(IAT) and packet-size distributions (the subscript k will be removed from the parameters

of these distributions). Also, we assume that the IATs follow a geometric distribution

with parameter p, and therefore the arrival process at each wavelength is a Bernoulli

process. We start by describing the model for a finite number of wavelengths and then

consider the limit when this number tends to infinity. Finally, we describe some results

concerning a fixed point of the model.

In this model, each of the KW output wavelengths in the switch has its own Bernoulli

arrival process with parameter p given by p = ρ
E[L] , where ρ is the load of the wavelength

and L is the random variable describing the packet-size, with expected value E[L]. Each
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wavelength and converter will be treated as a separate object in a system of N = KW +C

interacting objects. To describe their evolution we observe the system at slot boundaries

and consider three main steps within a slot: transmission, arrival and reallocation. Dur-

ing packet transmission each wavelength (resp. converter) holding a packet transmits

(resp. translates) a part of it proportional to the slot length. After transmission, each

wavelength may receive a new arrival with probability p. Those packets that arrive at a

busy wavelength form the set of extra-packets that must be reallocated among the idle

wavelengths in the same port. While packet arrival and transmission are independent

operations for each wavelength in each port, the reallocation depends on the availability

of wavelengths in the same output port and converters in the shared converter pool.

To describe the evolution of the wavelengths and the converters during a time slot

we consider the three steps separately and associate a transition matrix with each of

them: transmission (Sl), arrivals (Al) and reallocation (Ql). The subscript l is equal

to w or c if the matrix is associated to the evolution of a wavelength or a converter,

respectively. Recall that all the output ports have the same traffic pattern (IAT and

packet-size distribution) and therefore the matrices Sw and Aw describe the evolution of

a wavelength in any of the ports. On the other hand, the evolution of a wavelength in

port k during the reallocation step depends on the state of all the wavelengths in this

port. Therefore, for this step we add a superscript k to the transition matrix (Qk
w) of a

wavelength in output port k. We now define these matrices explicitly and show how they

are combined to describe the whole system.

S1 - Transmission: Before transmission each wavelength/converter has a horizon be-

tween 0 and Lmax. During the transmission step (S1) the horizon of each wavelength and

each converter is reduced by one. Therefore the transition matrices for wavelengths and

converters are given by Sw = Sc = TLmax, where Tn is the (n + 1)×n matrix with entries

[Tn]ij =







1, i = j = 0,

1, j = i− 1, i = 1, . . . , n,

0, otherwise.

Notice that we label the rows and columns of an m× n matrix from 0 to m− 1 and from

0 to n− 1, respectively.

S2 - Arrivals: When a packet arrives at an idle wavelength (horizon equal to 0) it is

accepted for transmission in the same wavelength. Therefore, the first row of the matrix

Aw is given by

[Aw]0j =

{

1− p, j = 0,

prj , j = 1, . . . , Lmax.

If the wavelength is busy (horizon equal to i > 0) and there is no arrival, the horizon

stays unaltered. Otherwise, the new state is Lmax + i, showing that the wavelength

has scheduling horizon equal to i and holds an extra-packet for reallocation. Hence, for

i = 1, . . . , Lmax − 1,

[Aw]ij =

{

1− p, j = i,

p, j = Lmax + i.
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Therefore, the size of the matrix Aw is Lmax × 2Lmax. As the arrivals do not affect the

state of the converters, the matrix Ac is equal to the identity matrix ILmax .

S3 - Reallocation: The last step consists of the reallocation of the extra-packets in

the available wavelengths. As mentioned before, to determine the evolution of a single

wavelength or converter during this step we need to know the state of the whole system.

That is, the transition matrices Qk
w and Qc at time t depend on the state of the system

at that time. The state of the system with N objects at time t (after S2) is described

by the occupancy vector MN (t), which will be specified below. Let q
(w,k)
i (MN (t)) be the

probability that an idle wavelength belonging to output port k receives an extra-packet of

size i during reallocation at time t, for i = 1, . . . , Lmax, and q
(w,k)
0 (MN (t)) the probability

that it remains idle. Since any extra-packet is either converted to an available wavelength

or dropped, it is enough to use the scheduling horizon to describe the state of a wavelength

after this step. Therefore, the 2Lmax × Lmax matrix Qk
w(MN(t)) is given by

Qk
w(MN (t)) = (5.1)






































q
(w,k)
0 (MN(t)) q

(w,k)
1 (MN(t)) q

(w,k)
2 (MN (t)) . . . q

(w,k)
Lmax−1(M

N(t)) q
(w,k)
Lmax

(MN (t))

0 1 0 . . . 0 0
0 0 1 . . . 0 0
...

...
...

. . .
...

...
0 0 0 . . . 1 0
0 0 0 . . . 0 1
0 1 0 . . . 0 0
0 0 1 . . . 0 0
...

...
...

. . .
...

...
0 0 0 . . . 1 0







































.

Likewise, let qc
j(M

N (t)) be the probability that an idle converter receives an extra-

packet of size j for conversion during reallocation at time t, for j = 1, . . . , Lmax. Then

the Lmax × (Lmax + 1) matrix Qc(M
N (t)) has a first row given by

[Qc(M
N (t))]0j = qc

j(M
N (t)), j = 0, 1, . . . , Lmax,

where qc
0(t) is the probability that an idle converter remains idle after S3. The rest of

the converters keep the same horizon, hence [Qc(M
N (t))]ii = 1, for i = 1, . . . , Lmax − 1.

Recall that before this step the maximum horizon a converter can have is Lmax − 1.

To define the value of q
(w,k)
j (MN (t)) and qc

j(M
N(t)) we need to specify MN (t), the

occupancy vector that describes the state of the whole system with N objects before S3.

The entries of this vector hold the fraction of the N = KW + C objects that are in each

possible state. For port k, let WN
k (t) be the 1 × 2Lmax vector with entries wk

i (t). For

i = 0, . . . , Lmax, wk
i (t) holds the number of wavelengths in port k with horizon equal

to i after S2, holding zero extra-packets. For i = Lmax + j and j = 1, . . . , Lmax − 1,

wk
i (t) holds the number of wavelengths in port k with horizon equal to j after S1 that

received an extra-packet during S2. Similarly, let CN (t) be the 1 × Lmax vector with
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entries ci(t), which hold the number of converters with horizon equal to i after S2, for

i = 0, 1, . . . , Lmax − 1. Before using the vectors WN
k (t) and CN (t) to construct MN(t)

we need to normalize them by the total number of objects KW + C. The fraction of

objects that are wavelengths in port k is W
KW+C

= 1
K(1+σ) , for k = 1, . . . , K. Similarly,

the fraction of objects that are converters is C
KW+C

= σ
(1+σ) . We can now define the state

vector MN(t) as

MN (t) =
1

1 + σ

[

1

K
WN

1 (t), . . . ,
1

K
WN

K (t), σCN (t)

]

,

which holds the proportion of objects (wavelengths and converters) in each of the (2K +

1)Lmax possible states.

To determine the evolution of the idle wavelengths and converters, three quantities are

relevant: the number of available converters c0(t); the number of available wavelengths

wk
0 (t) in output port k; and the number of extra-packets dk(MN (t)) in output port k,

which is given by

dk(MN (t)) =

Lmax−1
∑

j=1

wk
Lmax+j(t).

Since at most wk
0 (t) extra-packets can be received at output port k after conversion,

the number of extra-packets from this port that are sent to the centralized pool is

fk(MN (t)) = min{wk
0 (t), dk(MN (t))}, and the total number of extra-packets sent for

conversion is

f(MN (t)) =

K
∑

k=1

fk(MN (t)).

Therefore, the total number of extra-packets that is actually converted is g(MN(t)) =

min{c0(t), f(MN (t))}. Since there are no priorities among the ports, the probability that

a converter that will be used by an extra-packet is assigned to an extra-packet from output

port k is fk(MN(t))/f(MN (t)). Therefore the average number of extra-packets of output

port k that are converted is

gk(MN (t)) =
fk(MN (t))

f(MN(t))
g(MN(t)).

Now we can determine the time-dependent transition probabilities for an idle wavelength

in output port k during S3,

q
(w,k)
j (MN (t)) =







1− gk(MN (t))

wk
0 (t)

, j = 0,

gk(MN (t))

wk
0 (t)

rj j = 1, . . . , Lmax.
(5.2)

In a similar manner we can define the transition probabilities for an idle converter in this

step,

qc
j(M

N (t)) =

{

1− g(MN (t))
c0(t)

, j = 0,
g(MN (t))

c0(t)
rj , j = 1, . . . , Lmax.

(5.3)
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The factor rj comes from the fact that the g(MN(t)) converted extra-packets are selected

randomly among the set of extra-packets, therefore keeping the same packet-size distri-

bution. Notice that q
(w,k)
j (·) and qc

j(·) are actually independent of N as can be checked

by dividing the quantities involved in their computation by N . This concludes the def-

inition of the transition matrices related to the reallocation step. We now turn to the

combination of the three steps to describe the evolution of the whole system.

5.2.1 Combining S1, S2 and S3 - Mean Field

By observing the system after S2, we define the transition matrix at time t for a single

wavelength in output port k as RN
(w,k)(M

N (t)) = Qk
w(MN (t))SwAw, and for a single

converter as RN
c (MN (t)) = Qc(M

N (t))ScAc. These K +1 matrices can be combined into

a single matrix describing the evolution of a single object at time t,

RN (MN(t)) =













RN
(w,1)(M

N (t)) · · · 0 0
...

. . .
...

...

0 · · · RN
(w,K)(M

N(t)) 0

0 · · · 0 RN
c (MN (t))













.

This system, composed of wavelengths and converters, can be analyzed under the

framework introduced in [79] for a general system of interacting objects. When the

number of objects tends to infinity and under some mild conditions, such a system is

shown to converge to its mean field [79], which is a time-dependent deterministic model

(see Appendix A.3). In our case, the objects are of K + 1 different classes, their status

at time t is contained in the vector MN(t) and the evolution of the system is described

by the matrix RN (~m), where ~m is a 1× (2K + 1)Lmax occupancy vector. There are two

conditions for the system to tend to its mean field when the number of objects tends

to infinity: first, the entries of the transition matrix [RN(~m)]ij must converge uniformly

to some [R(~m)]ij on the set of all occupancy vectors ~m when N → ∞. Second, these

entries must be continuous in ~m. In our model both conditions hold as can be seen

from the definition of the matrices Qk
w(·) and Qc(·). In fact, and as already mentioned,

these matrices are independent of the number of objects as becomes clear if the quantities

involved in the computation of q
(w,k)
j (·) and qc

j(·) are divided by N .

To comply with the conditions in [79] the initial state of the system MN (0) must also

converge uniformly to some M(0). Let eLmax
1 be the 1 × Lmax vector with 1 in the first

position and zero everywhere else. Let the initial state of the system be given by

CN (0) = eLmax
1 Ac and WN

k (0) = eLmax
1 Aw, k = 1, . . . , K,

which corresponds to an empty system and is independent of N . Let the state of the

mean field at time t ≥ 0 be described by the vector

µ(t) =
1

1 + σ

[

1

K
µw,1(t), . . . ,

1

K
µw,K(t), σµc(t)

]

,
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with initial state µ(0) = MN (0), and let its evolution be given by µ(t+1) = µ(t)R(µ(t)).

Then, by [79, Theorem 4.1], for any fixed time t, almost surely,

lim
N→∞

MN (t) = µ(t), t ≥ 0.

Hence, we can approximate the behavior of a switch with a large number of wavelengths

(objects) by means of the mean field. However, this result is time-dependent and says

nothing about the behavior of the system when t tends to infinity. This is the topic of

the next section.

5.2.2 Combining S1, S2 and S3 - Fixed Point

We are now left with a deterministic system with initial state µ(0) and time-dependent

transition matrix K(µ(t)). To study the behavior of this system as a function of time

we change the observation time-points. We now observe the system after S1, i.e., after

transmission and just before arrivals. Let α(t) be the occupancy vector describing the

state of all the wavelengths and converters at time t just after S1 and before S2. Similar

to µ(t), the vector α(t) can be partitioned as

α(t) =
1

1 + σ

[

1

K
αw,1(t), . . . ,

1

K
αw,K(t), σαc(t)

]

,

where αw,k(t) (resp. αc(t)) is an occupancy vector describing the state of the wavelengths

in output port k (resp. converters in the centralized pool). Since α(t) and µ(t) describe

the state of the switch before and after S2, respectively, µ(t) can be obtained from α(t)

as

µ(t) = α(t)

[

IK ⊗Aw 0

0 Ac

]

,

where ⊗ is the Kronecker product. Now let the matrix P k
w(α(t)) describe the transition

probabilities of the wavelengths in output port k at time t, observing the system after

S1. This is given by P k
w(α(t)) = AwQk

w(µ(t))Sw , where, as stated above, α(t) completely

determines µ(t). A similar matrix Pc(α(t)) can be specified for the evolution of the

converters observed just after S1.

The main advantage of defining the Lmax × Lmax matrices P k
w(α(t)) and Pc(α(t)) is

that they can be expressed as

P k
l (α(t)) =

















p
(l,k)
0 (α(t)) p

(l,k)
1 (α(t)) . . . p

(l,k)
Lmax−2(α(t)) p

(l,k)
Lmax−1(α(t))

1 0 . . . 0 0

0 1 . . . 0 0
...

...
. . .

...
...

0 0 . . . 1 0

















, (5.4)

for l ∈ {w, c} and k = 1, . . . , K (if l = c the sub/superscript k is obviously removed).

The specific values of the first-row entries, in the case of the matrices associated to the

evolution of the wavelengths, are given by

p
(w,k)
j (α(t)) =

{

(1 − p)(q
(w,k)
0 (µ(t)) + q

(w,k)
1 (µ(t))) + pr1, j = 0,

(1 − p)q
(w,k)
j+1 (µ(t)) + prj+1, j = 1, . . . , Lmax−1.

(5.5)



5.2 The Basic Model 111

For the converters those values are

pc
j(α(t)) =

{

qc
0(µ(t)) + qc

1(µ(t)), j = 0,

qc
j+1(µ(t)), j = 1, . . . , Lmax − 1.

(5.6)

These K+1 matrices can be recombined into a single matrix P (α(t)) with K+1 irreducible

classes,

P (α(t)) =











P 1
w(α(t)) · · · 0 0

...
. . .

...
...

0 · · · PK
w (α(t)) 0

0 · · · 0 Pc(α(t))











.

LetM(K+1)Lmax
be the set of all occupancy vectors of size (K + 1)Lmax. The matrix

P (α) defines a mapping fromM(K+1)Lmax
intoM(K+1)Lmax

, which is said to have a fixed

point α if there exists a vector α ∈ M(K+1)Lmax
such that αP (α) = α. To find this fixed

point we set-up the system of equations αP (α) = α and solve it for α. To do so, we first

need an explicit definition of the (first-row) entries of P k
w(α) and Pc(α) in terms of α. Let

the first-row entries of these matrices, as defined in Equation (5.4), be p
(w,k)
j = p

(w,k)
j (α)

and pc
j = pc

j(α), for j = 0, . . . , Lmax − 1. These probabilities depend on the value of

q
(w,k)
j = q

(w,k)
j (µ) and qc

j = qc
j(µ), for j = 0, . . . , Lmax− 1, as in equations (5.5) and (5.6).

The vector µ is given by

µ = α

[

IK ⊗Aw 0

0 Ac

]

,

and therefore µ
(w,k)
0 = α

(w,k)
0 (1− p) and µc

0 = αc
0. This equation relates the proportion of

idle wavelengths and converters before and after arrivals in the fixed point. Similarly, the

proportion of wavelengths in output port k holding an extra-packet after S2 in the fixed

point is given by δk = (1 − α
(w,k)
0 )p.

Now let φk be the number of extra-packets in port k sent for conversion in the fixed

point, as a proportion of the total number of objects, which is given by

φk =
1

K(1 + σ)
min

{

µ
(w,k)
0 , δk

}

=
1

K(1 + σ)
min

{

α
(w,k)
0 (1− p), (1− α

(w,k)
0 )p

}

,

and thus only depends on the vector α. Therefore, the number of converted extra-packets

in the fixed point, as a proportion of the total number of objects, is given by

γ = min

{

K
∑

k=1

φk,
σ

1 + σ
µc

0

}

= min

{

K
∑

k=1

φk,
σ

1 + σ
αc

0

}

, (5.7)

which also depends on α alone. Additionally, let γk be the number of converted extra-

packets from output port k as a fraction of the total number of objects, given by

γk =
φk

∑K
j=1 φj

γ, (5.8)

where the first term on the right-hand side is the probability that an extra-packet sent

for conversion is actually an extra-packet from output port k.
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Since γ and γk depend only on α
(w,k)
0 and αc

0, we can use them in Equations (5.2) and

(5.3) to determine the transition probabilities for the idle wavelengths in the fixed point

in terms of α as

q
(w,k)
j =







1− K(1+σ)γk

µ
(w,k)
0

= 1− K(1+σ)γk

α
(w,k)
0 (1−p)

, j = 0,

K(1+σ)γk

µ
(w,k)
0

rj = K(1+σ)γk

α
(w,k)
0 (1−p)

rj , j = 1, . . . , Lmax,

and for the idle converters as

qc
j =

{

1− (1+σ)γ
σµc

0
= 1− (1+σ)γ

σαc
0

, j = 0,
(1+σ)γ

σµc
0

rj = (1+σ)γ
σαc

0
rj , j = 1, . . . , Lmax.

Using these expressions and equations (5.5) and (5.6) we find that the first-row entries of

the matrix P k
w(α) are given by

p
(w,k)
j =











(1− p)− K(1+σ)γk

α
(w,k)
0

(1 − r1) + pr1, j = 0,
(

K(1+σ)γk

α
(w,k)
0

+ p

)

rj+1, j = 1, . . . , Lmax − 1,

and the first-row entries of the matrix Pc(α) are

pc
j =

{

1− (1+σ)γ
σαc

0
(1− r1), j = 0,

(1+σ)γ
σαc

0
rj+1, j = 1, . . . , Lmax − 1.

Now that the entries of the matrix P (α) are explicitly given in terms of α, γ and γk,

we solve the system α = αP (α). Due to the structure in Equation (5.4) we find that

αl
0 =

1
∑Lmax−1

i=0

∑Lmax−1
j=i pl

j

and αl
i = αl

0

Lmax−1
∑

j=i

pl
j ,

for i = 1, . . . , Lmax− 1 and l ∈ {(w, k), c}. To find α
(w,k)
0 we first evaluate the sum in the

denominator to find

Lmax−1
∑

i=0

Lmax−1
∑

j=i

p
(w,k)
j =(1− p)−

K(1 + σ)γk

α
(w,k)
0

+

(

K(1 + σ)γk

α
(w,k)
0

+ p

)

Lmax
∑

i=1

Lmax
∑

j=i

rj ,

=(1− p) +
K(1 + σ)γk

α
(w,k)
0

(E[L]− 1) + ρ.

Therefore we can solve for α
(w,k)
0 to find

α
(w,k)
0 =

1− γk(E[L]− 1)K(1 + σ)

1− p + ρ
,

and the remaining entries of α(w,k) are

α
(w,k)
i =

(

γkK(1 + σ) + pα
(w,k)
0

)

P [L ≥ i + 1],
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for i = 1, . . . , Lmax−1, where P [L ≥ i+1] is the probability that the packet size is greater

than or equal to i + 1. In a similar manner we find that the entries of the vector αc are

αc
0 = 1−

1 + σ

σ
γ(E[L]− 1), and αc

i =
1 + σ

σ
γP [L ≥ i + 1], i = 1, . . . , Lmax − 1.

We have found expressions for the fixed-point vector α, but these are still in terms of

γ and γk. We now consider each of the three possible values that γ and γk can take to

find explicit formulas for the fixed point vector in each case.

Case 1: The first case corresponds to a switch with an infinite number of wavelengths

that has enough converters to convert every packet and is not overloaded. From equations

(5.7) and (5.8) we find that

γ =
p

K(1 + σ)

K
∑

k=1

(

1− α
(w,k)
0

)

, and γk =
(1 − α

(w,k)
0 )p

K(1 + σ)
.

Using these values we find that

α
(w,k)
i =

{

1− ρ + p, i = 0,

pP [L ≥ i + 1], i = 1, . . . , Lmax − 1.

And for the converters we find that

αc
i =

{

1− 1
σ

(p(E[L]− 1))
2
, i = 0,

p2

σ
(E[L]− 1)P [L ≥ i + 1], i = 1, . . . , Lmax − 1.

Case 2: The second case corresponds to a system that does not have enough converters

to convert every extra-packet. In this case we find that γ =
σαc

0

1+σ
, since the converters

become the bottleneck of the system. The fixed point for the converters is given by

αc
0 =

1

E[L]
and αc

i =
P [L ≥ i + 1]

E[L]
, i = 1, . . . , Lmax − 1.

As in this case γk is given by

γk =
1− α

(w,k)
0

∑K
j=1

(

1− α
(w,j)
0

)

σ

1 + σ
αc

0,

we can use the value of αc
0 to find

[α
(w,k)
0 =

E[L]− σ(E[L]− 1)

E[L](1− p + ρ)
, and α

(w,k)
i =

σ + ρ

E[L](1− p + ρ)
P [L ≥ i + 1],

for i = 1, . . . , Lmax − 1.
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Case 3: The last case considers a heavily loaded switch where the wavelengths are not

enough to handle the incoming packets, meaning an extra-packet might find a converter

but not an idle wavelength in the output port. In this case we find that γ and γk are

γ =
1− p

K(1 + σ)

K
∑

k=1

α
(w,k)
0 and γk =

α
(w,k)
0 (1− p)

K(1 + σ)
.

Therefore, the vector α
(w,k)
0 is given by

α
(w,k)
0 =

1

E[L]
, and α

(w,k)
i =

P [L ≥ i + 1]

E[L]
, i = 1, . . . , Lmax − 1.

And the vector αc is given by

αc
0 = 1−

(1 − p)(E[L]− 1)

σE[L]
, and αc

i =
1− p

σE[L]
P [L ≥ i + 1], i = 1, . . . , Lmax − 1.

The loss probability and the optimal conversion ratio

An interesting observation is that the value of αw
0 and αc

0 does not depend on the dis-

tribution of the packet size, but only on its expected value E[L]. This becomes relevant

when looking at the loss probability of the system ploss, which is the main measure of

performance. The loss probability is the ratio between the average number of packets

that must be dropped per time slot and the average number of packets that enter the

system in each time slot. Therefore, the loss probability is given by

ploss =
δ

1+σ
− γ

p
1+σ

=
δ − γ(1 + σ)

p
,

where δ = 1
K

∑K
k=1 δk. As shown above, δ and γ depend on the value of αw

0 and αc
0

alone, and therefore ploss does not depend on the packet-size distribution, but only on

its expected value. This confirms previous observations [2, 123] related to an apparent

insensitivity of the switch performance to the packet-size distribution when the number

of wavelengths is large. However, this result relies on the assumption of geometrically-

distributed IATs. We have observed that this result no longer holds if the IATs are

described by a general DMAP, although even in this case the packet-size distribution

appears to have little influence on the loss probability. This will be illustrated in the

numerical results in Section 5.4.

Based on the previous results we can consider the question of how many converters

are necessary to attain a loss probability equal to zero. Or, in others words, what is the

minimum conversion ratio σ∗ such that ploss = 0. For ploss to be equal to zero, γ must

be equal to δ
1+σ

, as in case 1. If the conversion ratio is just enough to prevent any losses,

then γ must also be equal to
σαc

0

1+σ
, as in case 2. Therefore, we can compute the value of

σ∗ by equating the value of γ in these two cases. Solving this equation for σ we find that

σ∗ = ρ2

(

1−
1

E[L]

)

. (5.9)
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The value of σ∗ is proportional to the square of the load and if E[L] tends to infinite (the

slot length tends to zero) σ∗ tends to ρ2. A decrease in the mean packet size (increase

in the slot length) implies a decrease in the number of converters required to attain zero

loss probability.

With a similar analysis we can consider the situation when both cases 1 and 3 occur.

This is the point where the wavelengths become the bottleneck of the system. By solving

a similar equation as before we find that ρ = 1, i.e., the system will only present losses

caused by the lack of available wavelengths if it is overloaded (ρ > 1). This result is

expected since the number of wavelengths is assumed to be infinite and, if no losses are

caused by the lack of converters, the only way to observe packet losses is by having a load

greater than one.

The previous discussion shows that there exists a fixed point for the mapping defined

by P (·) and that this point can be expressed explicitly in terms of the system parameters.

However, we have not shown that, starting from any vector α(0), the system always

converges to that fixed point. In our experiments we start with an arbitrary initial state

α(0) and let the system evolve, finding two possible behaviors. On the one hand, when

the system has enough converters to prevent losses the system state converges toward a

single state, which coincides with the fixed point described in this section. On the other

hand, if the system presents losses due to the lack of converters, it will converge toward a

set of points, which are visited periodically. Moreover, we have observed that in the latter

case the period is equal to the greatest common divisor of the possible packet sizes (d),

and the average of these states is equal to the fixed point described above. Therefore, in

the experiments we let the system evolve until a time t such that ||α(t) − α(t − d)|| < ǫ,

with ǫ = 10−10, which always results in the convergence of the system state. Another

important issue is to show that a sequence of finite systems in steady state with increasing

number of wavelengths tends toward a limit equal to the fixed point of the mean field.

We have observed through simulations that this is the case, but we did not find a formal

proof.

5.3 Generalizations

In this section we consider two main generalizations for the model of the optical switch

with a centralized pool of converters: first, we assume that the traffic is heterogeneous

among the output ports, i.e., the arrival process and the packet-size distribution may be

different for each output port; second, we assume that the arrival process is a DMAP

instead of the simpler Bernoulli process considered in the previous section. To describe

the model we follow a similar approach as in the previous section, considering three steps

in each slot (transmission, arrivals and reallocation) and defining transition matrices for

each of them. From here onward, when we refer to an arbitrary output port k, we assume

k = 1, . . . , K.

The matrices associated with the evolution of the wavelengths in port k are S̄k
w, Āk

w

and Q̄k
w for transmission, arrivals and reallocation, respectively. For the converters these

are S̄c, Āc and Q̄c, respectively. As described in Section 5.1, the arrival process at each

wavelength in output port k is a DMAP characterized by the mk × mk matrices D
(k)
0
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and D
(k)
1 . Also, in output port k, the packet size Lk follows a general distribution with

finite support Ξk and rk
i = P [Lk = i], for i ∈ Ξk. Let L

(k)
max = max{i : i ∈ Ξk}, i.e., the

maximum packet size of the traffic for output port k, and Lmax = maxK
k=1{L

(k)
max} the

maximum packet size among all the traffic in the switch.

S1 - Transmission: The description of the state of a wavelength in output port k

before transmission is made of the scheduling horizon and the state of the arrival process.

Therefore the state space is the set {(i, j) : 0 ≤ i ≤ L
(k)
max, 1 ≤ j ≤ mk}. This set

is ordered lexicographically and we refer to the subset {(i, j) : 1 ≤ j ≤ mk} as level

i, for i = 0, . . . , L
(k)
max. The state space of a converter before transmission is the set

{i : 0 ≤ i ≤ Lmax} since the only descriptor is the scheduling horizon and the maximum

value it can take is Lmax. Therefore, the transition matrix for a wavelength in output

port k during S1 is S̄k
w = T

L
(k)
max
⊗ Imk

, where the Kronecker product ⊗ reflects the fact

that the packet transmission has no influence on the state of the arrival process. For the

converters the transition matrix in this step is simply S̄c = TLmax.

S2 - Arrivals: After transmission, each wavelength may receive a new packet depending

on the phase of its arrival process. If the wavelength is idle the packet is scheduled for

transmission, otherwise it becomes part of the set of extra-packets to be reallocated.

Before S2 the state space for a wavelength in port k is {(i, j) : 0 ≤ i ≤ L
(k)
max − 1, 1 ≤ j ≤

mk}. After S2 the state space also includes a description of those wavelengths holding

an extra-packet, therefore it is the set {(i, j) : 0 ≤ i ≤ 2L
(k)
max − 1, 1 ≤ j ≤ mk}. The first

L
(k)
max+1 levels describe the case where the wavelength has no extra-packets and a horizon

equal to i = 0, . . . , L
(k)
max. The remaining levels represent the case where the wavelength

has a scheduling horizon equal to i = 1, . . . , L
(k)
max − 1 and a packet arrives in this step,

making the level equal to L
(k)
max + i.

The matrix Āk
w is therefore an L

(k)
max × 2L

(k)
max block-matrix with block-size mk. The

first block-row is given by

[Āk
w]0j =

{

D
(k)
0 , j = 0,

D
(k)
1 rk

j , j = 1, . . . , L
(k)
max.

And the remaining block-rows are

[Āk
w]ij =

{

D
(k)
0 , j = i,

D
(k)
1 , j = L

(k)
max + i,

for i = 1, . . . , L
(k)
max − 1. Since the arrivals have no effect on the state of the converters,

the transition matrix for them is simply Āc = ILmax .

S3 - Reallocation: For the reallocation step we need the state of the complete system

just after arrivals, which is contained in the occupancy vector M̄N (t). This vector is of

size b =
∑K

i=1 2L
(k)
maxmk + Lmax, and can be partitioned in K + 1 vectors as

M̄N (t) =
1

1 + σ

[

1

K
W̄N

1 (t), . . . ,
1

K
W̄N

K (t), σC̄N (t)

]

,
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where the 1 × 2L
(k)
maxmk vector W̄N

k (t) describes the state of the wavelengths in output

port k after arrivals. The vector W̄N
k (t) can be partitioned in 2L

(k)
max vectors w̄k

i (t) of size

mk. For i = 0, . . . , L
(k)
max, the j-th entry of vector w̄k

i (t) holds the number of wavelengths

in output port k with horizon equal to i, phase of the arrival process equal to j and no

extra packets. For i = L
(k)
max + l and l = 1, . . . , L

(k)
max − 1, the j-th entry of w̄k

i (t) holds

the number of wavelengths in output port k with horizon equal to l, holding one extra

packet, and with the arrival process in phase j, with j = 1, . . . , mk. Correspondingly,

C̄N (t) has entries c̄i(t), which hold the number of converters with horizon equal to i, for

i = 0, . . . , Lmax.

Therefore, there are c̄0(t) available converters in the shared pool and w̄k
0 (t)emk

avail-

able wavelengths in output port k, where emk
is a column vector of size mk with all its

entries equal to one. The number of extra packets in output port k is

d̄k(M̄N(t)) =

L(k)
max−1
∑

j=1

w̄k
Lmax+j(t)emk

.

Thus, the number of extra-packets sent to the converter pool from output port k is

given by f̄k(M̄N (t)) = min{w̄k
0 (t)emk

, d̄k(M̄N (t))}, while the total number of packets

sent for conversion is f̄(M̄N (t)) =
∑K

k=1 f̄k(M̄N (t)). The number of extra-packets that is

actually converted, which is limited by the number of available converters, is ḡ(M̄N (t)) =

min{c̄0(t), f̄(M̄N(t))}. Using these quantities we can determine the number of extra-

packets that are converted and returned to output port k for transmission in a different

wavelength. Since the traffic for all the output ports has the same priority, the probability

that an extra-packet sent to the converter pool, from any output port, is actually converted

is ḡ(M̄N (t))/f̄(M̄N(t)). Thus, the average number of extra-packets of output port k that

are actually converted is

ḡk(M̄N (t)) = f̄k(M̄N (t))
ḡ(M̄N (t))

f̄(M̄N (t))
= ḡ(M̄N (t))

f̄k(M̄N (t))

f̄(M̄N (t))
.

We can now determine, for j = 0, . . . , L
(k)
max, the probability q̄

(w,k)
j (M̄N(t)) that an idle

wavelength in output port k ends up with a horizon equal to j after the reallocation step.

These are given by

q̄
(w,k)
j (M̄N (t)) =







1− ḡk(M̄N (t))

w̄k
0 (t)emk

, j = 0,

ḡk(M̄N (t))

w̄k
0 (t)emk

rk
j j = 1, . . . , L

(k)
max.

Similarly, let q̄c
j(M̄

N (t)) be the probability that an idle converter ends up with a horizon

equal to j after reallocation, for j = 0, . . . , Lmax. These are given by

q̄c
j(M̄

N (t)) =

{

1− ḡ(M̄N (t))
c̄0(t)

, j = 0,
ḡ(M̄N (t))

c̄0(t) r̄j , j = 1, . . . , Lmax.

Here r̄j is the probability that a packet, among the traffic for all the output ports, has

a size equal to j, for j = 1, . . . , Lmax. It is given by r̄j = 1
λ

∑K
k=1 λkrk

j , where λk is the
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mean arrival rate of the traffic directed to output port k, and λ =
∑K

k=1 λk. The arrival

rate at output port k is given by λk = πkD
(k)
1 emk

, where πk is the invariant vector of the

transition matrix D(k) = D
(k)
0 + D

(k)
1 .

Since only the idle wavelengths are affected during S3, the wavelengths with horizon

greater than zero before this step, with or without extra-packets, keep the same horizon.

Let the matrix Q̂k
w(M̄N (t)) be built in the same manner as the matrix Qw(MN (t)) in

Equation (5.1), replacing the q
(w,k)
j (M̄N (t)) with q̄

(w,k)
j (M̄N (t)). Then this is the tran-

sition matrix for the scheduling horizon of a wavelength in output port k. Since the

reallocation has no effect on the phase of the arrival process, the transition matrix for

the state of a wavelength in output port k during S3 is Q̄k
w(M̄N (t)) = Q̂k

w(M̄N (t))⊗ Imk
.

Similarly, let Q̄c(M̄
N (t)) be the Lmax × Lmax transition matrix for the converters dur-

ing this step. The first row of this matrix describes the evolution of an idle converter,

therefore [Q̄c(M̄
N (t))]0j = q̄c

j(M̄
N (t)), for j = 0, 1, . . . , Lmax. On the other hand, any

converter with a horizon greater than zero keeps the same horizon after this step, hence

[Q̄c(M̄
N (t))]ii = 1, for i = 1, . . . , Lmax − 1.

5.3.1 Combining S1, S2 and S3 - Mean Field

To describe the evolution of the system we observe it after S2. Therefore, the transition

matrix for a wavelength in output port k at time t is R̄N
k (M̄N (t)) = Q̄k

w(M̄N(t))S̄k
wĀk

w,

for k = 1, . . . , K. Similarly, the transition matrix for a converter is R̄N
c (M̄N (t)) =

Q̄c(M̄
N (t))S̄cĀc. Therefore, the transition matrix for an arbitrary object is

R̄N (M̄N (t)) =











R̄N
1 (M̄N (t)) . . . 0 0

...
. . .

...
...

0 . . . R̄N
K(M̄N (t)) 0

0 . . . 0 R̄N
c (M̄N(t))











.

As before, this system can be analyzed within the framework introduced in [79]. For

any occupancy vector ~m of size b, the entries of the matrix R̄N (~m) are continuous in m̄

and are independent of the number of objects N . Therefore, R̄N(~m) trivially converges

to R̄(~m) entry-wise, when N tends to infinity. Hence, the evolution of the system with a

large number of objects (wavelengths) can be approximated by its mean field, described

by the vector

µ̄(t) =
1

1 + σ

[

1

K
µ̄1(t), . . . ,

1

K
µ̄K(t), σµ̄c(t)

]

,

for t ≥ 0. Initially the system is assumed to be empty and therefore

C̄N (0) = eLmax
1 Āc and W̄N

k (0) =
[

πk 0
(L

(k)
max−1)mk

]

Āw, k = 1, . . . , K,

where 0m is a 1×m zero vector. As this initial state is independent of N , it also complies

with the condition of uniform convergence of M̄N (0) to M̄(0) when N tends to infinity.

Then, the initial state of the mean field is µ̄(0) = M̄N(0) and its evolution is given

by µ̄(t + 1) = µ̄(t)R̄(µ̄(t)). Then, by [79, Theorem 4.1], for any fixed time t, almost

surely, limN→∞ M̄N (t) = µ̄(t), t ≥ 0. Hence, the mean field can be used to approximate
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Figure 5.2: Mean field and simulation results

the behavior of a switch with a large number of wavelengths, a general arrival process

per wavelength, general packet-size distribution, and heterogeneous traffic (the traffic

parameters can be different for each output port).

As described in the previous section, the mean field model is time dependent and

we have not provided a convergence result when the time t tends to infinity. However,

we have performed a large number of experiments and found that the general model

behaves similarly to the basic model introduced in the previous section, when the time

tends to infinity. Namely, when the model presents no losses, the system state always

converges to a unique fixed point, without any influence of the initial state. Also, when

the lack of converters causes the system to present losses, the system converges to a set

of states that are visited periodically, where the period d is equal to the greatest common

divisor of the possible packet sizes of all the traffic entering the switch. Therefore, to

obtain long-run performance measures, we start with an empty system and let it evolve

until ||µ̄(t) − µ̄(t − d)|| < ǫ. Once convergence is reached, the performance measures

are computed for each of the d states, and these are averaged to obtain the long-run

performance measures. This periodic behavior will be illustrated in the next section,

together with the effect of the traffic characteristics on the long-run performance of the

switch.

5.4 Results

In this section we start by illustrating the time-dependent behavior of the mean field

model. Then we compare the stationary performance of the model against simulations of

a switch with a (large) finite number of wavelengths. Afterward we make use of the mean

field model to analyze the effect of various traffic parameters on the switch performance.

As mentioned before we consider the loss probability and σ∗, the minimum conversion

ratio to attain a zero loss probability, as the main performance measures. We examine

the effect of the packet-size distribution, the load and the arrival process’ burstiness, for

both the homogeneous and heterogeneous traffic cases.
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5.4.1 Validation

We start by looking at the time-dependent behavior of the mean field model, as shown

in Figure 5.2(a). In this scenario the switch has two output ports, homogeneous traffic,

geometric IATs, load equal to 0.6, and the packet size is either 5 or 15 with equal prob-

ability. In Figure 5.2(a) we depict, as a function of time, the fraction of wavelengths in

output port 2 with scheduling horizon equal to 3 (µ
(w,2)
3 ). This selection is arbitrary as

any other entry in the state vector shows a similar behavior. Since the mean packet size

E[L] is 10 and the load ρ is 0.6, we know from Equation (5.9) that the optimal conversion

ratio σ∗ is 0.324. Hence, if the conversion ratio is less than this value the system will

present losses due to the lack of converters. In this figure we observe that when σ is

below 0.324 the system tends to a periodic state, and the period is equal to 5, which is

the greatest common divisor of the packet sizes (5 and 15). Also, when the conversion

ratio is closer to 0.324 we see that the fluctuations are smaller, and when σ surpasses σ∗

the system converges to a single fixed point. We have found the same behavior in a large

number of experiments, from which we have concluded that the system may converge

either to a single state or to a set of states visited periodically. The former case occurs

when the system has enough converters to prevents losses, while the latter is the result

of an under-dimensioned conversion ratio. Additionally, when the latter case occurs, the

number of different states that the system visits in the long run is equal to the greatest

common divisor of the possible packet sizes.

We now compare the loss probability in a finite simulated system with the one com-

puted with the mean field model. In Figure 5.2(b) we show this comparison for a switch

with 4 ports, the packet size is uniformly distributed between 5 and 15, the IATs are

geometrically distributed and the load per wavelength is 0.6. In this figure the loss prob-

ability is depicted against the conversion ratio σ. We observe how the performance of the

finite systems tends to that of the mean field when the number of wavelengths per port

increases, in this case from 50 to 200. If the conversion ratio is equal to one, and the

traffic is uniform with geometric IATs, a finite switch behaves as a Geo/Geo/KW/KW

loss queue, and therefore, as the conversion ratio increases, the loss probability of a finite

switch converges toward that of the loss queue. For instance, for W = 50 we observe

that this minimum loss probability is around 10−4, and for a conversion ratio of 0.55

the loss probability of the finite system has already reached a value very close to the

minimum. A similar behavior occurs for W = 100 and W = 200, but in this case the loss

probability is so small that simulations become computationally prohibitive. The main

difference between the mean field and a finite system is that the mean field model can

be dimensioned to attain zero loss probability (σ∗), while the conversion ratio in any real

finite system will be dimensioned to attain a very small loss probability (σ̂). Although

σ∗ will typically be an optimistic value for σ̂, it is a very close approximation, especially

if the number of wavelengths is large. Therefore, the mean field model can be used to

provide a fast-to-compute value to start the search for the actual σ̂, thus restricting the

search for the value of σ̂ to a small neighborhood above σ∗. Another very relevant feature

of the mean field model is that it let us analyze the effect of various traffic parameters

on the performance of the switch, without performing any time-consuming simulations,
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Figure 5.3: Effect of the packet-size distribution

which become more expensive as the number of wavelengths increases, particularly if the

measure of interest (the loss probability) is very small. The remainder of this section is

devoted to the analysis of the effect of the traffic parameters on both the loss probability

and σ∗.

5.4.2 Homogeneous traffic

In this section we consider the case where the traffic is homogeneous, i.e., the traffic

to all the output ports has the same characteristics. Figure 5.3 illustrates the effect of

the packet-size distribution on the switch performance. As it was established in Section

5.2, when the IATs follow a geometric distribution, the only influence of the packet-

size distribution is through its mean. In this case we change the distribution without

altering the mean, and Figure 5.3(a) shows that this has no effect on the loss probability

when the IATs are geometrically distributed. We also consider a more general arrival

process, called ON-OFF, which is a particular case of a DMAP. An ON-OFF process

has an underlying chain with two states: in the so-called ON state the process generates

arrivals with geometric IATs, while in the OFF state no arrivals are generated. This

kind of arrival process has been previously used to model the arrival process at an optical

switch [95,116,123]. The duration of the ON and OFF periods is geometrically distributed,

with the mean duration of the OFF periods being γ times that of the ON periods. In

Figure 5.3 we also observe that for ON-OFF arrivals with γ = 5 the effect of the packet-

size distribution is rather small, even though the distributions we consider are significantly

different. The three packet-size distributions are: deterministic with packet size B = 10;

uniformly distributed between 5 and 15; and a distribution with two equally likely values,

5 and 15. Figure 5.3(b) shows that the effect of the packet-size distribution on σ∗ is also

rather small, a result that holds for a broad range of load values. At this point we must

recall that we are considering the homogeneous-traffic case, where all the wavelengths

have the same arrival process and packet-size distribution. In this case the results are

obtained for K = 2, but this parameter has no effect on the results since the number

of converters is proportional to the total number of wavelengths, which is infinite for

any value of K. In other words, if the traffic is homogeneous all the wavelengths have

the same characteristics and the number of ports becomes irrelevant because there is an
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Figure 5.4: Effect of the burstiness

infinite number of identical wavelengths and the number of converters is defined as a

proportion of the total number of wavelengths. Therefore, when presenting the results

under the assumption of homogeneous traffic we do not need to specify the value of K,

as the results are the same for every K ≥ 1. This also means that when the number of

wavelengths tends to infinity and the traffic among the ports is homogeneous, there is no

difference between the performance of the centralized and non-centralized architectures.

Although the packet-size distribution seems to have little effect on the performance of

the switch, Figure 5.3 shows a significant difference between the results for geometric and

ON-OFF arrivals. We now consider the effect of the arrival process’ burstiness in more

detail, by means of the ON-OFF process. A simple measure of the burstiness of an arrival

process is the ratio between its peak rate and its mean rate [102]. For geometric IATs

these two rates are equal and the ratio is one. For the ON-OFF process the peak rate is

q (the rate of the geometric IATs during the ON periods), the mean rate is q
γ+1 and the

ratio is γ + 1. Therefore, increasing the value of γ while keeping the load fixed increases

the burstiness of the process, which is expected since the same number of arrivals will

occur in shorter time intervals (ON periods), followed by longer silent (OFF) periods.

Figure 5.4(a) depicts the results for geometric and ON-OFF arrivals with various values

of γ (one and five) and various loads (0.3, 0.6 and 0.9). We observe that a larger burstiness

implies a significantly larger loss probability, and therefore a larger conversion ratio to

achieve zero losses. This effect is considerable for any load, but it is particularly relevant

for mid loads. The effect of the burstiness on σ∗ is shown in Figure 5.4(b), where the

larger absolute effect for mid loads is evident. For instance, for ρ = 0.9 the value of σ∗

for geometric IATs is around 0.73, while for ON-OFF(γ = 5) arrivals is 0.77. For a load

of 0.5, σ∗ is 0.22 for geometric IATs and 0.32 for ON-OFF(γ = 5) arrivals. It appears

that when the load is high, the main cause of losses is the load and the burstiness only

comes in second place.

5.4.3 Heterogeneous traffic

We now consider heterogeneous traffic conditions, starting with the case of a difference in

burstiness among the traffic directed to the output ports. In Figure 5.5(a) we show the

loss probability for a switch with two output ports, where the only difference between the
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Figure 5.5: Effect of heterogeneity - K = 2

traffic directed to these ports is related to the burstiness. We consider two cases: in the

first, both output ports have the same ON-OFF arrival process, with parameter γ = 5;

in the second case, the traffic to the first output port is an ON-OFF process with γ = 1,

while for the second port the traffic follows an ON-OFF process with γ = 9. In the first

case, the loss probabilities per port are the same, equal to the overall loss probability. For

the second case the ports present a very dissimilar performance, where the larger losses

correspond to the port with the more bursty traffic, as expected. When the conversion

ratio is highly under-dimensioned the difference between the performance of the ports is

very large, as is the overall loss probability. As the conversion ratio increases and gets

closer to σ∗, the difference between the loss probabilities of the ports decreases. We also

observe that the overall loss probability is smaller for the heterogeneous-traffic than for the

homogeneous-traffic case, and there is also a difference in the value of σ∗, favorable to the

heterogeneous case. This is particularly relevant since, for the type of arrival processes we

are considering, the overall burstiness is the mean of the burstiness among the traffic for

all ports. As a result, in both scenarios the overall burstiness is 5, but when the traffic is

heterogeneous both the loss probability and σ∗ are smaller than in the homogeneous case.

In addition, Figure 5.5(a) also depicts the loss probability for the heterogeneous case when

there converters are arranged in a non-centralized fashion (labeled NC). We observe that

the overall loss probability is very similar for the centralized and non-centralized cases up

to a certain value of the conversion ratio (in this instance 0.35). For larger values of σ

the difference increases considerably, with the centralized architecture showing a smaller

loss probability and a significantly smaller σ∗.

In Figure 5.5(b) we also consider heterogeneous traffic conditions, but this time the

difference is in the packet-size distribution. In this case the load offered to the switch is

the same, but there are differences in the mean packet size per port. Figure 5.5(b) shows

the value of σ∗ for three cases: in the first case the packet size of both ports is deter-

ministic and equal to 10; in the second the packets for the first port have size equal to 5

while those for the second have size equal to 15; in the last case the packets for the first

and second ports are of size 2 and 18, respectively. In all the cases the load is the same

for both output ports. We see that the packet size has an important effect on σ∗, partic-

ularly for high loads. When the asymmetry in the packet sizes is larger, the conversion
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Figure 5.6: Effect of load heterogeneity - K = 2

requirements decrease, but this is significant only if the asymmetry is sufficiently large. In

particular, we observe little difference between the first and the second cases, but a large

difference between these two and the third case. The gain in conversion requirements can

be partly attributed to the centralized location of the converters, as opposed to having

a pool of converters per port. The non-centralized case is illustrated for the third case

in Figure 5.5(b) with the label NC, which shows the conversion requirements to attain a

zero loss probability if each port had its own set of converters. As stated above, under

the assumption of an infinite number of wavelengths, the number of ports K has no effect

on the performance of the switch if the traffic is homogeneous. Therefore, in that case

the difference between centralized or non-centralized conversion vanishes as the number

of wavelengths becomes large. However, as soon as the heterogeneity in the traffic is

considered (either in burstiness or packet-size distribution) we observe an important gain

obtained by centralizing the conversion resources. The other reason for having a lower

loss probability in the latter two cases is that, as the ports have the same load, the arrival

rate for the port with the smaller packet size is larger, and therefore there is a larger

proportion of small packets, which means that the mean packet size is also smaller.

As a final scenario we consider heterogeneously loaded ports. We analyze a switch

with two ports, where the difference between the load of the first (ρ1) and second (ρ2)

ports is given by 2∆ρ, with ∆ρ = ρ1− ρ = ρ− ρ2, and ρ is the overall load. Figure 5.6(a)

illustrates the effect of load heterogeneity, under ON-OFF(γ = 5) arrivals, for three values

of ∆ρ: 0, 0.2 and 0.3. We observe how the overall loss probability is only slightly affected,

while the loss probability per port is significantly different, especially if the conversion

ratio is too small compared to σ∗. Also, the effect of ∆ρ on the minimum conversion

ratio to attain a zero loss probability, shown in Figure 5.6(b), is rather small, even when

the asymmetry in the loads is large. In this case, the value of σ∗ is identical under

non-centralized and centralized conversion, meaning that no gain in conversion resources

is obtained by using centralized conversion when the asymmetry in traffic arises from a

difference in the load. However, in the non-centralized case the converters would need

to be allocated in each port proportionally to the loads. As the load is a very dynamic

parameter, a converter allocation based on the mean load per port would result in a

combination of periods with many idle converters (lowly loaded) and periods with many
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losses (highly loaded). Also, an allocation based on the peak load would require a large

number of converters per port. In a dynamic-load scenario, the centralized architecture

will provide an important gain, as it will be able to combine peak periods for some ports

with valley periods for others. In addition, it is highly unlikely to find a real scenario

where the only difference in the characteristics among the ports’ traffic is the load, while

the burstiness and the packet-size distribution are the same for every port. Typically, the

difference will be in all these characteristics, and therefore the centralized architecture

will provide a better performance and require fewer converters than the non-centralized

one, even if the number of wavelengths is large.





Chapter 6

Partial Conversion and Fiber

Delay Lines

In this chapter we consider an OBS switch equipped with a pool of full-range wavelength

converters and a set of FDLs per output port. Each of these ports has W wavelengths

that can be used to simultaneously transmit the same number of packets. To analyze the

performance of this switch we introduce a mean field model (see Appendix A.3) that is

exact when the number of wavelengths tends to infinity. Moreover, the performance of

a switch with a large but finite number of wavelengths tends to that of the mean field

as the number of wavelengths increases. Therefore, the mean field model can be used

to approximate the performance of a switch with a large number of wavelengths, as has

been confirmed by means of simulations. Furthermore, the time required to evaluate a

particular scenario with the mean field model is typically a few seconds on a personal

computer, compared to the long-lasting simulations that are needed when the number of

wavelengths is large and the performance measures to evaluate are small (e.g. packet loss

probability). As a result, the mean field model can be used to efficiently evaluate the effect

of various parameters on the performance of the switch. These include, among others, the

number of converters, the number and granularity of the FDLs, the packet size distribution

and the arrival process’ burstiness. The main features of the mean field model can be

summarized as follows: (i) contention is resolved by means of both wavelength conversion

and optical buffering; (ii) there is a pool of converters and FDLs per output port; (iii)

the number of converters may vary between zero and the number of wavelengths, i.e.,

the switch has partial conversion; (iv) two different policies are considered for wavelength

allocation: minimum horizon and minimum gap (see Section 6.1); (v) the arrival process

is assumed to be a general DMAP (see Appendix A.1), which is able to represent general

correlated inter-arrival times; (vi) the burst size is assumed to follow a general distribution

with finite support.

The main performance measure for the switch is the loss probability, which is the

probability that an incoming burst has to be dropped due to the infeasibility of transmit-

ting, converting or buffering it. Since the number of wavelengths is large, it is expected

that the loss probability will decrease to a near-zero value if the number of converters is

127
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large enough, as in an Erlang loss system. Therefore, it becomes relevant to determine

the minimum number of converters required to attain a near-zero loss probability. We

can reformulate this in terms of the conversion ratio σ = C/W , where C and W are the

number of converters and wavelengths per output port, respectively (notice that here C

is the number of converters per output port and not its total number in the switch as

in Chapter 5). The goal is therefore to find the minimum value of σ such that the loss

probability is almost zero, which will be denoted as σ∗. As will be shown later, with the

mean field model we are able to compute the value of σ∗ in a single run, which allows

us to consider the effect that other parameters have on σ∗, specially the number and

granularity of the FDLs. In this direction we have found that the effect of the number

of FDLs on the loss rate and σ∗ is highly dependent on the load. While for high loads it

may have little or no effect, for mid loads the addition of a few FDLs may reduce both

the loss rate and σ∗. Also, if the number of WCs is insufficient (σ < σ∗), increasing the

number of FDLs may not improve the loss rate. However, under bursty traffic the effect

of adding FDLs is more substantial, helping to reduce the conversion requirements. The

effect of the granularity on σ∗ also depends on the load: while for low and mid loads

the set of granularity values with the best performance depends on the packet size dis-

tribution, for high loads the performance is inversely proportional to the granularity. As

a result, among the best possible values for the granularity under mid loads, the results

favor the selection of a small granularity since this requires fewer converters to attain a

near-zero loss probability at high loads. In addition, the minimum horizon policy shows a

consistently worse performance than its minimum gap counterpart. And when σ < σ∗ the

addition of converters may even worsen the loss rate under the minimum horizon policy.

This chapter is organized as follows. Section 6.1 introduces the architecture and

operation of the switch under analysis. Section 6.2 describes the mean field model in

detail. Section 6.3 compares the results of the mean field model with results from the

simulation of a finite system. This section also analyzes the effect of various parameters

on the performance of the switch, with special emphasis on the effect of the allocation

policies, the number and granularity of the FDLs and the burstiness of the arrival process.

6.1 Switch Arquitecture

In this section we describe the operation and main features of the optical switch, the

wavelength allocation policies and some modeling issues relevant for the description of

the switch. The optical switch under analysis, shown in Figure 6.1, is made of K in-

put/output ports, each one connected to a fiber with W wavelengths. The switch works

in a synchronous manner, where the time is divided in equally-spaced slots and the state

of the switch is observed at slot boundaries. The arrival process at each wavelength is

modeled as a DMAP (see Appendix A.1) characterized by the set of m × m matrices

{B0, B1, . . . , BLmax}, where Lmax is the maximum packet length. As mentioned in the

previous chapter, the class of DMAP processes has been successfully used before to model

the arrival process at a bufferless optical switch [2,95,124]. It includes many well-known

processes as special cases, e.g., the discrete-time versions of the Poisson process, inter-

rupted Poisson process (IPP), Markov modulated Poisson process (MMPP), etc. When
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Figure 6.1: Optical switch with K input/output ports, W wavelengths, converters and

FDLs

a burst arrives, it is switched to the corresponding output port using its own wavelength,

called home wavelength. If the home wavelength is available for transmission in the output

port, the burst starts transmission immediately. If the wavelength is already transmitting

another burst or has scheduled the transmission of a burst waiting in the FDL, the new

packet is buffered using the FDL. In case the FDL has no available buffering capacity in

that wavelength, the incoming burst is converted to a different wavelength using one of

the available converters. If there are no idle converters or no wavelengths with available

buffering capacity, the burst must be dropped. Thus, to resolve contention the switch

first tries to buffer the signal and only if this is not feasible it tries to convert it, aiming

to minimize the converter usage, as the minConv strategy in [45].

To analyze the performance of the switch we assume the incoming traffic to be uni-

formly distributed among the output ports, so we can focus on a single output port. To

describe the state of one of these ports we consider two types of objects: wavelengths and

converters. The state of a single wavelength is described by the scheduling horizon, which

is the time until all the packets already scheduled for transmission in that wavelength

have left the switch. If the horizon is equal to 0 and a packet of size L arrives, it can

start transmission immediately and the horizon increases to L. On the other hand, if

the incoming burst finds a horizon equal to h, it will experience a delay of at least h

units before actual transmission. As the buffering is carried out by a set of N FDLs, the

possible delay a packet can experience depends on the length of these delay lines. Here we

assume the N FDLs have linearly growing length with granularity D, as explained in the

introduction to this part. With this setup an incoming packet that observes a scheduling

horizon equal to h has to wait for D
⌈

h
D

⌉

slots, if h ≤ ND. If the packet is of size L the

new value of the horizon is D
⌈

h
D

⌉

+ L. Notice, in this particular case the wavelength

remains unused during D
⌈

h
D

⌉

−h slots just prior to the packet transmission. We refer to

this wasted period as a gap. If h is greater than ND the packet cannot be buffered in the

FDL using the same wavelength and it must be reallocated in another wavelength with

horizon less than or equal to ND.
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A packet that cannot be buffered in its home wavelength, called an extra-packet, can be

reallocated if there is both a wavelength with scheduling horizon no greater than ND and

an available converter. Hence, it is necessary to check the state of all the wavelengths and

the converters. There are C converters per output port and the state of a single converter

is also described by its scheduling horizon. As a converter has no buffering capacity, its

horizon reduces to the time required by the packet already in service to be completely

converted. Then, if an extra-packet of size L finds an available converter (and there is a

wavelength with available buffering capacity) the horizon of the selected converter changes

its value from 0 to L. Naturally, when this conversion occurs the horizon of the wavelength

that receives the burst increases its value as described previously. As mentioned before,

the number of converters C per output port is determined as a fraction of the number of

wavelengths W , i.e., C = σW , where σ is the conversion ratio. If an extra-packet finds an

idle converter it has to choose a wavelength among those with horizon less than or equal to

ND. This selection can be made using two different allocation policies: minimum horizon,

which selects the wavelength with the minimum scheduling horizon; and minimum gap,

which selects the wavelength with a horizon such that the allocation of a new packet

generates a gap of minimum value among all available wavelengths. Recall, the gap is the

difference between the horizon observed by an incoming packet and the actual delay that

a packet assigned to the wavelength must face. An important assumption is that each

wavelength with available buffering capacity can only receive one extra-packet during

one slot, even if it has enough free FDLs to receive more than one additional packet.

Removing this assumption would complicate both the wavelength allocation policies and

their corresponding modeling aspects.

To model the evolution of the switch in a single slot we consider the following order

of events: first, the busy wavelengths (resp. converters) transmit (resp. translate) part of

the packet in service, reducing their horizons by one. Second, a new packet may arrive at

each wavelength with a probability related to the current state i ∈ {1, . . . , m} of its arrival

process; the packet is buffered if there is space available in its home wavelength, otherwise

it becomes part of the set of extra-packets. Third, the extra-packets are converted to a

different wavelength with available buffering capacity. An extra-packet that does not find

an available converter or a wavelength with buffering capacity must be dropped. The

probability that a packet is dropped is called the loss probability and is considered the

main performance measure.

6.2 The Mean Field model

Our model is based on a general result for a system of interacting objects introduced

in [79] (see Appendix A.3). In our case, the system consists of two types of objects:

wavelengths and converters. To describe the evolution of the system during a time slot we

start with the state of the objects at the beginning of the time slot. Then we determine

the transition matrices that describe the state transitions at each of the three steps:

transmission, arrivals and reallocation. The matrices associated to these steps are Sk, Ak

and Qk, respectively, where the subscript k may be equal to w or c depending on whether

the matrix describes the transition of a wavelength or a converter. These matrices are
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then used to build a complete description of the evolution of the switch at each time slot.

At the beginning of slot t (before packet transmission) the state of a single wavelength

can be described by the tuple {(H(t), J(t)), t ≥ 0}, with H(t) the scheduling horizon

of the wavelength and J(t) the phase of its arrival process. Its state space is the set

{(i, j) : 0 ≤ i ≤ ND + Lmax, 1 ≤ j ≤ m}. Similarly, a converter can be described by its

scheduling horizon {H̄(t), t ≥ 0} with state space {i : 0 ≤ i ≤ Lmax}. We now define the

transition matrices for each of the three steps.

6.2.1 Step 1, packet transmission

In the first step (S1) the horizon of each busy wavelength and each busy converter is

reduced by one, as they transmit (translate) part of the scheduled packets. Let Tn be the

(n + 1)× n matrix with entries

[Tn]ij =







1, i = j = 0,

1, j = i− 1, i = 2, . . . , n,

0, otherwise.

As in the previous chapter, we label the rows and columns of an m× n matrix from 0 to

m−1 and from 0 to n−1, respectively. Then the evolution of a single wavelength in S1 is

given by the transition matrix Sw = TND+Lmax⊗Im, where In is the identity matrix of size

n and ⊗ denotes the Kronecker product. This product shows that packet transmissions

affect the horizon value, but not the phase of the arrival process. Accordingly, the matrix

Sc = TLmax contains the transition probabilities for a converter during S1.

6.2.2 Step 2, packet arrivals

The arrival of packets during the second step (S2) has no influence on the state of a

converter; therefore, its transition matrix in this step is given by Ac = ILmax . Similarly,

the matrix Aw describes the transition of a single wavelength in S2, but its definition is

more involved. If after S1 the wavelength has a horizon less than or equal to ND, it can

accept any incoming packet. On the other hand, if the scheduling horizon is greater than

ND and a packet arrives, it cannot be buffered and becomes part of the extra-packets.

To keep track of the size of the (possibly empty) set of extra-packets, the horizon and the

phase of the arrival process, we separate the resulting state space after S2 into two sets.

The first set is {(i, j) : 0≤ i≤ND +Lmax, 1 ≤ j ≤ m}, which captures two cases: the

horizon was less than or equal to ND after S1, and the transition in S2 results in a horizon

equal to i and a phase of the arrival process equal to j; or the horizon i was greater than

ND, and no packet was received. In this first set the wavelength holds zero extra-packets.

The second set is {(ND + Lmax + i, k, j) : 1 ≤ i ≤ Lmax−1, 1 ≤ k ≤ Lmax, 1 ≤ j ≤ m},

considering the case where the horizon was equal to ND+i after S1 and the arrival process

(during S2) generates a packet of size k and makes a transition to phase j. The two sets of

states are put together by imposing a lexicographic order, resulting in a transition matrix

Aw of size m(ND + Lmax) ×m(ND + L2
max + 1) (since the horizon after step S1 is at

most ND + Lmax − 1).



132 Chapter 6. Partial Conversion and Fiber Delay Lines

To explicitly describe the matrix Aw we partition the state space before and after

S2 in levels. Before S2, level i is the set of states {(i, j) : 1 ≤ j ≤ m}, for 0 ≤ i ≤

ND + Lmax− 1. After S2, there are two subsets of levels, corresponding to the two

subsets of the state space described above: in the first subset, level i is the set of states

{(i, j) : 1 ≤ j ≤ m}, for 0≤ i≤ND + Lmax; in the second subset, level (i, k) is the set

of states {(ND+Lmax+ i, k, j) : 1 ≤ j ≤ m}, for 1 ≤ i ≤ Lmax−1 and 1 ≤ k ≤ Lmax.

Let the matrix A
{i,i′}
w contain the transition probabilities from level i to level i′, for

0≤ i≤ND +Lmax−1 and 0≤ i′≤ND+Lmax. These matrices are given by

A{i,i′}
w =

{

B0, 1 ≤ i = i′ ≤ ND + Lmax − 1,

Bk, i′ = D
⌈

i
D

⌉

+ k, 0 ≤ i ≤ ND, 1 ≤ k ≤ Lmax.

To explain this expression we consider the two cases separately: in the first case the

wavelength is busy and receives no packet in this slot; in the second case the wavelength

receives a new packet that can be immediately transmitted or buffered, increasing the

scheduling horizon. Similarly, let the matrix A
{i,(i′,k′)}
w contain the transition probabilities

from level i to level (i′, k′), for 0≤ i≤ND+Lmax−1, 1 ≤ i′ ≤ Lmax−1 and 1 ≤ k′ ≤ Lmax.

These matrices are given by

A{ND+i,(i′,k′)}
w = Bk′ ,

for 1 ≤ i = i′ ≤ Lmax − 1 and 1 ≤ k′ ≤ Lmax. These transitions correspond to the case

where the wavelength is busy and receives a packet that cannot be buffered. Since all the

possible transitions in S2 have been covered, we now turn to the last step.

6.2.3 Step 3, packet conversion and reallocation

In this step (S3) the extra-packets that arrived in the previous step are reallocated using

the available converters. To determine the evolution of a single wavelength or converter it

is necessary to consider the state of the whole system (W wavelengths and C converters).

It is important to stress however that we do not need to determine the joint evolution

of multiple wavelengths or converters for the mean field result to apply (for more on this

see Appendix A.3). Let wi(t) be the 1×m vector whose j-th entry contains the number

of wavelengths holding no extra-packets with horizon equal to i and phase of the arrival

process equal to j after S2, for 0 ≤ i ≤ ND + Lmax and 1 ≤ j ≤ m. Additionally, let

the j-th entry of the 1 ×m vector w(ND+Lmax+i,k)(t) be the number of wavelengths at

time t with horizon equal to ND + i after S1 that receive a packet of size k in S2, after

which the phase of the arrival process is equal to j, for 1≤ i≤Lmax−1, 1 ≤ k ≤ Lmax and

1 ≤ j ≤ m. The vector

MW,(w)(t) =
1

W
[w0(t), . . . , wND+Lmax(t), w(ND+Lmax+1,1)(t), . . . , w(ND+2Lmax−1,Lmax)(t)]

describes the state of all the wavelengths at time t before S3 as fractions of the total

number of wavelengths W . Analogously, let ci(t) be the number of converters with horizon

equal to i at time t before S3, for i = 0, . . . , Lmax. The state of the converters at

time t, as a fraction of the total number of converters, is therefore contained in the

vector MW,(c)(t) = 1
C

[c0(t), . . . , cLmax(t)]. The superscript W indicates that the system

is composed of W wavelengths and C = σW converters.
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The state of the complete system at time t can be described by the vector

MW (t) =

[

1

1 + σ
MW,(w)(t),

σ

1 + σ
MW,(c)(t)

]

,

which is called the occupancy vector and contains the fraction of objects in each state,

including both wavelengths and converters. The weights 1
1+σ

and σ
1+σ

are the proportion

of wavelengths and converters, respectively, in relation to the total number of objects.

Based on this vector, we can define the matrices Qw(MW (t)) and Qc(M
W (t)), which

contain the transition probabilities in S3 under the minimum horizon policy for wave-

lengths and converters, respectively. The matrices Q̄w(MW (t)) and Q̄c(M
W (t)) contain

similar information for the minimum gap policy. However, to specify these matrices it is

necessary to first determine the number and size of the extra-packets that can actually

be converted, regardless the wavelength allocation policy.

Let di(M
W (t)) be the number of extra-packets of size i, for 1 ≤ i ≤ Lmax, which is

given by

di(M
W (t)) =

Lmax−1
∑

k=1

w(ND+Lmax+k,i)(t)em,

where em is a column vector of size m with all its entries equal to one. Therefore, the

total number of extra-packets is d(MW (t)) =
∑Lmax

i=1 di(M
W (t)). Also, let WND(MW (t))

be the number of wavelengths with horizon less than or equal to ND after S2, i.e.,

WND(MW (t)) =
ND
∑

i=0

wi(t)em.

The number of extra-packets that can actually be converted (d̂(MW (t))) is given by the

minimum of three quantities: the number of packets to convert, the number of wavelengths

with available buffering capacity, and the number of available converters, i.e.,

d̂(MW (t)) = min{d(MW (t)), WND(MW (t)), c0(t)}.

As each wavelength with available buffering capacity receives at most one extra-packet,

d̂(MW (t)) is also the number of wavelengths that receive an extra-packet in S3. The

selection of these d̂(MW (t)) wavelengths is done using the minimum horizon or minimum

gap policies. Once a wavelength is chosen to receive an extra-packet, the selection of

the packet is done randomly among the d(MW (t)) extra-packets. This means that the

probability that a selected wavelength receives a packet of size k, for 1 ≤ k ≤ Lmax,

is pk(MW (t)) = dk(MW (t))
d(MW (t))

. Relying on these definitions, the purpose of the following

subsections is to determine the transition matrices for both wavelength allocation policies.

Minimum Horizon

To determine the wavelengths that, under the minimum horizon (minH) policy, will

receive the d̂(MW (t)) extra-packets, we define the quantities αi(M
W (t)) as the num-

ber of wavelengths with horizon less than or equal to i after S2, i.e., αi(M
W (t)) =
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∑i
k=0 wk(t)em, for 0 ≤ i ≤ ND. As the extra-packets are assigned to the wavelengths

with the smallest horizons, we need to find an h(MW (t)) such that

αh(MW (t))−1 < d̂(MW (t)) ≤ αh(MW (t)).

This means that the wavelengths with horizon strictly less than h(MW (t)) receive one

extra packet each, while those with a horizon strictly greater than h(MW (t)) receive

no extra-packets. The packets that cannot be accommodated in the wavelengths with

horizons up to h(MW (t))−1 are randomly assigned among the wavelengths with horizon

equal to h(MW (t)). Let θ(MW (t)) be the probability that a wavelength receives a packet

in S3 if its horizon is equal to h(MW (t)). This is given by

θ(MW (t)) =
d̂(MW (t)) − αh(MW (t))−1

wh(MW (t))(t)em

.

Now we can define ri(M
W (t)), the probability that a wavelength with horizon equal

to i receives an extra-packet in S3 under the minH policy, as

ri(M
W (t)) =







1, 0 ≤ i < h(MW (t)),

θ(MW (t)), i = h(MW (t)),

0, h(MW (t)) < i ≤ ND.

Let uii′ (M
W (t)) be the probability that a wavelength with horizon i and holding no

extra-packets after S2 ends up with a horizon equal to i′ after S3, for 0 ≤ i ≤ ND +Lmax

and 0 ≤ i′ ≤ ND + Lmax. These probabilities are given by

uii′(M
W (t)) =















1− ri(M
W (t)), 0 ≤ i = i′ ≤ ND,

ri(M
W (t))pk(MW (t)), 0 ≤ i ≤ ND,

i′ = D
⌈

i
D

⌉

+ k,

1, ND < i = i′ ≤ ND + Lmax.

Now let u(i,k),i′(M
W (t)) be the probability that a wavelength with horizon ND + i after

S1, that received a packet of size k in S2, ends up with a horizon equal to i′ after S3, for

1 ≤ i ≤ Lmax − 1, 1 ≤ k ≤ Lmax and 0 ≤ i′ ≤ ND + Lmax. Since such a wavelength does

not alter its horizon, irrespective of whether the extra-packet is successfully reallocated

or not, the transition probabilities are given by

u(i,k),ND+i′(M
W (t)) =







1, 1 ≤ i = i′ ≤ Lmax − 1,

1 ≤ k ≤ Lmax,

0, otherwise.

Let U(MW (t)) be the (ND +L2
max +1) × (ND +Lmax +1) matrix that describes the

evolution of the horizon during S3. The first ND + Lmax + 1 rows of this matrix have

entries uii′(M
W (t)), for 0 ≤ i ≤ ND + Lmax. The remaining (Lmax − 1)Lmax rows are

made by the entries u(i,k),i′(M
W (t)) in lexicographic order, for 1 ≤ i ≤ Lmax − 1 and

1 ≤ k ≤ Lmax. Therefore, the transition matrix for a single wavelength during S3 is

Qw(MW (t)) = U(MW (t))⊗ Im,
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making explicit that the allocation of extra-packets has no effect on the phase of the

arrival process.

With regard to the converters, only those with horizon equal to 0 may be affected

during S3 since these are used to translate the d̂(MW (t)) extra-packets. Let bi(M
W (t))

be the probability that an idle converter receives a packet of size i in S3, for 1 ≤ i ≤ Lmax.

Also, let b0(M
W (t)) be the probability that the converter remains idle. Clearly,

bi(M
W (t)) =







c0(t)−d̂(MW (t))
c0(t)

, i = 0,
d̂(MW (t))

c0(t)
pi(M

W (t)), 1 ≤ i ≤ Lmax.

Therefore, the entries of the Lmax× (Lmax +1) transition matrix for a single converter in

S3 can be defined as

[Qc(M
W (t))]ij =







bj(M
W (t)), i = 0, 0 ≤ j ≤ Lmax,

1, 1 ≤ i=j ≤ Lmax−1,

0, otherwise.

Minimum Gap

In this section we determine the matrices Q̄w(MW (t)) and Q̄c(M
W (t)) to describe the

evolution of the system during S3 under the minimum gap (minG) policy. Since the

wavelength allocation policy has no effect on the state of the converters, Q̄c(M
W (t)) =

Qc(M
W (t)). To specify the transition matrix for a single wavelength we start by defining

the gap function v(h) = D
⌈

h
D

⌉

−h, which is the size of the gap created when assigning a

packet to a wavelength with horizon h, for 0 ≤ h ≤ ND. Now we can define gi(M
W (t))

as the number of wavelengths with v(·) = i, which is given by

gi(M
W (t)) =

∑

{j:v(j)=i}

wj(t)em, 0 ≤ i ≤ D − 1.

In a similar manner as in the previous section, we define γi(M
W (t)) as the number of

wavelengths with v(·) ≤ i, i.e., γi(M
W (t)) =

∑i
j=0 gj(M

W (t)), for 0 ≤ i ≤ D− 1. In this

case we need to find an x(MW (t)) such that

γx(MW (t))−1 < d̂(MW (t)) ≤ γx(MW (t)).

Thus, γx(MW (t))−1 extra-packets can be assigned to the wavelengths with v(·) <

x(MW (t)). The packets that cannot be accommodated in these wavelengths are dis-

tributed among those with v(·) = x(MW (t)), while the rest of the wavelengths receive

zero extra-packets. In this case, however, we use the minH policy to allocate the remain-

ing d̂(MW (t))−γx(MW (t))−1 extra-packets among the wavelengths with v(·) = x(MW (t))

(as opposed to randomly). Since the horizon h can be expressed as h = D
⌈

h
D

⌉

−v(h) and

the wavelengths that may receive a packet have v(·) = x(MW (t)), we only need to focus

on l(h) =
⌈

h
D

⌉

, which takes values between 0 and N . Let fi(M
W (t)) be the number of

wavelengths with horizon h such that v(h)=x(MW (t)) and l(h) = i, for 0≤ i ≤N . Also,

let φi(M
W (t)) =

∑i
j=0 fj(M

W (t)) be the number of wavelengths with horizon h such
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that v(h) = x(MW (t)) and l(h) ≤ i, for 0≤ i ≤N . We then need to find a y(MW (t))

such that

φy(MW (t))−1 < d̂(MW (t)) − γx(MW (t))−1 ≤ φy(MW (t)).

Then, among the wavelengths with horizon h such that v(h)=x(MW (t)), one extra-packet

is assigned to each wavelength with l(h)<y(MW (t)), no extra-packet is assigned to those

with l(h)>y(MW (t)), and the remaining extra-packets are randomly assigned among the

wavelengths with l(h) = y(MW (t)). Therefore, the probability that a wavelength with

horizon h such that v(h) = x(MW (t)) and l(h) = y(MW (t)) receives an extra-packet

during S3 is

η(MW (t))=
d̂(MW (t)) − γx(MW (t))−1 − φy(MW (t))−1

fy(MW (t))(MW (t))
.

Now we can define r̄i(M
W (t)) as the probability that a wavelength with horizon equal

to i receives an extra-packet in S3 under the minG policy, given by

r̄i(M
W (t)) =



































1, 0 ≤ v(i) < x(MW (t)),

1, v(i) = x(MW (t)),

l(i) < y(MW (t)),

η(MW (t)), v(i) = x(MW (t)),

l(i) = y(MW (t)),

0, otherwise.

Based on these probabilities we can build the matrix Ū(MW (t)) in the same manner as

we did with the matrix U(MW (t)) for the minH policy, but replacing the ri(M
W (t)) by

r̄i(M
W (t)), for 0 ≤ i ≤ ND. Thus, the transition matrix of a wavelength in S3 under the

minG policy is Q̄w(MW (t)) = Ū(MW (t))⊗ Im.

6.2.4 Computation of MW (t) for large W

In the previous sections we built the transition matrices related to each of the three main

events (steps) in a slot, for wavelengths and converters separately. These matrices can

be combined to describe the evolution of a single object as a DTMC. We will observe

the system just after S2 and, therefore, the state of the wavelengths (resp. converters) at

time t is described by the vector wW (t) (resp. cW (t)). Since the order of the events is S3,

S1 and S2, the transition matrices of a single wavelength or converter under the minH

policy are

RW
k (MW (t)) = Qk(MW (t))Sk Ak, k ∈ {w, c}.

The superscript W refers to the total number of wavelengths in the system. We now

combine these two matrices into RW (·) to describe the evolution of a single object, which

can be a wavelength or a converter, as a DTMC with two non-communicating classes

RW (MW (t)) =

[

RW
w (MW (t)) 0

0 RW
c (MW (t))

]

.

A similar construction can be made to determine the matrix R̄W (MW (t)) for the minG

policy. We now consider the framework in [79] to compute MW (t) when W is large.
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The discussion is for the minH policy, but it applies mutatis mutandis for the minG

policy. In [79] the authors show that, under some mild conditions, a system of interacting

objects converges to its mean field when the number of objects is large. The mean field is

a time-dependent deterministic system that can be used to approximate the behavior of a

system with a large number of objects (a brief description of the mean field result in [79]

can be found in Appendix A.3). In our case the objects are of two classes (wavelengths

and converters) and their evolution is described by the matrix RW (~m), where ~m is a

1 ×m(ND + L2
max + Lmax + 1) occupancy vector. The first condition for this result to

hold is that the entries of the transition matrix of a single object [RW (~m)]ij converge

uniformly to some [R(~m)]ij on the set of all occupancy vectors when W (1 + σ)→∞. In

our model the transition matrix RW (~m) is actually independent of the number of objects

W (1+σ). This can be seen by dividing all the quantities involved in the computation of the

probabilities uii′(M
W (t)) and bi(M

W (t)) by W (1+σ). This means that R(~m) = RW (~m).

The second condition is that [R(~m)]ij must be continuous in ~m, which also holds for both

allocation policies. Since both conditions are valid for the model described by the matrix

R(~m), we can approximate the evolution of the system by means of the mean field, which

is described by the vector µ(t), for t ≥ 0. Let µ(t) =
[

1
1+σ

µ(w)(t), σ
1+σ

µ(c)(t)
]

, for t ≥ 0.

The initial state of the wavelengths is defined as µ(w)(0) = [πB, 0, . . . , 0], where the 1×m

vector πB is the stationary probability distribution of the Markovian arrival process.

Similarly, the vector µ(c)(0) = [1, 0, . . . , 0] describes the initial state of the converters.

The initial distribution is independent of the number of objects and establishes that all

the wavelengths and converters are idle at time 0. Now, let the mean field model evolve

as µ(t + 1) = µ(t)R(µ(t)), then, by [79, Theorem 4.1], for any fixed time t, almost surely,

lim
W→∞

MW (t) = µ(t).

Using the mean field model we can compute the state of the system at time t by

performing t vector-matrix multiplications, where the vector is of size 1×m(ND+L2
max+

1). Additionally, at each time slot the matrix Q(~m) (or Q̄(~m)) must be computed since it

depends on the value of the occupancy vector. However, if the packet-size distribution is

independent of the arrival process the description of the system after S2 can be simplified.

In this case the probability distribution of the extra-packets’ size is equal to the original

packet-size distribution. Therefore it is not necessary to keep track of the size of the extra-

packets, but only their number is required, reducing the size of the occupancy vector to

1×m(ND +2Lmax). Also, the structure of the transition matrices in S1 can be exploited

to further reduce the computation times.

In addition to approximate the state of a switch with a large number of wavelengths

at any finite time t, we are particularly interested in its long-run behavior, but the mean

field model is time-dependent and gives no information about this behavior. However, we

have numerically observed that when the conversion ratio is large enough to prevent losses

caused by the lack of available converters, the state of the system converges to a unique

fixed point. When the conversion ratio is not enough to avoid packet losses the system

shows a stationary periodic behavior. The period has been observed to be equal to the

greatest common divisor of the possible packet sizes. Even though we do not provide a
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formal proof of this fact, the results presented in the next section, as well as many others

not included here, support this observation. Actually, a formal proof appears to be hard

since the evolution of the sequence of occupancy vectors {µ(t), t ≥ 1} is determined

by the matrix R(µ(t)), whose entries are a nonlinear function of the occupancy vector.

Moreover, it must be shown that {µ(t), t ≥ 1} converges either toward a single point (if

the number of converters is enough to prevent losses), or toward a set of points that the

sequence will visit cyclically (if there are losses because of the lack of converters). Let q be

the greatest common divisor of the possible packet sizes. As we do not know in advance

if the conversion ratio is enough to prevent losses or not1, we observe the system every

q time slots to check the difference in the entries of the occupancy vector, and we let it

evolve until this difference is less than ǫ = 10−10. For each of the q states we compute

the performance measures, as shown in the next section, and their average is the value of

the long-run performance measures.

6.2.5 Computation of the performance measures

If at time t the mean field has reached one of the q states toward which it converges,

then d(MW (t)) is also the number of packets requiring conversion per slot in this state,

which we call the spill rate. Similarly, d̂(MW (t)) is called the conversion rate, while

d(MW (t))− d̂(MW (t)) is the loss rate. In a system with W wavelengths the total arrival

rate is Wλ, where λ is the arrival rate at each wavelength, given by

λ = πB

Lmax
∑

k=1

Bkem = πB(Im −B0)em.

Therefore the spill probability pspill, i.e., the probability that an incoming packet requires

conversion, is given by pspill = d(MW (t))
Wλ

. Dividing the numerator and denominator by

the number of objects W (1 + σ), we get

pspill =
δ(MW (t))

λ
1+σ

,

where δ(MW (t)) = d(MW (t))
W (1+σ) is independent of the number of objects. In a similar manner,

we define δ̂(MW (t)) as d̂(MW (t))
W (1+σ) , which allows us to define the conversion probability pconv

and the loss probability ploss as

pconv =
δ̂(MW (t))

λ
1+σ

, ploss =
δ(MW (t))− δ̂(MW (t))

λ
1+σ

.

6.3 Results

The purpose of this section is two-fold: first, we illustrate the time-dependent behavior

of the mean field model as well as its convergence toward a state that matches well

1Actually, by running the mean field model once with σ = 1, we can determine the required σ value

at once.
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Figure 6.2: Time-dependent behavior of a switch with N = 3, ρ = 0.8, D = 10, geometric

IATs and packet size equal to 10

with the results obtained by means of simulation. This will be considered in Section

6.3.1. Second, we make use of the mean field model to analyze the effect of the switch

parameters on its performance. We consider the loss probability as the main measure of

performance and put special emphasis on the minimum conversion ratio required to attain

zero loss probability, referred to as σ∗. In a switch with a finite number of wavelengths,

the goal is to determine a conversion ratio such that the loss probability stays below a

certain predefined threshold. Since there are no analytical models available to determine

the exact loss probability in a switch with a large number of wavelengths, FDLs and

partial wavelength conversion, the only alternative is to rely on simulation. However, to

estimate a very small loss probability using simulation requires long computation times

since the event that must be observed (a packet loss) becomes very unlikely. One of

the main advantages of the mean field model is the fast computation of the approximate

loss probability and σ∗ for any particular scenario with a large number of wavelengths.

This allows the analysis of the effect that the various switch parameters have on these

performance measures. Sections 6.3.2 and 6.3.3 deal with these issues, where the latter is

concerned with the effect of the arrival process’ burstiness on σ∗.

6.3.1 Validation

Given the time-dependent nature of the mean field model, there is a natural interest in

the behavior of the state vector µ(t) as a function of time. In Figure 6.2 we illustrate

this behavior using the fraction of converters with horizon equal to 5, i.e., µ
(c)
5 (t). The

selection of this value is arbitrary as all the other entries in the state vector behave in

a similar manner. To fix the arrival rate we use the load ρ = λE[L], where E[L] is the

expected value of the packet size. In this scenario the switch has N = 3 FDLs per output

port, the load ρ is 0.8, the granularity is D = 10, the burst length equals 10, the inter-

arrival times (IATs) follow a geometric distribution (meaning B0 = 1 − 0.8/10 = 0.92

and B10 = 0.8/10 = 0.08), the policy is minG and the conversion ratio is between 0.1

and 0.3. As can be seen in Figure 6.2, when the conversion ratio is equal to 0.1 the
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(a) minimum horizon policy
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Figure 6.3: Mean field model vs. simulation for a switch with N = 5, ρ = 0.8, σ = 0.1,

packet size equal to 10 and geometric IATs

state of the converters is highly variable and after a short warm-up period it adopts a

periodic behavior. When the conversion ratio rises to 0.2 the warm-up period becomes

longer and the state of the converters is clearly less variable, but the period is exactly the

same and equal to the packet size, in this case 10 slots. Finally, if the conversion ratio

is equal to 0.3 no losses are caused by the lack of converters. In this case the warm-up

period is even longer, but the system reaches a unique fixed point. A similar behavior has

been observed in all the experiments performed, with a periodic long-run behavior and

period equal to the greatest common divisor of the possible packet sizes. This periodic

behavior arises when the conversion ratio is not enough to prevent packet losses. This

is an important observation as it indicates that an under-dimensioned number of WCs

leads to a periodic system behavior. If there are plenty of converters to translate any

extra-packet, the system converges to a unique fixed point, as in Figure 6.2 for σ = 0.3.

Since the mean field model tends converges to a set of states in the long run, we

can use these states to compute the performance measures of the system as indicated

in Section 6.2.5. A first question to address is how the mean field model approximates

the behavior of a finite system. In Figure 6.3 we compare the results of the mean field

model with results from simulation of a switch with 50, 100, 200 and 500 wavelengths.

The estimates from simulations have confidence intervals with half width less than 1% of

the mean, obtained with the batch-means method. As can be expected, the simulations

require long execution times to obtain a small confidence interval for the loss probability.

Figure 6.3 shows how the performance of the finite system tends to that of the mean

field model, getting closer as the number of wavelengths increases. In this scenario, as in

many others, the convergence for the minG policy, shown in Figure 6.3(b), is smoother

than for the minH policy, shown in Figure 6.3(a). For both policies, the accuracy of the

mean field approximation depends on the granularity, being almost exact for granularities

well above the packet size. For granularities between 2 and 10, the performance of the

finite system smoothly converges to that of the mean field for the minG policy. On the

other hand, the convergence for the minH policy shows different patterns for different

granularity values. Notably, when D = 14 the performance of the finite system does

not appear to converge to the mean field. We have observed that, in this case the loss
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probability of a sequence of finite systems with increasing number of wavelengths first

increases and then decreases toward the loss probability of the mean field, but this only

occurs when the finite system has a few thousand wavelengths. On the other hand, the

minG policy aims at minimizing the gaps in the FDLs, and an increase in the number of

wavelengths directly implies more options to allocate an extra-packet while creating the

smallest possible gap. Therefore, increasing the number of wavelengths will reduce the

loss probability under this policy and the convergence will be smoother than under the

minH policy. As a result, when approximating the performance of a finite system with a

given number of wavelengths, the mean field model is expected to be less accurate under

the minH than under the minG policy.

6.3.2 The combined effect of FDLs and WCs

One of the main characteristics of the mean field model is its ability to include both

partial wavelength conversion and buffering as solutions for contention resolution. We

exploit this feature in this section by analyzing the effect of three main parameters:

the conversion ratio σ, the number of FDLs N and their granularity D, as well as the

wavelength allocation policy. The arrival process is assumed to be geometric as the effect

of burstiness in the arrival process will be the topic of the next section. We start by

comparing the spill, conversion and loss probabilities for both allocation policies. In

Figure 6.4 these three quantities are shown for a switch with N = 3 FDLs, granularity

D = 10, load equal to 0.8 and packet size with equally probable values 8 and 12. For both

policies the conversion probability increases linearly with the number of converters up to

a point from which it no longer increases. During the interval where this probability

increases the converters are the bottleneck of the system, and therefore they are busy

all the time. When the switch has enough converters to translate any extra-packet, i.e.,

when spill and conversion probabilities are equal, the switch no longer experiences losses

due to the lack of converters. Notice, we can determine the σ value where the loss rate

becomes zero (σ∗) by running the mean field model once with σ = 1 and noting the

percentage of busy converters, solving the dimensioning problem of WCs in a single run.

From the figure we observe that the minG policy requires a smaller conversion ratio

than the minH policy to reach the point where spill and conversion probabilities are the

same. Furthermore, from this point on the spill probability under minH is larger than

under minG, confirming the well-known result that minH is less efficient in managing the

buffering resources (FDLs).

An observation that can be made from Figure 6.4, also found in Figure 6.5(a) as well as

in many other experiments, is the existence of jumps in the spill and loss probabilities as

a function of the conversion ratio, for the minH policy. These jumps are closely related

to the discrete nature of the FDLs and the way in which the minH policy reallocates

the extra-packets. As this policy selects the wavelengths with minimum horizon, the

reallocated packets go first to the wavelengths with horizon 0 and, if the number of

converted packets is larger than the number of wavelengths with horizon 0, the packets

are sent to the wavelengths with horizon equal to 1. However, this allocation creates

large gaps (of size D − 1) in the wavelengths that receive the converted packets. This
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Figure 6.4: Comparison of policies for a switch with N = 3, ρ = 0.8, D = 10, geometric

arrivals and packet size equal to {8, 12}

implies that the gap size distribution is affected in a bad manner, reducing the capacity

of the wavelengths and causing the spill probability to increase. Hence, the jump in

the spill probability, and therefore in the loss probability, is caused by an increase in the

conversion ratio that makes the system able to convert more packets than the wavelengths

with horizon equal to 0 are able to admit. This jump can be seen in Figure 6.4 when σ

goes from 0.12 to 0.13. The other jumps occur similarly when the conversion ratio goes

from a value in which the reallocated packets can be handled by the wavelengths with

horizon less than or equal to iD to a value in which they cannot, for 1 ≤ i ≤ N . Notice

that the number of jumps is at most equal to N , but might be less than this value.

A relevant issue in the design of an optical switch is the influence of the number of

FDLs on the loss probability. Figure 6.5(a) shows the loss probability as a function of

the conversion ratio, for a variable number of FDLs and both allocation policies. The

packet size can be 5 or 15 with equal probability, the load is 0.8 and the granularity is

10. The effect of adding FDLs on the loss probability depends on the conversion ratio. If

the conversion ratio is large enough, then adding more FDLs has no effect. However, the

conversion ratio σ where the loss rate drops to zero does depend on N . For instance, in

Figure 6.5(a), having N = 1 FDLs allows us to use significantly fewer WCs compared to

having zero FDLs, while increasing N to 2 has a smaller effect, and an additional FDL

has no effect (as a buffer capacity of N = 2 suffices with C = 0.3W WCs). If σ is such

that the switch has losses due to the lack of converters, then the addition of buffering

capacity might reduce the losses substantially. However, adding an extra FDL might also

have no effect at all, even if the switch presents losses. This is clear in Figure 6.5(a) for

σ = 0.25, where the loss with two FDLs is lower than with one, but the addition of a

third makes no difference.

As stated before, we can determine the value of σ at which the loss probability drops

to zero (σ∗) in a single run of the mean field model. In Figure 6.5(b) we illustrate how the

load affects the value of σ∗ under both policies. In this case the IATs follow a geometric

distribution, the packet size is uniformly distributed between 5 and 15, and the granularity

is 9. As expected, a higher load implies a larger σ∗. Also, for high loads the minG policy
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Figure 6.5: Comparison of policies

requires a smaller conversion ratio to achieve zero losses than the minH policy. In relation

to the number of FDLs, it is clear that the addition of one FDL reduces the value of σ∗

for the minG policy, but the effect of additional FDLs depends on the load. For high

loads, there is no difference in having one or more FDLs, while for mid and low loads the

addition of FDLs may reduce the value of σ∗. This behavior can be explained as follows.

If the switch has enough converters to prevent losses and the load is one, the probability

that a wavelength has a horizon less than ND after S1 is almost zero in the fixed point.

When the load diminishes, the probability that the horizon is between (N −1)D and

ND−1 smoothly increases, but for values less than (N−1)D it remains close to zero. To

obtain a positive probability of having a wavelength with horizon less than (N−1)D it is

necessary for the load to go below a certain threshold, which in Figure 6.5(b) corresponds

to 0.83. This behavior is independent of the value of N , explaining why the addition of

more than one FDL has no effect on the conversion ratio required to achieve zero losses

for loads over 0.83 in this scenario. Similar thresholds can be found for the values of

the load required to have a positive probability that a wavelength has a horizon between

(i− 1)D and iD− 1, for 1 ≤ i ≤ N . Hence, for loads above these thresholds having more

than N − i + 1 FDLs has no effect on σ∗. These thresholds coincide with the location of

the jumps for the minH policy, but under this policy the probability of having a horizon

less than ND is zero if σ ≥ σ∗ and the load is greater than 0.83. If the load goes below

this value, the probability of a horizon between (N−1)D and ND−1 suddenly becomes

positive and takes similar values to those of the minG policy. Therefore, both policies

reach a similar σ∗ at ρ = 0.83, but the minG policy does it in a smooth manner while

the minH policy shows a big reduction in σ∗ when the load goes from from 0.84 to 0.83.

We may conclude that incorporating one or two FDLs may result in a significant cost

reduction, as fewer WCs are needed. However, the results suggest that additional FDLs

have little use as they affect the required number of WCs in a less profound manner,

especially for higher loads. The effect of the number of FDLs on σ∗ will be discussed

again in the next section when looking at the effect of burstiness in the arrival process.

The granularity of the FDL is a parameter with a significant influence on the loss

probability for the single-wavelength buffer, as shown in [26, 71, 116]. In Figure 6.6 we

illustrate the effect of the granularity on σ∗ for two different packet-size distributions. For
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Figure 6.6: Effect of the granularity on σ∗ for a switch under minG policy, geometric

arrivals and 3 FDLs

clarity reasons the results are only shown for the minG policy. The corresponding results

for minH have a similar behavior as a function of D, but include the jumps already shown

in previous figures, redounding in a worse performance. In Figure 6.6(a) we consider the

case where the packet size is fixed and equal to 10 slots. Here we observe two different

behaviors for the value of σ∗ depending on the load. For low to mid loads, the optimal

granularity is D = 9, as has been suggested before for fixed-length packet sizes. However,

in the second region (high loads) this is no longer the case. At a load around 0.7 there

is a pronounced change in the slope of the curve corresponding to D = 12. This change

rapidly puts this curve above the others, making it the one with the highest requirements

in terms of converters. A similar change in slope is suffered by the other curves, in an

order that is inversely proportional to the granularity. Therefore, for high loads (in this

case above 0.85) a lower granularity means a smaller σ∗. A similar behavior is observed

in Figure 6.6(b), where the packet size can be 5 or 15 with equal probability. In this case

however there is almost no difference among the granularities between 6 and 12 along the

first region of the load range. This result agrees with previous observations related to

the larger set of optimal granularities when the packet size is variable. Therefore, among

the best possible values for the granularity in the first region, the results just described

favor the selection of a small granularity since this requires fewer converters to attain a

near-zero loss probability at high loads.

6.3.3 The effect of the arrival process’ burstiness

In this last section we analyze the effect of the burstiness in the arrival process on the

minimum conversion ratio to attain zero losses σ∗. This is possible due to the versatility of

the arrival process assumed by the model (DMAP). In particular we consider an ON-OFF

process with two states, where in one state the process generates arrivals with geometric

IATs while in the other state no arrivals are generated. This kind of arrival process

has been previously used to model the arrival process in an optical switch [95, 116, 124],

and it was also used in the previous chapter. The duration of the ON and OFF periods

(the sojourn time of the chain in each state) is geometrically distributed with the mean

duration of the OFF periods being κ times that of the ON periods. In Chapter 5 we
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Figure 6.7: Comparison of policies for a switch with an ON-OFF arrival process, 3 FDLs,

D = 8 and packet size equal to {5, 15}

referred to κ as γ. Here we prefer κ to avoid confusion with the γx defined in the previous

section. Recall that a simple measure of the burstiness of an arrival process is the ratio

between its peak rate and its mean rate [85, 102]. For geometric IATs these two rates

are equal and the ratio is one. For the ON-OFF process the peak rate is q (the rate of

the geometric IATs during the ON periods), the mean rate is q
κ+1 and the ratio is κ + 1.

Therefore, increasing the value of κ while keeping the load fixed increases the burstiness

of the process. Figure 6.7 shows the effect of the burstiness on σ∗. As expected, the

increase in the burstiness implies a higher conversion ratio to attain zero losses, with

a large difference for the range of mid loads. Here again the minH policy shows large

jumps when increasing the load, compared to the smooth behavior of the minG policy.

In this case however we can compare the effect of the allocation policy versus that of the

burstiness. From Figure 6.7 we see that when the load goes above 0.85 the conversion

requirements for the minH policy under geometric arrivals becomes up to 50% higher

than those for the minG policy under an ON-OFF arrival process with κ = 5. This

is an important difference in conversion requirements and reveals a significantly worse

performance of the minH policy even under non-bursty traffic.

We have seen that the minG policy requires significantly less conversion resources than

its minH counterpart. Therefore, we now focus on the minG policy and analyze the effect

of the number of FDLs under bursty traffic, as illustrated in Figures 6.8(a) and 6.8(b).

Figure 6.8(a) shows this effect for a switch where the packet size is uniformly distributed

between 5 and 15, and the granularity is 9. This is the same scenario as in Figure 6.5(b),

the only difference being that now the arrival process is ON-OFF with κ = 5. A first

comparison between the two figures yields the expected result of higher σ∗ when the arrival

process is ON-OFF instead of geometric. A more relevant observation is that the addition

of FDLs under bursty traffic has a more significant effect than it had under geometric

arrivals. For instance, adding a second or a third FDL produces a larger reduction on σ∗

under bursty traffic. As well as in the geometric case, this difference vanishes when the

load becomes sufficiently high, giving no advantage in placing additional FDLs. However,

the range of loads for which placing additional FDLs makes a difference is larger in the
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Figure 6.8: Effect of the burstiness on σ∗

bursty traffic case. An example of this is the placement of the second FDL. While placing

a second FDL makes no difference for loads above 0.83 under geometric IATs, it is worth

doing so for loads up to 0.92 under bursty traffic. Therefore, the addition of FDLs under

bursty traffic not only reduces the conversion requirements in a more significant manner

than under non-bursty traffic, but this reduction is valid for a larger range of loads,

increasing the value of additional FDLs.

We conclude by taking a final look at the effect of the FDLs on the minimum conversion

ratio to attain zero losses. From Figure 6.8(b) it is evident that increasing the number of

FDLs, in this case from one to three, has a significant effect on reducing σ∗. Furthermore,

this reduction is as strong as to make the conversion requirements for the case with N = 1

and κ = 1 similar to those of the case with N = 3 and κ = 5. Consequently, it is

possible, at least in part, to compensate the effect of the burstiness on σ∗ by including

additional FDLs, supporting a switching solution that combines both conversion and

buffering resources to resolve contention, especially under bursty traffic.



Chapter 7

Limited-Range Conversion and

Fiber Delay Lines

This chapter presents an approach to evaluate the performance of an optical switch

equipped with a pool of both limited-range wavelength converters and Fiber Delay Lines

per port to resolve contention. In order to study the performance of this system, we pro-

pose an analytical model that allows a general behavior for the packet-size distribution,

while the inter-arrival times are assumed to be of Phase-Type (PH), a class of distribu-

tions that allows a wide variety of behaviors (see Appendix A.1). As indicated in Section

7.2.5, this assumption can be relaxed to allow for general inter-arrival times. In general,

limited-range conversion is difficult to analyze because the interaction among the wave-

lengths depends on their specific location. Namely, the state of a particular wavelength is

affected by and affects the behavior of its closest neighbors: if a packet arrives through a

wavelength where it cannot be transmitted immediately nor buffered, it can be converted

to a wavelength in the range allowed by the converter. This range is typically made

of the wavelengths closest to the one in which the packet arrived. Therefore, to fully

model a port with W wavelengths, it would be necessary to keep track of the state of

each wavelength explicitly. With the addition of FDLs, keeping track of the state of each

wavelength becomes infeasible even for moderate values of W .

In this chapter we start by proposing a model where the whole set of wavelengths is

partitioned in smaller subsets that can be analyzed separately. In this manner it is not

necessary to keep track of the state of the total number of wavelengths, but only of those

in the subset. Although this subset is only of size two, it allows us to study the effect

of different wavelength allocation policies on the packet loss rate. Moreover, we identify

a linear association between the loss rate in this simple configuration and in the more

complex case where a wavelength can make use of its two closest neighbors to convert a

packet that it cannot buffer. This approach works well for different configurations and

is particularly useful for the mid load case, when simulations become computationally

expensive. The results show that, given the restriction in the wavelength range in which

an incoming packet can be converted, even a few FDLs help to significantly reduce packet

losses by exploiting the time domain.

147
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This chapter starts by presenting the switch architecture and the different wavelength

allocation policies in Section 7.1. Next, Section 7.2 describes the analytical model for the

simpler case, while Section 7.3 reports several results about the effect of the policies and

other parameters in the performance of the switch. Section 7.4 presents the approximation

for the more complex case as well as results related to its behavior.

7.1 Switch architecture

The optical switch analyzed in this chapter has a set of K input and output ports,

as shown in Figure 7.1. Packets arrive and leave the switch through any of the W

wavelengths in each port. A set of converters is attached to each input port, while each

output port has its own set of FDLs, in a similar fashion as the space switch described

in [94, Chapter 10]. Similarly to the architectures considered in the previous chapters, we

assume a synchronous operation, making the switching matrix design simpler [28], and

variable packet sizes, reducing the amount of header processing [27]. We also assume that

the traffic is uniformly distributed among the output ports. Thus we can evaluate the

performance of a single port since all of them behave in a similar fashion. When a packet

is destined to a specific output port, it comes through one of the W wavelengths (in an

input port), referred to as its home wavelength. As mentioned before, we assume that the

converters provide limited-range wavelength conversion, namely they are able to convert

to a specific subset of the output wavelengths only [127]. This set is usually made of the

home and some adjacent wavelengths [106]. Thus if a packet cannot be transmitted nor

buffered using its home wavelength it must be allocated in another wavelength among

those that are reachable from its home wavelength.
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Figure 7.1: Switch architecture with K input/output fibers, W wavelengths, converters

and FDLs

The selection of a wavelength for transmission depends on the state of each wavelength

in the reachable set. The state of a wavelength can be described by the scheduling horizon,

i.e., the time required to transmit all the packets already allocated (being transmitted or

buffered) in this wavelength. Recall that an FDL buffer creates gaps in the channel and
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these gaps have a relevant influence on the switch performance since the channel will be

idle for several intervals even when some packets are waiting for transmission in the FDL.

Therefore when a packet is allocated to a particular wavelength, this choice implies both

the delay that the packet must face and the gap that it creates on the channel [28].

For the case of limited-range wavelength conversion, the wavelength allocation decision

is made over the restricted set of reachable wavelengths, called the output set. We consider

two different alternatives to compose the output set:

• Symmetric set: the output set includes the home wavelength and d wavelengths on

either side of it [127]. This gives a set of variable size, depending on the position of

the home wavelength. For those wavelengths that are at least d positions separated

from the first and the last wavelength, the set is of size 2d+ 1. For the wavelengths

on the borders the output set is of size d+1 only. In general, if the wavelengths are

numbered from 1 to W , where the first and the last are the borders, the output set

of wavelength i is

{max{i− d, 1}, max{i− d + 1, 1}, . . . , i, . . .min{i + d− 1, W}, min{i + d, W}} ,

for i = 1, . . . , W . The parameter d is called degree of conversion [95].

• Fixed set: in this case the set of wavelengths is partitioned, such that a packet can

only be forwarded through the wavelengths that belong to the same partition as

its home wavelength. The partition is assumed to be built by adjacent wavelengths

since the converters perform faster for a small range of wavelengths.

Once the output set is determined, the selection of the wavelength used for transmission

can be made in several ways:

• Random: the wavelength used to transmit the packet is selected randomly among

those in the output set where the required delay is not greater than ND.

• Minimum Horizon (MinH ): the packet is sent through the wavelength that offers

the minimum scheduling horizon, i.e., the one where the delay before transmission

is minimum.

• Minimum Gap (MinG): the wavelength selected for transmission is such that the

gap created by the scheduling of the packet is minimum among the set of output

wavelengths.

The two latter scheduling policies have been studied in [27,28] for the case of full-range

wavelength conversion using simulation models. It must be noted that in those works,

as well as here, we assume that whenever a conversion is required, a converter will be

available to perform it (full wavelength conversion). In the next section we present a

model for the fixed-set case where the wavelengths are allocated according to the MinH

or MinG policies.
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7.2 Analytical model for two wavelengths

In this section we assume that the W wavelengths are partitioned in W
2 subsets each

of size 2. In principle, the model can be generalized to a partitioning with W
k

subsets

each of size k, with k being a divisor of W . Nevertheless we will restrict ourselves to the

two-wavelength case to limit the computation times. Indeed, the size of the model for

realistic parameter values is a key issue since the state space grows exponentially if k is

chosen larger than two. Nevertheless, the two-wavelength case captures to some extent

the benefits of having multiple wavelengths since it includes the effect of the wavelength

allocation policy. A first approach to model this system is to generalize the horizon model

presented in [73, 116] for the single-wavelength buffer. In this case, each wavelength is

represented by the scheduling horizon seen by the incoming packet, that is, the time

required until all packets scheduled on this wavelength have left the system. If this

horizon is greater than ND, the maximum achievable delay, on all wavelengths, the packet

is dropped. Even for the case with two wavelengths this approach becomes problematic in

terms of the required computation times for realistic parameter values. Another approach

is the one proposed in [103], where the state variable is the waiting time of the last accepted

packet, using a modified version of the Lindley equation. Although this method provides

a much smaller state space, it is only directly applicable for the single-wavelength system.

In order to keep the model size numerically tractable, we propose a model that mixes

the two approaches mentioned above by observing the system only when an incoming

packet is accepted. Whenever a packet arrives to the FDL it is accepted for transmission

if at least one of the wavelengths is able to delay the packet until this wavelength becomes

idle. Thus, the system can be represented with two state variables: Wn, the waiting time

of the n-th accepted packet, for n ≥ 1; and Hn, the value of the scheduling horizon of

the wavelength that did not admit the n-th accepted packet at its arrival, for n ≥ 1.

As the FDL only provides delays that are multiples of D, the waiting time Wn only

takes values in the set {0, D, 2D, . . . , ND}. The cardinality of this set is much smaller

than that of the scheduling horizon Hn, since this variable can adopt values in the set

{0, 1, 2, . . . , ND + Lmax − 1}, where Lmax is the maximum packet size.

For the policies studied later, the sequence {{Wn, Hn}, n ≥ 1} is a Markov chain

as will be clear from the evolution equations in each case. With the combination of the

waiting time and the scheduling horizon as state variables, the state space is much smaller

than keeping track of both horizons as state variables. Moreover the state space of the

combined variables is not equal to the cartesian product of the sets described above since

many of the possible combinations are not reachable. In fact the reachable state space

highly depends on the wavelength allocation policy. It is important to remark that the

same modeling approach can be used for k > 2. This representation would require one

delay variable and k− 1 horizon variables, resulting in a huge state space even for k = 3.

The packet arrival process to a fiber is characterized through two sequences of i.i.d.

random variables: {Tn, n ≥ 1} is the time between the arrival of the n-th packet and the

next one; and {Ln, n ≥ 1} is the size of the n-th packet. In this chapter we assume that

{Ln, n ≥ 1} follows a general discrete distribution with finite support and {Tn, n ≥ 1}

follows a DPH distribution with parameters (β, S) (see Appendix A.1), an assumption



7.2 Analytical model for two wavelengths 151

that can be easily relaxed to admit any general discrete distribution as well (see Section

7.2.5). We also assume that the arrivals destined to a tagged output fiber are uniformly

distributed among all the wavelengths. Thus the arrival process to a fixed set of two

wavelengths is a thinned DPH arrival process, since with probability 2
W

a packet comes

through one of the wavelengths in the set. With this assumption the set of two wavelengths

can be analyzed in isolation and the inter-arrival times to it can be described as a sequence

of i.i.d. variables {In, n ≥ 1} that follow a DPH distribution with parameters (α, T ), with

α = β and

T = S +

(

1−
2

W

)

sβ.

Even though we exploit the flexibility of DPH distributions for the inter-arrival times,

it is important to note that the state space size is independent of the number of phases

of the DPH variable. This becomes clear in the next subsections where we present the

evolution equations of the system, depending on the rule used for wavelength allocation.

7.2.1 Minimum Horizon policy

When the next packet arrives after the n-th accepted packet, it will find that the horizons

of the wavelengths are equal to [Hn − In]+ and [Wn + Ln − In]+, where [x]+ stands for

max(x, 0). If at least one of these horizons is less than or equal to ND, the packet will

be accepted in the wavelength with the minimum horizon value. Thus the waiting time

of the arriving packet will be equal to the smallest multiple of D larger than or equal to

the horizon of the selected wavelength. The horizon value of the other wavelength will

remain identical. The evolution equations that describe this process are

Hn+1 = max{[Hn − In]+, [Wn + Ln − In]+}, (7.1)

Wn+1 =

⌈

min{[Hn − In]+, [Wn + Ln − In]+}

D

⌉

D. (7.2)

If the arriving packet sees that both horizons are above ND, the maximum delay the

FDL offers, the packet must be dropped. In that case the evolution of the system is given

by

Hn+1 = max{[Hn − Ĩn]+, [Wn + Ln − Ĩn]+},

Wn+1 =

⌈

min{[Hn − Ĩn]+, [Wn + Ln − Ĩn]+}

D

⌉

D,

where Ĩn is the time until the next accepted packet, which has a different distribution

than In, as will be explained in subsection 7.2.3.

7.2.2 Minimum Gap policy

Under the MinG policy the incoming packet is assigned to the wavelength in which the

gap generated by accepting the packet is minimum, in case both wavelengths are able to



152 Chapter 7. Limited-Range Conversion and Fiber Delay Lines

accept the incoming packet. Let G1
n be the gap generated if the packet is accepted by the

wavelength that did not accept the last packet, which is given by

G1
n =

⌈

[Hn − In]+

D

⌉

D − [Hn − In]+.

Equivalently, let G2
n be the gap generated if the packet is accepted by the wavelength

used by the previous accepted packet, that is

G2
n =

⌈

[Wn + Ln − In]+

D

⌉

D − [Wn + Ln − In]+.

If G1
n < G2

n the packet will be sent to the wavelength that did not receive the last

packet, causing the new values of the state variables to be

Hn+1 = [Wn + Ln − In]+ and Wn+1 =

⌈

[Hn − In]+

D

⌉

D.

If G1
n > G2

n the packet will be sent to the wavelength that was also used by the previous

accepted packet, making the variables evolve as

Hn+1 = [Hn − In]+ and Wn+1 =

⌈

[Wn + Ln − In]+

D

⌉

D.

In case both potential gaps have the same value or if only one of the wavelengths is

able to receive the packet, the evolution follows Equations (7.1) and (7.2). If the next

arriving packet has to be dropped due to the value of the horizons (both above ND) the

evolution will follow the same equations already shown in this section, but using variable

Ĩn instead of In to describe the time until the next accepted packet. The distribution of

this variable is addressed in the next subsection.

7.2.3 Distribution of the time until the next accepted packet

As defined above, the inter-arrival times In can be described by i.i.d. DPH variables with

parameters (α, T ). This implies that the arrival process is a DPH renewal process [76]

with renewal density r(·) given by

r(k) = α(T + tα)k−1t, k ≥ 1. (7.3)

The density r(k) gives the probability of having an arrival at slot n + k given an arrival

in slot n (either with or without arrivals in between). When the system is in state

(Wn, Hn) it may not be able to accept a packet arriving in the next time slot, i.e.,

min{Hn, Wn + Ln} − 1 > ND, in which case we use a different inter-arrival distribution

to take into account the period of time in which the channel is unavailable. For this we

first define Kn = min{Hn, Wn + Ln} − ND − 1 as the number of slots required by the

system to have a horizon equal to ND after the arrival of the n-th accepted packet. Using

this quantity and Equation (7.3) we can define the probability distribution of the time

until the arrival of the next accepted packet Ĩn as

P (Ĩn = k) = α(T + tα)Kn−1T k−Knt, k ≥ Kn.
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In this expression the arrival process restarts after the arrival of the last admitted packet.

A new phase is selected with probability mass α. Then the system enters an unavailability

period of length Kn−1 where every arriving packet is dropped. This period is followed by

k−Kn slots without arrivals, after which the arrival process goes to absorption generating

an arrival in the next time slot.

7.2.4 Loss rate

As the model only keeps track of the accepted packets, the loss rate (LR) can be computed

from the expected number of losses generated when a new packet is accepted. The

expected losses generated by the last admitted packet is computed as a weighted sum

of the expected loss in each state with the stationary probability distribution as the

weights. In a state where Wn = W , Hn = H and the last accepted packet was of size

B, the expected number of losses is equal to the expected number of arrivals in a time

interval of length [min{W +L, H}−ND−1]+. This value represents the number of time

slots required by the FDL before it is able to accept a new packet.

The expected number of arrivals (A) in a time interval of length M , denoted by

E[A|M ], depends on the inter-arrival distribution. For the case of geometric inter-arrival

times with parameter p, the expected number of arrivals is the expected value of a binomial

distribution with parameters p and M , that is pM . For the case of DPH IATs with

parameters (α, T ), we make use of the renewal density r(k), defined in Equation (7.3). As

r(k) is the probability of an arrival at slot k for k ≥ 1, the expected number of arrivals

in an interval of length M can be computed as

E[A|M ] =

M
∑

l=1

r(l) =

M
∑

l=1

α(T + tα)l−1t = α(I − (T + tα)M )(I − (T + tα))−1t. (7.4)

Let πij be the stationary probability distribution that an arbitrary accepted packet

had to wait i time slots and the scheduling horizon of the wavelength that did not admit

that packet is equal to j, for all possible states (i, j) in the state space Ω. Also let Ξ be

the support of the sequence {Ln, n ≥ 1}, and bk be the probability mass at point k, for

k ∈ Ξ. Then the expected number of losses generated by the last accepted packet is given

by

E[Loss] =
∑

(i,j)∈Ω

πij

∑

k∈Ξ

bkE[A|[min{i + k, j} −ND − 1]+]

=
∑

(i,j)∈Ω

πij

∑

k∈Ξ

bk

[min{i+k,j}−ND−1]+
∑

l=1

α(T + tα)l−1t.

Finally, as every accepted packet generates on average a number of losses equal to E[Loss],

the loss rate of the system is given by

LR =
E[Loss]

E[Loss] + 1
.
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7.2.5 General inter-arrival times

The case of general inter-arrival times can be dealt with in the same way as described

above for the DPH case. Let f be the probability mass function of the inter-arrival times.

By conditioning on the last arrival before slot k, the renewal density can be defined as

r(k) = f(k) +

k−1
∑

j=1

f(j)r(k − j), k ≥ 1. (7.5)

This function can be recursively evaluated for any finite k starting with r(1) = f(1). Using

the renewal density, the distribution of the time until the arrival of the next accepted

packet is given by

P (Ĩn = k) = f(k) +

Kn−1
∑

j=1

f(k − j)r(j), k ≥ Kn.

This expression accounts for an unavailability period of length Kn − 1, after which the

next packet arrives at time k. Finally the computation of the LR only requires the

determination of the expected value of arrivals in an interval of arbitrary length M ,

defined above as E[A|M ]. This can be done in a similar way as in Equation (7.4), by

simply summing the values of the density, that is E[A|M ] =
∑M

l=1 r(l). Using this setting

it is possible to deal with general inter-arrival times. However, from a practical point

of view, the general process offers little additional value, as the DPH class includes any

general distribution with finite support.
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Figure 7.2: Loss Rate for Fixed Output Set with B = 30, N = 5 and geometric IATs
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7.3 Comparison among policies

In this section we present several results about the performance of the switch with a

fixed output set of size two. Here we compare the three policies introduced in Section

7.1: Random, MinH and MinG. The comparison is always done in terms of the LR as

a function of the granularity, since the former is the main measure of performance and

the latter is the most critical design parameter for the FDL buffer. Regarding the other

parameters, all the results are for a switch with 32 wavelengths with a load ranging from

50% to 80%. The number of FDLs varies from 1 to 7, since the length of the longest

fiber must be kept short enough to be implementable. For the packet size we use three

different distributions: the first one assumes a fixed packet size equal to 30 slots; the

second has two equiprobable values: 10 and 50 slots; and the third one is a uniform

distribution between 20 and 40 slots. We use two different inter-arrival distributions for

the comparisons: one is the simple geometric distribution, while the other is a mixture

of geometric distributions. The probability mass function of a geometric random variable

X with parameter p is given by

P (X = k) = (1− p)k−1p, k ∈ {1, 2, . . .},

while the one of a random variable Y representing the mixture of two geometric variables

with parameters p1 and p2 is given by

P (Y = k) = α1(1− p1)
k−1p1 + α2(1− p2)

k−1p2, k ∈ {1, 2, . . .},

where α1 and α2 are the mixing probabilities. We use this distribution to analyze the

case of highly variable inter-arrival times by setting the squared coefficient of variation

(SCV) equal to 5.

It should be clear that the set of possible combinations of parameter values is too large

to be presented exhaustively. Therefore we concentrate separately on the effect of each of

these parameters on the performance of the switch. In Figure 7.2 we show the switch LR

under the three policies, fixing the number of FDLs equal to 5 and varying the load from

50% to 80%. In Figure 7.3 the load is equal to 60%, while the number of FDLs increases

from 1 to 7. In both cases the IATs follow a geometric distribution. In these figures we

clearly observe the performance gain obtained by using the MinH or the MinGap policies

over the simpler Random rule. Although the output set is made of two wavelengths only,

the use of the information about the state of the buffer results in a significant reduction

in the number of losses. In particular, MinGap shows a consistent better performance

than the other policies, and the optimal granularity is close to the value of the packet size.

The difference among the minimum LRs reached by the policies diminishes as the load

increases, but the optimal granularity is more robust for the MinGap policy than for the

others. Therefore this policy attains the minimum LR over a broad range of loads with

the same granularity. From Figure 7.3 the effect of the number of FDLs becomes clear. In

all cases, MinH and MinGap outperform the simpler Random policy, but the differences

become more evident as the number of FDLs increases. Particularly the MinGap policy

realizes an important performance difference as the number of FDLs increases, indicating

a better use of the buffering resources.



156 Chapter 7. Limited-Range Conversion and Fiber Delay Lines

10 20 30 40 50 60 70
10

−2

10
−1

10
0

Granularity

L
o
s
s
 R

a
te

Random
MinH
MinGap

(a) N = 1

10 20 30 40 50 60 70
10

−2

10
−1

10
0

Granularity

L
o
s
s
 R

a
te

Random
MinH
MinGap

(b) N = 3

10 20 30 40 50 60 70
10

−3

10
−2

10
−1

10
0

Granularity

L
o
s
s
 R

a
te

Random
MinH
MinGap

(c) N = 5

10 20 30 40 50 60 70
10

−3

10
−2

10
−1

10
0

Granularity

L
o
s
s
 R

a
te

Random
MinH
MinGap

(d) N = 7

Figure 7.3: Loss Rate for Fixed Output Set with B = 30, ρ = 0.6 and geometric IATs

Similar results for the case of a highly variable arrival process can be seen in Figure

7.4. Also in this case, when the load increases the shapes of the curves change and

the optimal granularity diminishes in value. Again the MinGap policy shows the best

performance and the most robust behavior in relation to the optimal granularity. When

comparing these results with those in Figure 7.2 it is clear that the curves keep the same

shape, but the losses are larger in the more variable case. For mid loads the difference

becomes as large as one order of magnitude, implying an important effect of the arrival

process variability. However the difference between the geometric and the high variable

cases narrows as the load increases. This means that for high loads the effect of the

inter-arrival SCV is not as important as for the mid load case.

In Figure 7.5 we fix both the load and the number of FDLs in order to focus on the

effect of the packet size distribution and the variability of the arrival process. Irrespective

of the packet size distribution, higher variability causes an increase in the losses while the

optimal granularity remains in the same region. For all the scenarios the MinGap policy

outperforms the other ones, but the difference is smaller when the arrival process shows

high variability. When the packet size can take values 10 or 50 with equal probability, the

optimal granularity is located around the larger value, but there is a large region with an

LR close to the optimal. If the packet size follows a uniform distribution between 20 and

40, the optimal granularity is around the expected value. Also in this case there is a set

of possible values for the granularity with a performance close to optimal. As the value

of the optimal granularity diminishes as the load increases, this parameter can be chosen

such that it performs almost optimally for both mid and high loads.
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(d) ρ = 0.8

Figure 7.4: Loss Rate for Fixed Output Set with B = 30, N = 5 and IATs with SCV

equal to 5

7.4 An Approximation for the Symmetric Set

As described in Section 7.1, the set of reachable wavelengths in the symmetric case is

made of the adjacent wavelengths and the home wavelength itself. This configuration is

particularly difficult to model analytically since the set of servers (output wavelengths)

overlaps for the different queues (input wavelengths) in the system. Therefore it is not

possible to isolate a subset of servers and queues, as was done for the fixed set case, since

any subset of servers is affected by the queues of the adjacent servers. Furthermore the

packets entering through the first and last wavelengths have less alternatives since the

output set is smaller than for the central wavelengths. In order to analyze this system we

performed several simulations focused on the MinGap policy since this policy performs

the best among those already analyzed. The estimates of the LR were computed using

the batch means method [77] and removing the effect of initial conditions by ignoring the

warm-up period. The confidence intervals’ half width is at most 2% of the mean. These

simulations become very expensive when the LR is very small, since the number of events

required to compute a good estimate can be computationally prohibitive.

When comparing the results of the simulation for the symmetric system and the

analytic model for the fixed output set, we found that the behavior (shape) of the LR as

a function of the granularity is similar. This holds in particular for the fixed case with

output sets of two wavelengths and the symmetric case with d = 1, for many different

configurations. More specifically, we found a strong linear association between the natural

logarithm of the LR for the fixed case and its symmetric counterpart. This is illustrated

in Figure 7.6 where each point is the combination of the logarithm of the LR for the fixed
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(a) L = 30 - Geo
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(b) L = 30 - SCV = 5
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(c) L = {10, 50} - Geo
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(d) L = {10, 50} - SCV = 5
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(e) L ∼ Unif(20, 40) - Geo
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(f) L ∼ Unif(20, 40) - SCV = 5

Figure 7.5: Loss Rate for Fixed Output Set with N = 5 and ρ = 0.6
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Figure 7.6: Linear relation between the logarithms of the Loss Rates of the Symmetric

(d = 1) and the Fixed output sets

case and the same value for the symmetric case. The results are separated according to

the packet size distribution and the scenarios include different values for the granularity

(between 5 and 70), the number of FDLs (from 1 to 5), the load (between 50% and 90%)

and the SCV of the arrival process (geometric case and SCV equal to 5). We include in

each figure the coefficient of linear correlation, which is very high in all cases.
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(c) ρ = 0.7
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(d) ρ = 0.8

Figure 7.7: Approximation and simulation of the symmetric output set for W = 32,

L = 30 and IATs with SCV equal to 5

This behavior suggest an approximation based on both the analytical model and on

simulations, which we can apply for the parameters’ range mentioned above. Given a

specific configuration (number of FDLs, load, inter-arrival and packet size distribution)

we propose to simulate the switch for the symmetric case for two different values of the

granularity and to estimate the loss rate as follows. We use the logarithms of the LRs for

these two cases (say y1 and y2) and compute the same results for the fixed case (x1 and

x2) to estimate the parameters β0 and β1 of the approximate linear equation that relates

these two quantities. These are given by

β1 =
y1 − y2

x1 − x2
, β0 = y1 − β1x1.

Let LRf and LRs be the loss rate for the fixed and the symmetric cases, respectively.

Then we can approximate the loss rate in the symmetric case using the relation LRs =

exp {β0 + β1 ln(LRf )}. Hence we can approximate the LR for the symmetric case using

the LR for the fixed case obtained with the analytic model and the estimated linear

equation. It must be noted that the values of the granularity for the simulations are

selected such that the LR estimates for the symmetric case can be computed fast. Even

though the simulations are necessary for the proposed approximation, the time required

to compute the approximated LR for the symmetric case is significantly smaller than

simulating the system for each possible value of the granularity. In fact, this last option

may be infeasible when the LR becomes very small.

Figures 7.7, 7.8 and 7.9 show the results of this approximation, one for each packet-size



160 Chapter 7. Limited-Range Conversion and Fiber Delay Lines

10 20 30 40 50 60 70
10

−4

10
−3

10
−2

10
−1

10
0

Granularity

L
o
s
s
 R

a
te

            ← N=1 

    ← N=3

       ← N=5 

Sim
Approx
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(b) ρ = 0.6
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(c) ρ = 0.7
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(d) ρ = 0.8

Figure 7.8: Approximation and simulation of the symmetric output set for W = 32,

L = {10, 50} and IATs with SCV equal to 5
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(c) ρ = 0.7
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(d) ρ = 0.8

Figure 7.9: Approximation and simulation of the symmetric output set for W = 32,

L ∼ Unif(20, 40) and IATs with SCV equal to 5
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Figure 7.10: Linear relation between the logarithms of the Loss Rates of the Symmetric

(d = 2) and the Fixed output sets

distribution considered in Section 7.3. All the results in these figures assume an inter-

arrival time distribution with SCV equal to 5, but similar results were obtained for other

coefficients of variation and for the geometric case. To approximate the linear line that

relates the logarithms of the LRs we use the results of the simulation with the granularity

set equal to 5 and 10, since for these values a good estimate of the LR can be obtained

fast. As can be seen in Figure 7.7, the approximation works adequately for the different

configurations shown. The approximation is closer to the actual value for the case of mid

loads and a small number of FDLs. It must be noted that the approximation is especially

useful for the mid-load case to avoid prohibitive simulation times to compute a very small

LR. For the case of high loads the approximation becomes somewhat pessimistic, a result

that holds for the different packet size distributions, as well as for larger loads than those

shown here.

Among the different configurations we tried, those with a higher variability in the

packet size distribution show the worst performance of the approximation. This is the

case in Figure 7.8, where for loads 50% and 60% the approximation follows the shape

of the simulated LR, but around its minimum value the loss is overestimated. For the

fixed and uniformly distributed packet size, not only the shape of the approximation and

the simulation agree, but also the values of the approximated LR are very close to those

obtained through simulations. Even though this approximation requires to setup and

run simulations, the parameters can be chosen such that reliable estimates of the LR

can be computed in a short run. Additionally we have found that the linear relation

that supports this approximation also holds between the LRs of the fixed output set and

the symmetric one with d = 2, as can be seen in Figure 7.10. Even though the linear

correlation is smaller in this case, the approach introduced here can still provide a good

approximation for the LR in the symmetric case.





Appendices

A.1 Markovian distributions and point processes

In this appendix we provide a few definitions regarding Phase-Type (PH) distributions

and Markovian Arrival Processes (MAPs), which are the building blocks used to describe

the stochastic behavior encountered in many of the systems considered in this thesis.

Starting from these blocks, one can model the evolution of a system by means of Markov

chains (MCs), in order to compute transient and stationary measures, with a particular

interest on the stationary probability distribution. For an introduction to Markov chains

we refer to [29, 65, 66, 70].

A.1.1 Phase-Type distributions

A continuous Phase-Type (CPH) distribution describes the time until absorption in a

continuous-time MC (CTMC) with state space {0, 1, ..., m}, where the states {1, . . . , m}

are transient and the state 0 is absorbing. The initial probability distribution of this chain

is given by the (m + 1)× 1 vector [α0, α], while its (m + 1)× (m + 1) generator matrix is

Q =

[

0 0

t T

]

.

Here T is the subgenerator matrix describing the transitions among the transient states,

and the i-th entry of t holds the absorption rate into state 0 from state i, for 1 ≤ i ≤ m.

For the matrix Q to be a proper generator matrix the off-diagonal entries of T and all

the entries of t must be nonnegative, while the diagonal entries of T must be negative

and such that Q has zero row-sum. Therefore, the vector t is given by t = −Te, where

e is a column vector of ones. Also, for the vector [α0, α] to be a proper distribution its

entries must be nonnegative and their sum must equal one. As a result, α0 must be

equal to αe, and the CPH distribution is fully determined by the parameters (m, α, T ),

where the parameter m is referred to as the order of the distribution. The cumulative

distribution function (CDF) of a CPH distribution is given by F (x) = 1 − α exp(Tx)e,

for x ≥ 0. Also, its k-th moment is given by k!α(−T )ke, for k ≥ 1. A similar case can

be made for discrete PH (DPH) distributions, which describe the time until absorption

in a discrete-time MC (DTMC). In this case the distribution is fully described by the

parameters (m, α, T ), where m is a positive integer, α is the 1 × m vector holding the

163
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initial probability distribution on the m transient states, and T is the m×m sub-stochastic

matrix holding the one-step transition probabilities among the transient states.

PH (both CPH and DPH) distributions were first introduced by Neuts [89] and have

been in use since then for two main reasons: first, they allow us to model more gen-

eral behaviors than the simple exponential (or, in discrete time, geometric) distribution;

second, they can still be used as part of Markovian models, which are computationally

tractable. Also, their use has benefited from the development of statistical techniques to

find the parameters of a PH distribution that matches some characteristics of a data trace.

These techniques can be split in two groups: maximum-likelihood methods [9, 101, 112],

and moment-matching methods [21,62,63,93,120]. Some of the moment-matching meth-

ods will be used in our experiments to obtain a PH distribution with a particular set of

moments. A detailed treatment of PH distributions can be found in [76, 91].

A.1.2 The Markovian Arrival Process

With PH distributions we can model general independent inter-arrival times (IATs), giving

rise to a PH renewal process. Notwithstanding, one can go one step further to introduce

correlation while keeping the Markovian tractability. This can be achieved by using the

Markovian Arrival Process (MAP) [81, 92], first introduced by Neuts [90]. A MAP(m,

D0, D1) is a point process driven by an underlying CTMC with m×m generator matrix

D = D0 + D1. The (i, j)-th entry of the matrix D1 holds the rate at which, when the

underlying chain is in state i, a customer arrives and the chain makes a transition to

state j, for 1 ≤ i, j ≤ m. The off-diagonal entries of the matrix D0 hold the rates related

to transitions without arrivals, and its (negative) diagonal entries are such that De = 0,

where 0 is a column vector with all its entries equal to 0. Therefore, this process results

from a CTMC whose transitions are marked [52] with either of two labels: the label ‘0’ for

the transitions that generate no arrivals, and the label ‘1’ for the transitions that trigger

an arrival. The matrices D0 and D1 hold the rates associated with the transitions labeled

‘0’ and ‘1’, respectively. These markings can be generalized to include other information

about the arriving customers. As a first generalization let us consider the case where the

arrivals occur in batches, and therefore the markings can be used to describe the number

of arrivals generated by a single transition. In this case the arrival process is characterized

by the m×m matrices {D0, D1, . . . DL̄}, where L̄ is the maximum batch size. The matrix

Dj holds the rates related to transitions of the underlying chain that trigger a batch

arrival of size j, for 1 ≤ j ≤ L̄. Since in this case the markings are related to the batch

size only, this process is called Batch Markovian Arrival Process (BMAP) [81]. In general,

this process is able to model correlation between the IATs and the batch size distribution.

Another feature that can be captured with the use of markings is the existence of

different types of customers. For instance, there could be two types of customers, whose

IATs and batch sizes are correlated. To deal with this, the markings must include not only

the size of the batch but also the type of the customers in that batch. We assume that each

batch is made of customers of only one type and the maximum size of a batch of customers

of type one (resp. two) is L̄1 (resp. L̄2). Hence this arrival process can be modeled as a

BMAP[2] characterized by the matrices {D0, D
j1
1 , Dj2

2 , 1 ≤ j1 ≤ L̄1, 1 ≤ j2 ≤ L̄2}. The
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notation BMAP[2] reflects the fact that the markings in this case describe both the batch

size and the type of the customers in the batch (two possible types). In this case the

matrix Dj
1 (resp. Dj

2) holds the transition rates associated with the arrival of a batch of

j type-one (resp. type-two) customers, for 1 ≤ j ≤ L̄1 (resp. 1 ≤ j ≤ L̄2). In a similar

manner, these markings can be further generalized [51] to consider arrivals in batches

made of an arbitrary combination of customers of different types. In general, this arrival

process is referred to as Marked MAP (MMAP[K]), where K is the number of customer

types involved. The states of the underlying Markov chain, for both PH distribution and

MAPs, are also referred to as the phases of the distribution or the arrival process.

As a final note, let us recall that in Kendall’s notation an A/S/1 queue corresponds

to a single server queue with an infinite buffer, where A and S determine the arrival

and service processes, respectively. In this thesis we are typically interested on queues

fed by MAPs or PH arrival processes. Also, the service times are typically assumed to

follow a PH distribution. If these times follow an exponential distribution, the service

process is denoted with an M. For instance, a single-server queue where customers of

two different classes arrive in batches, according to a BMAP[2], and each class receives

exponential service times, will be refer to as a BMAP[2]/M[2]/1 queue. Adding a buffer

of size C and letting the service times to follow a PH distribution, would turn it into a

BMAP[2]/PH[2]/1/C queue.

A.2 The BMAP[2]/PH[2]/1 preemptive priority queue

The purpose of this appendix is to provide the definition of the blocks that make up
the generator matrix Q (Eq. (2.1)) of the MC that describes the BMAP/PH/1 priority
queue with two customer classes. The parameters of the arrival process and the service-
time distributions can be found in Section 2.3. First, let the matrix D̄j

1 be defined as

D̄j
1 =

∑L̄1

k=j Dk
1 , for 1 ≤ j ≤ L̄1, and let D̄0

1 = D0 + D̄1
1 . The mb ×mb block B0 is given

by

B0 =





































D0 D1
1 ⊗ α D2

1 ⊗ α · · · DL̄1
1 ⊗ α 0

I ⊗ t D0 ⊕ T D1
1 ⊗ I · · · DL̄1−1

1 ⊗ I
. . .

I ⊗ tα D0 ⊕ T · · · DL̄1−2

1 ⊗ I
. . .

. . .
. . .

. . .
. . .

I ⊗ tα D0 ⊕ T · · · DL̄1−2

1 ⊗ I DL̄1−1

1 ⊗ I D̄L̄1
1 ⊗ I

. . .
. . .

...
...

...

I ⊗ tα D0 ⊕ T D1
1 ⊗ I D̄2

1 ⊗ I

I ⊗ tα D0 ⊕ T D̄1
1 ⊗ I

0 I ⊗ tα D̄0
1 ⊕ T





































,

where mb = ma +Cmam1 and I is the identity matrix of appropriate dimension. Here ⊗

denotes the Kronecker product and ⊕ the Kronecker sum [16]. Since in level zero there are

no low-priority customers, all the transitions in B0 are associated to arrivals and service

completions of high-priority customers. In addition, the finiteness of the high-priority

buffer is reflected in the last block column of B0, e.g., if there are C − 2 high-priority



166 Appendices

customers in the queue and 2 or more of these customers arrive in a batch (D̄2
1), the

queue will only accept 2 and the others will be dropped. The transitions from level zero

to upper levels are governed by the mb ×m blocks Bj , defined as

Bj =













Dj
2 ⊗ β 0 · · · 0

0 Dj
2 ⊗ β ⊗ I · · · 0

...
...

. . .
...

0 0 · · · Dj
2 ⊗ β ⊗ I













, j = 1, . . . , L̄2,

where m = mam2 + Cmam2m1. Since in level zero there are no low-priority customers,

if one of these arrives and finds the server idle, it starts service immediately, selecting an

initial service phase according to β. If there is a high-priority customer in service, the

incoming customer selects the phase in which it will eventually start service. The m×mb

block C0 holds the transitions from level one to level zero and is given by

C0 =











Ima
⊗ s 0 . . . 0

0 0 . . . 0
...

...
. . .

...

0 0 . . . 0











,

which reflects the fact that the completion of a low-priority service can only occur if there

are no high priority customers in the system.
Before determining the remaining blocks we define the operator R(·) applied on a

matrix M as R(M) = Im2⊗M , which will help to make the notation simpler. The m×m
block A1 is given by

A1 =

































D0 ⊕ S D1
1 ⊗ R(α) D2

1 ⊗ R(α) · · · DL̄1
1 ⊗ R(α) 0

I ⊗ t D0 ⊕ R(T ) D1
1 ⊗ I · · · DL̄1−1

1 ⊗ I
. . .

I ⊗ tα D0 ⊕ R(T ) · · · DL̄1−2

1 ⊗ I
. . .

. . .
. . .

. . .
. . .

. . .

I ⊗ tα D0 ⊕ R(T ) · · · DL̄1−1

1 ⊗ I D̄L̄1
1 ⊗ I

. . .
. . .

...
...

I ⊗ tα D0 ⊕ R(T ) D̄1
1 ⊗ I

0 I ⊗ tα D̄0
1 ⊕ R(T )

































.

The first block row of this matrix reflects how a low-priority customer that is being

attended may be preempted by the arrival of a batch of high-priority customers, and

the first customer in the batch starts service with phase selected according to α. The

use of R(·) reflects that the system ‘remembers’ the phase in which the first low-priority

customer in the queue will eventually re-start its service. The transitions to upper levels

are driven by the blocks

Aj+1 =













Dj
2 ⊗ I 0 · · · 0

0 Dj
2 ⊗ I · · · 0

...
...

. . .
...

0 0 · · · Dj
2 ⊗ I













, j = 1, . . . , L̄2, (A.6)
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which are related only to arrivals of low-priority customers. This concludes the description

of the blocks since the block A0, that holds the transitions from level k to level k−1, was

already described in Section 2.3.

A.3 Mean field analysis

A mean field model aims at describing the behavior of a system composed of a large

number of interacting particles. A system of multiple particles is hard to analyze in

general because the state of each component must be traced separately. Assuming that

each particle can be in one of r states, then to describe a system with N particles it

would be necessary to consider a state space of size rN . With a mean field model it is

possible to analyze this type of system by simplifying the description of the interactions

among the particles when their number tends to infinity. There are various types of mean

field models, which differ on how the effect of the “environment” on a single particle

is described, with the environment being made of (at least) the other particles in the

system [13,79]. Mean field models have been extensively used in statistical physics [13,34]

to describe the behavior of gases and other systems of particles where the interaction

among these is assumed to be weak. In recent years, there has been an increasing interest

in using mean field models to analyze systems such as buffers implementing active queue

management with multiple TCP connections [12], networks of queues with load balancing

mechanisms [34], medium access control protocols [22], reputation systems in ad-hoc

networks [88], among others.

In this thesis we have made use of mean-field models to compute relevant metrics

for a grid computing network (Chapter 4), and for an optical switch with either a pool

of centralized converters (Chapter 5) or a set of buffers and converters per output port

(Chapter 6). All these models fall within the framework put forward in [79] to describe

the interaction of a general system of interacting particles. Therefore we have found it

adequate to summarize in this appendix the main definitions and results of [79]. For the

proofs of these results, examples of systems that can be modeled within this framework

and a more thorough discussion we refer the reader to [79].

Let a system consist of N particles that evolve in discrete time, where each of the

particles can be in one of r states: {1, . . . , r}. Let XN
n (t) be the state of particle n at

time t in a system with N particles, for n = 1, . . . , N . Also, let MN
j (t) be the proportion

of particles in state j at time t, i.e., MN
j (t) = 1

N

∑N
n=1 1{XN

n (t)=j}, for j = 1, . . . , r, where

1{·} is the indicator function. The vector MN(t) =
[

MN
1 (t), . . . , MN

r (t)
]

is referred to as

the occupancy vector and holds the proportion of objects in each state. The transitions of

a single object are allowed to depend on its current state and the value of the occupancy

vector. Let RN
ij (m) be the probability that a single object makes a transition from state

i to state j when the occupancy vector is equal to m, i.e.,

RN
ij (m) = P

{

XN
n (t + 1) = j|XN

n (t) = i, MN(t) = m
}

,

for every n = 1, . . . , N , and 1 ≤ i, j ≤ r. Therefore RN (m) = [RN
ij (m)]ri,j=1 is the

transition matrix for a single object, which depends on the value m of the occupancy

vector and the number of objects N .
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The main result in [79] states that the occupancy vector MN (t) converges to a de-

terministic dynamic system described by the vector µ(t), for every t ≥ 0. For this result

to hold it is necessary to make the following assumptions. The entries RN
ij (m) converge

uniformly in m to some Rij(m), which is a continuous function of m, as N → ∞, for

every 1 ≤ i, j ≤ r. In addition, the initial occupancy measure MN (0) converges almost

surely to a deterministic limit µ(0). Now, define µ(t) iteratively as µ(t+1) = µ(t)R(µ(t)),

for t ≥ 0. Under these assumptions, [79, Theorem 4.1] states that for any fixed time t,

almost surely,

lim
N→∞

MN (t) = µ(t).

In consequence, if the assumptions hold, we can use the vector µ(t) to approximate

MN (t) when N is large. Moreover, the size of µ(t) and R(·) is equal to the cardinality of

a single object’s state space r, which means that the dimensionality problems mentioned

in the beginning of this section are avoided. To compute an approximation for MN (t) we

start with µ(0), then compute R(µ(0)) and multiply these two to obtain µ(1), and repeat

the same operation t times until µ(t) is found. As these operations can be performed

quickly, it is possible to compute µ(t) very fast even for large values of t. What we have

shown here is a simplified version of the model in [79], which also allows the particles to

belong to different classes, a characteristic that is exploited in the models in this thesis

(e.g. in Section 4.3). Additionally, the framework in [79] also includes a global memory

on which the transition of the objects may depend. This property however is not used in

any of our models.

A final word must be said on the limitations of this framework, as they have direct

consequences on the models that can benefit from it. First, the main result in [79] is

related to the limit of the occupancy vector when the number of objects tends to infinity,

but nothing is said about the limit when t tends to infinity. The framework is therefore

very well suited to evaluate the performance of a system for any finite time (transient

regime). In many cases, as those analyzed along this thesis, we are interested in the long-

run behavior of the system, and in its stationary state if it exists. In the systems we have

considered, we experimentally found that the value of µ(t) tends toward a fixed point that

matches very well with results obtained via simulations. We have therefore used those

results to evaluate the performance of the system, always obtaining a single or multiple

(periodic) fixed point. The details can be found in the chapters where these models are

introduced. A second aspect to highlight is the dependence of the single-object transition

on the occupancy vector and not on the state of any specific object. In other words, the

evolution of an object cannot be affected by any other particular object directly, but only

by the fraction of objects in each state. This implies that, for instance, in the case of the

grid network (see Chapter 4) the topology can only be marginally treated.

A.4 Sylvester matrix equations

In this section we describe how to solve a Sylvester matrix equation of the form AXB +

X = E using the Hessenberg-Schur decomposition proposed in [47]. This equation has

appeared in Part I of this thesis, specifically in equations (1.12), (1.13), (2.10) and (2.11).
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Consider Equation (1.12) and let n = m− r, then X and E are n× r matrices, while A

and B are square matrices of size n and r, respectively. The first step to solve this linear

system is to find orthogonal matrices U and V such that U ′AU = P and V ′BV = R,

where P is an upper-Hessenberg matrix, R is a upper quasi-triangular matrix and ′

denotes the transpose operator. A matrix P is upper-Hessenberg if its entries Pij = 0 for

i > j+1. A upper quasi-triangular matrix, also called real Schur form, is block-triangular

with 1 × 1 (resp. 2 × 2) diagonal blocks that correspond to the real (resp. complex)

eigenvalues [48]. While the Hessenberg decomposition to obtain U can be done using

Householder transformations, the real Schur decomposition to compute V makes use of

the QR algorithm, see [48, Chapter 7]. Let F = U ′EV and Y = U ′XV , then the linear

system becomes PY R + Y = F . Therefore, to find Yk, the k-th column of the matrix Y ,

we need to solve the system

P

max(k+1,r)
∑

j=1

RjkYj + Yk = Fk,

for 1 ≤ k ≤ r. However, the upper quasi-triangular form of R greatly simplifies this

system. For k < r there are two possible cases, either Rk+1,k = 0 or not. If Rk+1,k = 0,

then Yk is the solution to the n× n Hessenberg system

(PRk,k + I)Yk = Fk −

k−1
∑

j=1

RjkPYj , (A.7)

which can be solved in O(n2) time. On the other hand, Rk+1,k 6= 0 implies Rk+2,k+1 = 0,

and hence we need to solve

[

PRk,k + I PRk+1,k

PRk,k+1 PRk+1,k+1 + I

] [

Yk

Yk+1

]

=

[

F̂ k−1
k

F̂ k−1
k+1

]

, (A.8)

where F̂ l
k = Fk −

∑l
j=1 RjkPYj , for 1≤ l≤ k − 1 and 1 ≤ k ≤ r. This 2n × 2n linear

system is upper-triangular with two nonzero subdiagonals that can be solved in O(n2)

time [47]. Notice, to determine Yk it is necessary to know Y1, . . . , Yk−1. Therefore, the

algorithm starts by computing the first (or first two) column(s), and then works forward

until the last column of Y has been computed. After finding Y , the matrix X can be

computed as X = UY V ′.

It is possible to apply this procedure to either the original or the transpose B′X ′A′ +

X ′ = E′ system. In the first case A is transformed into Hessenberg form and B into real

Schur form, while the opposite happens in the second case. The choice directly affects the

computation times since for a matrix of size b the Schur decomposition can be done in

10b3 operations, while it takes 5
3b3 operations to compute the Hessenberg decomposition

using Householder transformations [47,48]. Therefore, to solve Equation (1.12) it is better

to use the original system since the Hessenberg decomposition is applied on the n × n

matrix A, which is larger than the r × r matrix B under the assumption that r ≪ m.

On the other hand, to solve Equation (1.13) it is preferable to first transpose the system

since in that case B is an n× n matrix given by B = A−−
0 (I −A−−

1 )−1.
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An additional issue to take into account when solving equations (1.12) and (1.13) is

the actual computation of the matrices A, B and E. Take for example Equation (1.12),

where A = (I −A−−
1 )−1A−−

2 , B = G+ and E = (I−A−−
1 )−1(A−+

0 +A−+
1 G+ +A−+

2 G2
+).

Although all the matrices involved are already computed it is still necessary to perform

two matrix multiplications to determine A and E. In the examples shown in sections 1.4

and 2.3, the A−+
i blocks are sparse or even zero. In some cases however these blocks can

be dense and therefore these matrix multiplications may require considerably more time.

A way to avoid this in Equation (1.12), is to solve the slightly different equation

(I −A−−
1 )G0 −A−−

2 G0G+ = A−+
0 + A−+

1 G+ + A−+
2 G2

+,

which is a Sylvester matrix equation of the type AXB+CX = E. The procedure to solve

this equation is very similar to the one shown above, but in this case the first step of the

QZ algorithm [48] is applied to the pair (A, C). As a result A is reduced to Hessenberg

form while C is transformed into upper-triangular form. This, together with a reduction

of B to quasi-upper triangular form, allows the solution of this equation in a similar

way as done in (A.7) and (A.8). A detailed explanation can be found in [44]. Since the

matrices A, B, C and E are already computed, this algorithm may perform better when

the blocks A−+
i are dense. We have found instances of random QBDs with dense blocks

where this last algorithm outperforms the one based on the equation AXB + X = E.

A.5 Dual processes

In this section we describe two dual relationships between discrete-time M/G/1- and

GI/M/1-type processes. In both cases the dual process can be seen as the time-reverse

of the original process with respect to an invariant measure [11, 23]. We consider the

computation of an M/G/1-type MC as the dual of a GI/M/1-type MC, but the opposite

relationship can be defined in a similar manner. The Ramaswami dual was introduced

in [98] and its probabilistic interpretation given in [11]. Let the set of matrices (Ai)i≥0

describe a GI/M/1-type MC, such that A =
∑∞

i=0 Ai is stochastic and irreducible. Then

A is the transition matrix of a discrete-time MC with stationary probability vector α,

i.e., αA = α and αe = 1. The Ramaswami dual is an M/G/1-type MC characterized

by the set of matrices (AR
i )i≥0 given by AR

i = ∆−1
R A′

i∆R, where ∆R = diag(α). The G

matrix of this process, denoted GR, is related to the R matrix of the original process by

GR = ∆−1
R R′∆R. Let ρ(M) denote the spectral radius of a matrix M . Since the matrix

GR has the same eigenvalues as R, if the original GI/M/1-type MC is positive recurrent

(ρ(R) < 1) the dual process is transient (ρ(GR) < 1), and vice versa. The dual process

will be null recurrent if and only if the original process is also null recurrent. In this case

the dual process is the time-reverse process with respect to the invariant measure α.

We now turn to the Bright dual [23], which is defined as the time-reverse process with

respect to a different invariant measure. If the GI/M/1-type MC is positive recurrent,

the eigenvalue of maximum real part of R is η = ρ(R) < 1. It has been shown that the

spectral radius of the matrix
∑∞

i=0 Aiη
i is equal to one [92]. Therefore there exists a
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unique positive vector wη such that

wη

(

∞
∑

i=0

Aiη
i

)

= wη.

The Bright dual is an M/G/1-type MC characterized by the matrices (AB
i )i≥0 defined as

AB
i = ηi−1∆−1

B A′
i∆B, where ∆B = diag(wη). The matrix R of the original GI/M/1-type

MC and the matrix GB of the dual process are related by GB = η−1∆−1
B R′∆B. In this

case the eigenvalues of the matrix GB are the eigenvalues of R divided by η. Hence

the spectral radius of GB is equal to one and the dual process is positive recurrent [23].

When the process is positive recurrent, as in the examples shown in Section 1.4 for

loads less than one, the Ramaswami dual will be transient while the Bright dual will be

positive recurrent. As explained in detail in [109], the Bright dual can therefore reduce

the computation times achieved by the Ramaswami dual considerably. This is confirmed

numerically in Section 1.4, especially when the load of the overflow queue is small, which

results in a large number of blocks for the GI/M/1-type MC and a small value of η.

The computation time for the reduced process increases with the number of blocks, but

the gain that can be realized by using the Bright dual is larger when η is smaller [109].

Therefore, the Bright dual becomes especially useful in this case as it compensates the

larger computation times caused by the number of blocks.

A.6 Moments of first passage times in a finite QBD

A relevant issue for the approximation methods introduced in Chapter 3 is the computa-

tion of the moments of an inter-event time distribution. The purpose of this appendix is

to provide an algorithm to compute these moments based on [46]. In both methods, the

inter-event time distribution has a PH or ME representation characterized by a matrix

with a QBD structure. For the method in Section 3.2, this matrix is shown in Equation

(3.2), while for the ON-OFF method it is given by Equation (3.6). In both cases the

inter-event time distribution can be seen as a first-passage time distribution to a higher

level in a finite QBD (level k is the set of states {(k, l), 1 ≤ l ≤ mi}). In the ON-OFF

approximation the inter-event times correspond to the length of the OFF periods. An

OFF period starts when the system moves from level Ci to level Ci − 1, where the initial

phase in level Ci − 1 is selected according to ηi, as defined in Equation (3.7). The OFF

period ends as soon as the process reaches level Ci again, i.e., the first time it visits level

Ci starting from level Ci − 1. A similar observation can be made for the approximation

based on the overflow process. Since an overflow can only occur when the system is in

level Ci, an inter-overflow time always starts in this level. In this case, however, there is

no higher level than Ci, but we can define a fictitious level Ci +1 of absorbing states that

can only be accessed from level Ci with rates Di
+ − Di

s. Then, the inter-overflow time

can be seen as the first-passage time from level Ci to level Ci + 1, where the vector βi in

Equation (3.4) defines the initial phase in level Ci.

As both inter-event time distributions can be regarded as first-passage times to higher

levels in a finite QBD, we can use the results in [46] to compute the moments of these
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Algorithm A.1 Algorithm to compute N moments of the OFF period length distribution

1: K1 ← −D−1
0

2: u
(1)
1 ← K1e

3: for k = 2 to N do

4: u
(k)
1 ← kK1u

(k−1)
1

5: end for

6: U
(1)
1 ← K2

1D+

7: for k = 2 to N − 1 do

8: U
(k)
1 ← kK1U

(k−1)
1

9: end for

10: for n = 2 to C do

11: Kn ← − (D0 − (n− 1)µI + (n− 1)µKn−1D+)
−1

12: T
(1)
n ← Kn

(

I + (n− 1)µU
(1)
n−1

)

13: for k = 2 to N − 1 do

14: T
(k)
n ← (n− 1)µKnU

(k)
n−1

15: end for

16: u
(1)
n ← Kn

(

e + (n− 1)µu
(1)
n−1

)

17: for k = 2 to N do

18: u
(k)
n ← (n− 1)µKnu

(k)
n−1 +

∑k−1
j=1

(

k
j

)

T
(k−j)
n u

(j)
n

19: end for

20: for k = 1 to N − 1 do

21: U
(k)
n ← T

(k)
n KnD+ +

∑k−1
j=1

(

k
j

)

T
(k−j)
n U

(j)
n

22: end for

23: end for

24: for k = 1 to N do

25: rk ← ηu
(k)
C

26: end for

distributions. In [46] the authors determine the generating function of the first-passage

times to higher levels in a finite level-dependent QBD. Based on this, they derive an

algorithm to compute the first two moments, but any higher moment can be computed

from the generating function in a similar manner. Here we focus on the computation of

N moments of the OFF-period distribution, but this can be easily modified for the inter-

overflow time distribution. Algorithm A.1 presents the steps to compute these moments

in an arbitrary station, dropping the super(sub)script i. For a better understanding

of the algorithm we introduce a few definitions. As described in Section 3.1, the state

of a station can be represented by the process {(N(t), J(t)), t ≥ 0} on the state space

{(k, l), 0 ≤ k ≤ C, 1 ≤ l ≤ m}. Now let Xn be the first-passage time from level n− 1 to

level n, for n = 1, . . . , C, i.e., Xn = inf{t > 0 : N(t) = n|N(0) = n− 1}. Therefore, the

length of the OFF-period is given by XC . Let U
(k)
n be the m×m matrix with entries

[U (k)
n ]ij = E[Xk

n, J(Xn) = j|N(0) = n− 1, J(0) = i],

i.e, the k-th moment of the first-passage time from level n−1 to level n, when the process
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starts in phase i and the first visit to level n occurs in phase j, for 1 ≤ n ≤ C, 1 ≤ i, j ≤ m

and k ≥ 1. Also, let u
(k)
n be the m× 1 vector with entries

[u(k)
n ]i = E[Xk

n|N(0) = n− 1, J(0) = i],

i.e, the k-th moment of the first-passage time from level n− 1 to level n, given that the

process starts in phase i. Finally, let rk be the k-th moment of the first-passage time

distribution from level C − 1 to level C, i.e.,

rk = E[Xk
C |N(0) = C − 1] = ηu

(k)
C ,

where η is the probability distribution of the initial phase in level C − 1. Algorithm A.1

computes rk, for 1 ≤ k ≤ N . The procedure starts by computing the moments of the

first-passage times from level 0 to level 1, resulting in vectors u
(k)
1 . The algorithm then

computes the same quantities for levels 2 to C. To obtain the N vectors {u
(k)
n , 1 ≤ k ≤ N}

at each step, the algorithm requires the N − 1 matrices {U
(k)
n , 1 ≤ k ≤ N − 1} and the

matrix Kn. The matrix−K−1
n is the generator of the process restricted to level n−1 before

the first visit to level n. Additionally, the N − 1 auxiliary matrices {T
(k)
n , 1 ≤ k ≤ N − 1}

are used to simplify the expressions.
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[29] E. Çinlar. Introduction to stochastic processes. Prentice-Hall, 1975.

[30] Y. Chandramouli, M. Neuts, and V. Ramaswami. A queueing model for meteor

burst packet communication systems. IEEE Transactions on Communications,

37:1024–1030, 1989.

[31] K. Christodoulopoulus, M. Varvarigos, C. Develder, M. De Leenheer, and

B. Dhoedt. Job demand models for optical grid research. In Proc. 11th Conference

on Optical Network Design and Modelling (ONDM), Athens, Greece, 2007.

[32] G. Ciardo and E. Smirni. ETAQA: an efficient technique for the analysis of QBD-

processes by aggregation. Performance Evaluation, 36-37:71–93, 1999.

[33] A. Cumani. On the canonical representation of homogeneous Markov processes

modeling failure-time distributions. Microelectronics Reliability, 22:583–602, 1982.

[34] D. A. Dawson, J. Tang, and Y. Zhao. Balancing queues by mean field interaction.

Queueing Systems, 49:335–361, 2005.

[35] M. De Leenheer, C. Develder, T. Stevens, B. Dhoedt, M. Pickavet, and P. De-

meester. Design and control of optical grid networks (invited). In Proc. 4th Int.

Conf. on Broadband Networks (Broadnets 2007), Raleigh, NC, Sep. 2007.

[36] M. De Leenheer, F. Farahmand, P. Thysebaert, B. Volckaert, F. De Turck,

B. Dhoedt, P. Demeester, and J. Jue. Anycast routing in optical burst switched grid

networks. In Proc. 31st European Conference on Optical Communication (ECOC),

Glasgow, Scotland, 2005.

[37] K. De Turck, S. De Vuyst, D. Fiems, S. Wittevrongel, and H. Bruneel. Performance

of the sleep-mode mechanism of the new IEEE 802.16m proposal for correlated

downlink traffic. In NET-COOP, 2009.

[38] C. Develder, M. De Leenheer, T. Stevens, B. Dhoedt, F. De Turck, and P. De-

meester. Scheduling in optical grids: a dimensioning point of view. In Proc. Con-

ference on the Optical Internet - Australian Conference on Optical Fibre Technology

(COIN-ACOFT), Melbourne, Australia, 2007.

[39] C. Develder, B. Dhoedt, B. Mukherjee, and P. Demeester. On dimensioning optical

grids and the impact of scheduling. Photonic Network Communications, 17:255–265,

2009.



178 Bibliography

[40] J. E. Diamond and A. S. Alfa. On approximating higher order MAPs with MAPs

of order two. Queueing Systems, 34:269–288, 2000.

[41] K. Dogan, Y. Gunulay, and N. Akar. A comparative study of limited range wave-

length conversion policies for asynchronous optical packet switching. Journal of

Optical Networking, 6:134–145, 2007.

[42] V. Eramo and M. Listanti. Packet loss in a bufferless optical WDM switch emplying

shared tunable wavelength converters. Journal of Lightwave Technology, 18:1818–

1833, 2000.

[43] M. Fackrell. Fitting with matrix-exponential distributions. Stochastic Models,

21:377–400, 2005.

[44] J. D. Gardiner, A. J. Laub, J. J. Amato, and C. B. Moler. Solution of the Sylvester

matrix equation AXBT + CXDT = E. ACM Transactions on Mathematical Soft-

ware, 18:223–231, 1992.

[45] C. M. Gauger. Optimized combination of converter pools and FDL buffers for con-

tention resolution in optical burst switching. Photonic Network Communications,

8:139–148, 2004.

[46] D. P. Gaver, P. A. Jacobs, and G. Latouche. Finite birth-and-death models in

randomly changing environments. Advances in Applied Probability, 16:715–731,

1984.

[47] G. H. Golub, S. Nash, and C. Van Loan. A Hessenberg-Schur method for the

problem AX+XB=C. IEEE Transactions on Automatic Control, 24:909–913, 1979.

[48] G. H. Golub and C. Van Loan. Matrix Computations. The Johns Hopkins University

Press, 1996.

[49] W. B. Gragg and A. Lindquist. On the partial realization problem. Linear Algebra

and its Applications, 50:277–319, 1983.

[50] W. K. Grassmann and J. Tavakoli. Solving QBD processes when levels can in-

crease only in certain phases. Manuscript in preparation, presented at the MAM6

conference, Beijing (China), June 2008.

[51] Q. He. The versatility of MMAP[K] and the MMAP[K]/G[K]/1 queue. Queueing

Systems: Theory and Applications, 38:397–418, 2001.

[52] Q. He and M. F. Neuts. Markov chains with marked transitions. Stochastic Processes

and their Applications, 74:37–52, 1998.

[53] Q. He and H. Zhang. On matrix exponential distributions. Advances in Applied

Probability, 39:271–292, 2007.

[54] H. Heffes. A class of data traffic processes - covariance function characterization

and related queuing results. Bell System Technical Journal, 59:897–929, 1980.



Bibliography 179

[55] A. Heindl. Decomposition of general queueing networks with MMPP inputs and

customer losses. Perform. Eval., 51(2-4):117–136, 2003.

[56] A. Heindl. Inverse characterization of hyperexponential MAP(2)s. In Proc. 11th

Int. Conference on Analytical and Stochastic Modelling Techniques and Applications

(ASMTA), 2004.

[57] A. Heindl, K. Mitchell, and A. van de Liefvoort. Correlation bounds for second-

order MAPs with application to queueing network decomposition. Perform. Eval.,

63(6):553–577, 2006.

[58] A. Heindl, Q. Zhang, and E. Smirni. ETAQA truncation models for the

MAP/MAP/1 departure process. In QEST ’04: Proceedings of the The Quantitative

Evaluation of Systems, First International Conference, pages 100–109, Washington,

DC, USA, 2004.

[59] A. Horváth, G. Horváth, and M. Telek. Moments-based characterization of colored

Markov arrival processes. http://webspn.hit.bme.hu/∼telek/techrep/cmap.pdf,

Oct. 2007.
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• J. F. Pérez and B. Van Houdt. The effect of Partial Conversion and Fiber Delay

Lines in an OBS switch with a large number of wavelengths. August 2009.
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Nederlandse Samenvatting

In dit proefschrift richten we ons op drie thema’s: gestructureerde Markov ketens, op-

tische grids en schakelaars. Gestructureerde Markov ketens vormen een krachtige klasse

van modeleer tools voor het analyzeren van stochastische systemen. Heel wat van deze

Markov ketens worden gekenmerkt door een blok transitiematrix met een repeterende

structuur die kan worden benut om zijn stationaire vector efficiënt te berekenen, het gaat

hierbij om de zogenaamde Quasi-Birth-Death, M/G/1- en GI/M/1-type Markov ketens.

In het bijzonder beschouwen we het geval waarin de blokken waaruit de transitiematrix

is opgebouwd eveneens een interne structuur hebben en ontwikkelen we snelle algoritmen

die deze extra structuur uitbuiten bij de berekening van de stationaire vector. Deze extra

interne structuur treedt vaak op bij het analyseren van wachtrijmodellen die veelvuldig

gebruikt worden voor het bepalen van de prestatiematen van communicatie-systemen.

Het tweede onderwerp in dit proefschrift is de analyze van optische grid netwerken.

Deze netwerken verbinden eindgebruikers met rekencentra, die zelf met elkaar verbonden

zijn. Het meest kenmerkende aspect van een grid is dat de eindgebruikers geen voorkeur

hebben bij de keuze van het rekencentra, zoals die hun verzoek maar tijdig uitvoeren.

Wanneer een centrum zelf over onvoldoende capaciteit meer beschikt om een inkomende

taak te verwerken, dan zal deze taak doorgestuurd worden naar één van de overige centra.

De eerste toepassingen van Grid netwerken situeerden zich voornamelijk in die onderzoeks-

domeinen die de analyze van grote hoeveelheden van data met zich mee brachten, zoals

de astrofysica, deeltjes fysica, scheikunde en medische biologie.

Het laatste onderwerp van dit proefschrift betreft het modeleren en analyzeren van

optisch geschakelde technologieën. Een optische schakelaar kan een inkomend signaal

meestal in het optische domein verwerken. Op deze wijze kunnen opto-elektronische ver-

talingen, die nodig zijn wanneer een optisch signaal binnenkomt in een elektromagnetische

schakelaar, worden vermeden. Dit maakt dat optisch schakelen een oplossing kan bieden

voor het backbone-netwerk, waar de schakelaars het steeds moeilijker krijgen om aan

de steeds toenemende snelheid van de inkomende optische vezels te voldoen. We zijn

vooral gëıntereseerd in de analyse van “contention resolution” strategieën in een optische

schakelaar. In dit type schakelaar ontstaat er contention wanneer twee of meer pakketten

een transmissie via dezelfde uitgangspoort en dezelfde golflengte aanvragen. Er zijn twee

belangrijke manieren waarop contention resolution in het optische domein kan gebeuren:

optische buffering en golflengte conversie. We beschouwen drie verschillende architecturen

voor optische schakelaars die deze vormen van contention resolution ondersteunen. Voor

elk van deze architecturen analyzeren we het effect van enerzijds het ontwerp en anderzijds

de eigenschappen van het netwerkverkeer op de prestatie van de optische schakelaar.
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